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We consider the Sobolev spaces H*(£2) and H{(£2) and the Besov spaces B;_/OZO(Q), where

£2 is a sufficiently regular (see Lemma 2) subdomain of RZ, It is well known that for the
values of s € [0, 1/2) the two Sobolev spaces coincide, with equivalence of the norms, and
that the inclusion B;{;(Q) C H*(£2) holds. The Note is concerned with the explicit analysis
of the constants appearing in the continuity bounds for the injections H*(£2) — H{(£2)
and B;{i(()) <> HS($2) and of their dependence on the regularity s of the spaces. The
analysis is carried out by using the wavelet characterization of the corresponding norms.
© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

Y@,
ou £ est un domaine suffisamment régulier (voir Lemme 2) de R%. On sait que pour
des valeurs de s € [0,1/2) les deux espaces de Sobolev coincident, avec équivalence
des normes, et qu'on a linclusion B;/;(.Q) C H5(£2). Cet article donne une analyse
explicite des constantes qui apparaissent dans les bornes d’inclusion H*(£2) < H{(£2) and
B;{;(Q) < H%(£2) et, plus précisément, de leur dépendance du paramétre de régularité s.
On utilise pour cela la caractérisation par ondelettes des normes correspondantes.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

On considére les espaces de Sobolev H*(£2) et H{(£2), et l'espace de Besov B

Let £2 ¢ R? be a bounded polygonal domain. For s € [0, 1/2), we consider the Sobolev spaces H*(£2) and HB(Q), de-
fined respectively, by space interpolation [7], as H(2) = [H!(£2), L?(£2)]1—s and H(2) = [H}(£2), [?(£2)]1—s. It is well
known [6] that H*(£2) and H{($2) coincide, and that the corresponding norms are equivalent, that is that there exist two
constants cg and Cs, depending on the regularity parameter s and on the domain £2, such that

Csllullms @) < ullps2) < Csllullns@)- (1)
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The injection B (Q) <> H%(£2) holds as well [7], that is there exists a constant Bs, depending on s such that
lullbs2) < Bsllull BY2 (@) (2)

The way the constants C; and Bs behave as s converges to 1/2 plays a key role in several applications [1,2,5]. We are
interested here in explicitly studying such a dependence by means of wavelet analysis. In what follows the notation A < B
(A 2 B) signifies that the quantity A is bounded from above (below) by C - B, where C is a constant that does not depend
on the regularity parameter s. A >~ B stands for B < A < B.

1. Wavelet characterization of Sobolev and Besov norms

It is well known that it is possible to express equivalent norms for Sobolev and Besov spaces in terms of suitable
norms on the sequences of wavelet coefficients. More precisely we can select a sufficiently regular Daubechies orthonormal
wavelet basis for L2(R), starting from which it is possible [4] to construct two orthonormal bases B = {¢i, k€ K; } U{¥; k,

> jo,kel;}, and B0 = {(pk, keK; U {wj w J = Jo, kelj}, (the elements of B satisfying homogeneous boundary condi-
tions) such that every u € L%([0, 1]%) can be written in both ways as

=) Wwede+ Y Y WYYk

kEKjO ]2}0 kE]Ij
=3 (weDen+ > > Wy v
ke]KjO jZjo kel

and the following norm equivalences hold for all s € [0, 1]:

2
Ml oy = Do lw@o + D> > (3)
kEKjO ]2]0 kEHj
2 ~ 0\|2 2j 0 \|2 1
Il r0.112) = Do lwe + 3 Y22 (u. Vil s# 3 (4)
kE]KjO j}]o kE]Ij
Here Kj, ={1,...,200)2. I; = {1,...,2/*1}2\ {1, ..., 2/} denotes the multi-index set corresponding to the wavelet functions

at level j, which are obtained from the corresponding one dimensional basis by tensor product.
By using the Littlewood-Paley decomposition in terms of the wavelet basis, one can also derive the characterization of
Besov spaces in terms of wavelets coefficients. Precisely,

~ Y w0l + sup 2 Y | il (5)

keK izio kel

191512 0.1 =

2. The dependence of the norm equivalence constants Cs and Bs on s
By using (3), (4) and (5) it is possible to prove the following results [3]:

Lemma 1. [fu € H5([0, 11%), 0 < s < 1/2, then
< 1 6
lullys go,112) < .1/2—_S||u||H5([0,1]2)' (6)

Ifu e By (10,11%) then forall 5,0 <'s < 1/2,

1
lullyso.112) < A= llully V2 (0,11 (7)

The proof of (6) consists in expressing u as a linear combination of the functions of the basis B and injecting such
an expression in the norm equivalence (4). After observing that the two bases have in common all basis functions whose
support is strictly included in [0, 112, a suitable a priori bound on the terms (¥ x w?n)l of the form

(Vi ¥in)| 2777,

and on all other scalar products between the basis functions of B and B° allows to prove the bound (6) by applying a
Schur Lemma type argument. The term (1/2 —s)~! appears by taking the limit of the sum of the series }_ ;- ; 2=,
The bound (7) is proven by a similar argument.
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The result of Lemma 1 can be extended to fairly regular generic domain §2, thanks to the following lemma [3]:

Lemma 2. Let T : £2 — [0, 1]? be a bounded and boundedly invertible map, with bounded Jacobian such that the equivalence
[(x1, Y1) — (%2, ¥2)| =~ |T(*1, y1) — T(x2, y2)| holds for all (x1, y1), (x2, y2) € §2 (T is bi-Lipschitz). Let u € L([0, 1]%) and let
11(x) :==u o T(x). Then, for each s € [0, 1/2),

leH(2) & ueH0, 1]2), lGlas2) = lullpso.112)»

N 2 N

UEH(S)(Q) < UGHB([O,” ), ||U||H5(.Q)2”””1—15([0,1]2)’
.12 1/2 2 -

ieB (@) & ueB S (0.1P).,  lillyge o = lullyz qp-

Corollary 3. For every domain £2 C R? such that there exists a map T : 2 — [0, 1] satisfying the assumptions of Lemma 2, it holds
thatifu € H¥(£2),0 <s < 1/2, then

1
lullbs2) < m”u”HS(Q)» (8)

andifu e B;{;(Q) then foralls,0 <s <1/2,

1
s(0) S ———
lullasce) S 72 — 1ullg1r2 () (9)

3. The optimality of the injection bounds

The dependence of the constants appearing in (8) on the regularity parameter s € [0, 1/2) is sharp and cannot be im-
proved. In order to prove this, it is sufficient to exhibit a function u whose H*-norm is bounded uniformly with respect
to s, while its H}-norm behaves like 1/;—_5 The existence of such a function [3] can be proven constructively, also with the

aid of wavelets, as stated by the following proposition:

Proposition 4. There exists a functionu € H'/2(2), u ¢ Hé(/)z(Q) such that

ullys P —
lull s 2) < 12 —s

Analogously, the optimality of the bound (9) holds as well. In particular the following result holds:

1/2
2,00

Proposition 5. There exists a function u € B,/ (£2), u ¢ H'/?(£2) such that

1
Ullgso) 2 ———.
[ ||H(Q)Nm
References

[1] S. Bertoluzza, Substructuring preconditioners for the three fields domain decomposition method, Math. Comp. 73 (246) (2003) 659-689.
[2] S. Bertoluzza, F. Brezzi, G. Sangalli, The method of mothers for non-overlapping non-matching DDM, Numer. Math. 107 (3) (2007) 397-431.
[3] S. Bertoluzza, S. Falletta, Analysis of some injection bounds for Besov spaces by using wavelet schemes, Technical report, 2011.

[4] A. Cohen, Numerical Analysis of Wavelet Methods, Studies in Mathematics and Its Applications, vol. 32, North-Holland, Amsterdam, 2003.
[5] S. Falletta, Analysis of the mortar method with approximate integration: the effect of cross-points, Technical report 1298, .A.N., 2002.

[6] J.L. Lions, E. Magenes, Non Homogeneous Boundary Value Problems and Applications, vol. I, Springer, 1972.

[7] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, second edition, Heidelberg, 1995.



	Analysis of some injection bounds for Sobolev spaces by wavelet decomposition
	Wavelet characterization of Sobolev and Besov norms
	The dependence of the norm equivalence constants Cs and Bs on s
	The optimality of the injection bounds
	References


