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We generalize results of P. Schneider and U. Stuhler for GLl+1 to a reductive algebraic
group G defined and split over a non-Archimedean local field K . Following their lines, we
prove that the generalized Steinberg representations of G with coefficients in an arbitrary
ring are cyclic. When G is semi-simple of adjoint type, we give an expression of these
representations, whenever it is possible and in particular for those that are of maximal
degree, in terms of the parahoric subgroups of G .
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r é s u m é

Nous généralisons des résultats de P. Schneider et U. Stuher pour GLl+1 à un groupe
algébrique réductif G défini et déployé sur un corps non-archimédien K . Ainsi, en
suivant essentiellement leur preuve, nous montrons que les représentations de Steinberg
généralisées de G à coefficients dans un anneau commutatif sont monogènes. Dans le cas
où G est semi-simple de type adjoint, sous une certaine hypothèse qui est vérifiée en
particulier en degré maximal, nous exprimons ces représentations en termes des sous-
groupes parahoriques.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Soit K un corps local non-archimédien. Soit G le groupe des points K -rationnels d’un groupe algébrique linéaire réductif,
connexe, défini et déployé sur K . Soit T un tore maximal déployé de G et P un Borel de G contenant T . Soit Φ le système
de racines de G relativement à T . Notons � = {1, . . . , l}, où l est le rang semi-simple de G . Soit D = {αi; i ∈ �} la base des
racines simples de Φ définie par P . Soit W le groupe de Weyl de Φ . Soit B l’Iwahori de G correspondant à P . Pour I ⊆ �,
soit P I (resp. B I ) le sous-groupe parabolique (resp. parahorique) de G engendré par P (resp. B) et les réflexions sαi , i ∈ I .

Soit M un anneau commutatif. Pour I ⊆ �, notons C∞(G/P I , M) (resp. C∞
c (G/B I , M)) l’espace des fonctions localement

constantes sur G/P I (resp. localement constantes à support compact sur G/B I ) à valeurs dans M . L’action de G est induite
par translations à gauche sur G/P I (resp. G/B I ). La représentation de Steinberg de G associée au parabolique P I est le
M[G]-module :

StI (M) := C∞(G/P I , M)∑
i∈�\I C∞(G/P I∪{i}, M)

. (1)
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Dans le cas I = ∅, c’est la représentation de Steinberg de G usuelle.
Comme nous travaillons avec des coefficients dans un anneau quelconque M , la théorie de Bernstein, Borel et Cassel-

man des représentations engendrées par les vecteurs fixés par un sous-groupe d’Iwahori ne peut être appliquée ici. Alors,
P. Schneider et U. Stuhler, dans leur papier [7], dans le cas de GLl+1(K ), ont plutôt exploré la famille {g B I P I/P I ; g ∈ G}
pour montrer que la représentation de Steinberg de GLl+1(K ) associée au parabolique P I est engendrée par la fonction
caractéristique χB I P I , cf. [loc.cit., Corollaires 9 et 9′]. Dans ce papier, après avoir établi quelques résultats techniques, nous
montrons que leur méthode marche aussi bien dans le cas plus général de notre groupe G (Theorem 3.4) :

Théorème 0.1. Le M[G]-module C∞(G/P I , M) est engendré par la fonction caractéristique χB I P I .

Ce théorème entraîne que l’homomorphisme de M[G]-modules H I : C∞
c (G/B I , M) → C∞(G/P I , M) qui à χB I associe

χB I P I est surjectif. Supposons que G est semi-simple de type adjoint. Pour i ∈ �, soit ti ∈ T l’élément qui agit sur l’apparte-
ment correspondant à T , dans l’immeuble de Bruhat–Tits de G , par la translation de vecteur le co-poid fondamental ωi . En
suivant les travaux pour GLl+1(K ) de P. Schneider et U. Stuhler, cf. [loc.cit., Proposition 15], nous calculons le noyau de H I
pour notre groupe G (Theorem 4.1) :

Théorème 0.2. Soit I ⊆ � tel que toute racine positive α = ∑
i∈I miαi dans le sous-système de racines ΦI satisfait à mi � 1 pour tout

i ∈ I . Alors le noyau de l’homomorphisme

H I : C∞
c (G/B I , M) → C∞(G/P I , M)

est le sous-M[G]-module R I de C∞
c (G/B I , M) engendré par les fonctions χBt j B I − χB I , 1 � j � l.

Comme conséquence des deux théorèmes ci-dessus, nous obtenons (Corollary 4.2) :

Corollaire 0.3. Soit I ⊆ � satisfaisant à l’hypothèse du théorème précédent (particulièrement I = ∅). Nous avons un isomorphisme de
M[G]-modules :

StI (M) ∼= C∞
c (G/B I , M)

R I + ∑
i∈�\I C∞

c (G/B I∪{i}, M)
,

où R I est le sous-M[G]-module de C∞
c (G/B I , M) engendré par les fonctions χBt j B I − χB I , 1 � j � l.

Cette Note donne des idées des preuves. Un papier détaillé [2] peut aussi être demandé à l’auteur.

1. Introduction

Let K be a non-Archimedean local field, G be the group of K -rational points of a linear connected reductive group
defined and split over K , T be a split maximal torus in G and P be a Borel subgroup of G containing T . Let Φ be the
root system of G with respect to T . Denote � = {1,2, . . . , l}, where l is the semi-simple rank of G . Let D = {αi; i ∈ �} be
the simple basis of Φ defined by P . Let W be the Weyl group of Φ . Let B be the Iwahori subgroup of G corresponding
to P . For any I ⊆ �, let P I (resp. B I ) be the parabolic (resp. the parahoric) subgroup of G generated by P (resp. B) and the
reflections sαi , i ∈ I .

Let M be a commutative ring. For I ⊆ �, denote by C∞(G/P I , M) (resp. C∞
c (G/B I , M)) the space of M-valued locally

constant functions on G/P I (resp. compactly supported locally constant on G/B I ). The action of G on C∞(G/P I , M) (resp.
on C∞

c (G/B I , M)) is induced by its left action on G/P I (resp. on G/B I ). The Steinberg representation of G associated with
the parabolic P I is the M[G]-module StI (M) defined by the formula (1) above. When I = ∅, this is the usual Steinberg
representation of G .

After establishing some technical results, we show that the method of P. Schneider and U. Stuhler for GLl+1(K ), cf. [7,
Cor. 9 and 9′], works as well for our more general group G , and we get, cf. Theorem 3.4, that the M[G]-module C∞(G/P I , M)

is generated by the characteristic function χB I P I .
Therefore, the M[G]-homomorphism H I : C∞

c (G/B I , M) → C∞(G/P I , M) which to χB I associates χB I P I is surjective.
Assume G to be semi-simple of adjoint type. Let ti ∈ T , i ∈ �, be the elements that act on the Bruhat–Tits building of G as
the translation by the fundamental coweights. Following the work for GLl+1(K ) of P. Schneider and U. Stuhler in [loc.cit.,
Proposition 15], we prove, cf. Theorem 4.1, that under some assumption on I the kernel of H I is the M[G]-submodule R I
of C∞

c (G/B I , M) generated by the functions χBt j B I − χB I , 1 � j � l. Under this assumption, which is satisfied, in particular,
for I = ∅, and in case G = GLl+1(K ) for any I ⊆ �, we get as a consequence, cf. Corollary 4.2, an M[G]-isomorphism

StI (M) ∼= C∞
c (G/B I , M)

R I + ∑
i∈�\I C∞

c (G/B I∪{i}, M)
.

In Section 2, we recall the geometric definition of the Bruhat–Tits building of G and establish some technical results
about parabolic and parahoric subgroups of G . In the third section, we prove that the generalized Steinberg representations
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of G are cyclic. In Section 4 we give under some conditions the generalized Steinberg representations in terms of parahoric
subgroups.

2. The Bruhat–Tits building

Let K be a complete field with respect to a nontrivial discrete valuation ω. We assume ω(K ∗) = Z. Let O be the valuation
ring of K , π ∈ O a uniformizing element and k = O/π O the residue field.

Let G be the group of K -rational points on a reductive linear algebraic group defined and split over K of semi-simple
rank l. In fact, only for simplicity, we can assume G to be semi-simple.

Let T be a split maximal torus in G . Let X∗(T ), respectively X∗(T ), denote the group of characters, respectively cochar-
acters, of T . We have a perfect pairing of abelian groups

〈·,·〉 : X∗(T ) × X∗(T ) −→ Z

given by 〈λ,χ 〉 = m if (χ ◦ λ)(x) = xm . Let V = X∗(T ) ⊗ R and identify its dual vector space V ∗ with X∗(T ) ⊗ R. Let
Φ = Φ(G, T ) be the root system of G with respect to T . To every root α ∈ Φ corresponds a coroot α∨ ∈ V and a convolution
that acts on V by sα(x) = x − 〈x,α〉α∨ .

Let W = NG(T )/T be the Weyl group of (G, T ). We can see that NG(T ) acts on X∗(T ) by conjugation. This induces an
action of W on V by linear automorphisms. We can identify W to the Weyl group of Φ .

Fix a Borel subgroup P of G containing T . Let � = {1,2, . . . , l} and let D = {αi; i ∈ �} be the simple basis of Φ defined
by P . The Weyl group W is generated by the reflections sαi , i ∈ �. For any I ⊆ �, let W I be the subgroup of W generated
by sαi , i ∈ I . Any parabolic subgroup of G is conjugate to some parabolic P I := P W I P = ∐

w∈W I
P w P , I ⊆ �.

Let (xα)α∈Φ be a Chevalley system in G . For any root α ∈ Φ , xα is an isomorphism of the additive group of K onto a
unique closed subgroup Uα of G such that

txα(a)t−1 = xα

(
α(t)a

)
for any a ∈ K and t ∈ T . (2)

The group G is generated by T and the Uα ’s, α ∈ Φ . Let Φ+ (resp. Φ−) be the set of positive (resp. negative) roots of Φ

with respect to P . For I ⊆ �, denote Ψ ±
I = Φ± − ΦI , where ΦI is the root subsystem of Φ of the roots that are linear

combinations of the αi ’s, i ∈ I . Let U+
I (resp. U−

I ) the unipotent radical of the parabolic P I (resp. of the opposite parabolic
of P I ). For any ordering on Φ , the product map induces bijections

∏

α∈Ψ ±
I

Uα
∼−→ U±

I . (3)

We give now the essential tools we need about the Bruhat–Tits building of G . For complete presentation the reader may
refer to the original construction of F. Bruhat and J. Tits [4].

Let A be an affine space under the vector space V . It is an affine Coxeter complex, the walls of the chambers being
the hyperplanes Hα,r , α ∈ Φ , r ∈ Z, in A given by the equations 〈x,α〉 + r = 0. There is a unique group homomorphism
ν : T → X∗(T ) ⊂ V such that

〈
ν(t),χ

〉 = −ω
(
χ(t)

)
(4)

for any t ∈ T and any χ ∈ X∗(T ). The torus T acts on A by translations:

tx := x + ν(t); t ∈ T , x ∈ A. (5)

This action can be extended to an action of N on A by affine automorphisms. The space A equipped with its simplicial
structure and of the affine action of N is called the fundamental apartment of the building.

The Bruhat–Tits building X of G is obtained by taking the quotient of the direct product G × A by a certain equivalence
relation. Since the action of G on the building is transitive on the chambers, we will focus only on what we call the
fundamental chamber. Consider the vectorial chamber of A defined by C = {x ∈ A; 〈x,αi〉 > 0 for any i ∈ �}, and its faces
which are the conical cells CI , I ⊆ �, given by CI = {x ∈ A; 〈x,αi〉 = 0 for i ∈ I and > 0 for i ∈ � − I}. Notice that P I is the
stabilizer of the simplex (CI )∞ defined at infinity by the conical cell CI in the Borel–Serre compactification of X , see [3].

Let α̃ be the highest root in Φ relatively to D . The fundamental chamber C (resp. its face C I , I ⊆ �) is the chamber
defined by the intersection of C (resp. CI ) with the open half space 〈x, α̃〉 < 1 in A.

According to Casselman [5, Proof of Proposition 1.4.4], there exists a smooth group scheme G over O such that G ∼=
G × Spec(K ). For each n � 0, let

rn : G(O ) → G
(

O/πn O
)

(6)

be the homomorphism reduction modulo πn . The Iwahori B (resp. the parahoric B I ), inverse image modulo π of the Borel
P (k) (resp. the parabolic P I (k)), is the pointwise stabilizer in G of the fundamental chamber C (resp. the simplex C I ). It is
essentially proven, see [6, Proof of Theorem 2.5], that the Iwahori subgroup B has an Iwahori factorization with respect to
the parabolic P I , i.e. we have

B = (
B ∩ U−)

(B ∩ P I ). (7)
I
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For any α ∈ Φ and any r ∈ Z, denote Uα,r = {xα(a); a ∈ K and ω(a) � r}. For any ordering on Ψ −
I and on Ψ +

I , the
product map induces bijections:

B ∩ U−
I =

∏

α∈Ψ −
I

Uα,1 and B ∩ U+
I =

∏

α∈Ψ +
I

Uα,0, (8)

and with T ++ := {t ∈ T ; ω ◦ αi(t) � 0 for any i ∈ �}, using formulas (2) and (4), we see that we have

t
(

B ∩ U−
I

)
t−1 ⊆ B ∩ U−

I for any t ∈ T ++. (9)

Lemma 2.1. For any w ∈ W we have w(B ∩ U−)w−1 ⊂ (B ∩ U−)(B ∩ U+) ⊂ B.

Proof. Use the decompositions (8) with I = ∅, and the known fact wUα,1 w−1 = U wα,1 for w ∈ W . �
Lemma 2.2. Let I ⊆ �. For any w ∈ W I , we have w(B ∩ U−

I )w−1 = B ∩ U−
I .

Proof. The subgroup W I ⊆ W stabilizes Ψ −
I , then by (3), W I normalizes U−

I . Now, use Lemma 2.1. �
Proposition 2.3. Let I ⊆ �. We have the factorization B I = (B ∩ U−

I )(B I ∩ P I ).

Proof. This is proved for GLl+1(K ) in [7, Lem. 14.i.]. Use the same arguments and Lemma 2.1 above. �
Moreover, if for any I ⊆ � we define T ++

I = {t ∈ T ++; ω ◦ αi(t) = 0 for i ∈ I}, we have

t−1(B I ∩ P I )t ⊆ B I ∩ P I for any t ∈ T ++
I . (10)

Indeed, the intersection B I ∩ P I is the pointwise stabilizer of the conical cell CI and geometrically we can check easily
that for any t ∈ T ++

I the translation of CI by ν(t) is contained in CI .

Proposition 2.4. Let w ∈ W , α ∈ D. We have

w P sα ⊆ B w P ∪ B wsα P and sα B w ⊆ B w P ∪ Bsα w P .

Proof. Follow the principal steps of the proof given for GLl+1(K ) in our paper [1, Lemma 1.4.]. Consider the reductive
group Gα generated by T , Uα and U−α . Use respectively (3) and (8) with I = ∅ to prove respectively that P sα ⊆ Gα P and
sα B ⊆ BGα . Then, use the Iwasawa decomposition in Gα . �
Corollary 2.5. Let I1, I2 be subsets of �. For any w ∈ W we have B I1 w P I2 = BW I1 wW I2 P . In particular, for any I ⊆ �, we have
B I P I = B P I = B I P .

Proof. See [1, Cor. 1.6 and Rem. 1.8] and use Proposition 2.4. �
Theorem 2.6 (Generalized Iwasawa decomposition). Let I1, I2 be subsets of �. The map W → B I1\G/P I2 which to w associates the
double coset B I1 w P I2 induces a bijection:

W I1\W /W I2 ∼ B I1\G/P I2 .

Proof. The proof is the same as in [1, Theorem 1.7] using Corollary 2.5 above. �
3. Generalized Steinberg representations of G

For the definition of the spaces C∞(G/P I , M), C∞
c (G/B I , M) and StI (M), see Section 1.

The following result is established for GLl+1(K ) in [7], stated for any I ⊆ �, Proposition 8′i., and the proof given in
details for I = ∅, Proposition 7. We can see that it remains valid for our more general group G .

Proposition 3.1. Let b,b′ ∈ G(O ), let t ∈ T ++
I . If the sets bt B I P I and b′t B I P I are not disjoint then they are equal and we have

bt B I = b′t B I and bB I = b′B I .
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Proof. Use Corollary 2.5, the Iwahori factorization of B w.r.t. the parabolic P I and Proposition 2.3. �
Using central isogenies we can assume G of adjoint type, so the natural inclusion X∗(T ) ⊆ P (Φ∨) of the group of

cocharacters of T in the coweight lattice of the root system Φ is an equality. Since T is split the homomorphism ν given by
the formula (4) is surjective. Denote by ω j the fundamental coweights with respect to the simple basis D and take t j ∈ T
such that ν(t j) = ω j . For any I ⊆ �, put t I := ∏

j∈�\I t j .
The following result is also stated in [7] for the group GLl+1(K ). We follow the lines of the proof given there, but still

we have to give some further arguments in the more general situation of our group.

Proposition 3.2. The sets tn
I B I P I/P I , n � 0, form a fundamental system of neighborhoods of the trivial coset in G/P I .

Proof. According to [5, Proposition 1.4.4] the family (Ker rn)n � 0 is a fundamental system of neighborhoods of the identity
in G . Put B(n) = B ∩ Ker rn . Using Proposition 2.3, write tn

I B I P I = tn
I (B ∩ U−

I )t−n
I P I . Now, use the first equality of (6) and the

formulas (2) and (4) to prove tn
I (B ∩ U−

I )t−n
I ⊆ B(n) ⊆ Ker rn . �

Corollary 3.3. Any compact open subset in G/P I can be written, for any n � 0 big enough, as a finite disjoint union of subsets of the
form btn

I B I P I/P I with b ∈ G(O ).

Proof. See [7, Propositions 8 and 8′ .ii]. Notice that by (9) we have t(n+1)
I (B ∩ U−

I )t−(n+1)
I ⊆ tn

I (B ∩ U−
I )t−n

I . �
We get the following result which implies that the generalized Steinberg representations of G are cyclic:

Theorem 3.4. The M[G]-module C∞(G/P I , M) is generated by the characteristic function χB I P I .

4. Generalized Steinberg representations and parahoric subgroups

Let G be the group of K -rational points of a semi-simple adjoint group defined and split over K and of rank l. In order
to interpret the generalized Steinberg representations in terms of parahoric subgroups, we consider the homomorphism of
M[G]-modules H : C∞

c (G/B, M) → C∞(G/P , M) defined by H(ϕ) = ϕ � χB P := ∑
g∈G/B ϕ(g).g(χB P ). Since, by Corollary 2.5,

we have B I P I = B I P = (
∐

g∈B I /B g B)P = ∐
g∈B I /B g B P , where the last union is disjoint by Proposition 3.1, we get

H(χB I ) =
∑

g∈G/B

χB I (g).g(χB P ) =
∑

g∈B I /B

g(χB P ) = χB I P = χB I P I .

Thus H induces an M[G]-homomorphism which by Theorem 3.4 is surjective:

H I : C∞
c (G/B I , M) −→ C∞(G/P I , M).

What essentially remains to do is to compute the kernel of this homomorphism. Recall that the convex closure cl(Ω) of a
subset Ω of A is the intersection of all the closed half spaces in A that contain Ω .

Theorem 4.1. Let I ⊆ � be such that any positive root α = ∑
i∈I miαi in the root subsystem ΦI satisfy mi � 1 for any i ∈ I . The kernel

of the surjective homomorphism

H I : C∞
c (G/B I , M) −→ C∞(G/P I , M)

is the M[G]-submodule R I of C∞
c (G/B I , M) generated by the functions χBt j B I − χB I , 1 � j � l.

Proof. The proof is the same as given for the group GLl+1(K ) in [7, Proposition 15]. However, the following argument needs
to be checked out in the more general case of our group G:

t−1
j (B ∩ P I )t j ⊆ B I ∩ P I for any 1 � j � l.

This argument, which is left in [loc.cit., Lemma 16] as an exercise, is valid if only if the translation CI by ω j is contained
in cl(C ∪ CI ) for any j ∈ �. We can check that this is true only under the assumption on ΦI given in the statement of the
theorem. �

As a consequence, we get the generalized Steinberg representations in terms of the parahoric subgroups:

Corollary 4.2. Let I ⊆ � be as in Theorem 4.1 above (particularly I = ∅). We have an isomorphism of M[G]-modules:

StI (M) ∼= C∞
c (G/B I , M)

R I + ∑
i∈�\I C∞

c (G/B I∪{i}, M)
,

where R I is the M[G]-submodule of C∞
c (G/B I , M) generated by the functions χBt j B I − χB I , 1 � j � l.
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