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RESUM E

Grace a des propriétés structurelles et asymptotiques de la transformation de Kontorovich-
Lebedev associé a la fonction point d'interrogation de Minkowski, on apporte une réponse
positive a la question posée par R. Salem (Trans. Amer. Math. Soc. 53 (3) (1943) 439): la
transformée de Fourier-Stieltjes de la fonction point d'interrogation de Minkowski est-elle
nulle a I'infini?

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and auxiliary results

We deal here with the so-called Minkowski question mark function ?(x) : [0, 1] — [0, 1], which is defined by [2]

x
2((0.a1.02,03,...]) =2 (- D+12" =19, (1)
i=1
where x = [0, aq,ay,as,...] stands for the representation of x by a regular continued fraction. We note that despite the
symbol ?(x) is quite odd to denote a function in such a way, we mildly resist the temptation of changing the notation,
which was used in the original Salem’s paper [11]. It is well known that ?(x) is continuous, strictly increasing and singular
with respect to Lebesgue measure. It can be extended on [0, co) by using the following functional equations:

2 =1-21-x), 0<x<1, 2)

?(x)=2?< X ) x>0, (3)
x+1
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1
?(x)—i—?(;) =2, x>0. (4)
This function decreases exponentially near the origin

) =0(271%), x—0. (3)

Key values are ?(0) =0, ?(1) = 1. Some properties of its moments can be found in [1]. As usual, we define the finite
Fourier-Stieltjes transform of the Minkowski question mark function by the following Stieltjes integral:

1

F(t):/ei’“d?(x), teR. (6)
0

In 1943 Salem asked [11] whether F(t) — 0 as |t|] — oo, putting the question for the corresponding Fourier-Stieltjes coef-
ficients. We note, that the question to determine whether a given measure is a Rajchman measure (that is, whose Fourier
transform vanishes at infinity), as far as measures arising from singular monotone functions are concerned, is a very del-
icate question. This situation is quite different from the one when the measure is absolutely continuous and the classical
Riemann-Lebesgue lemma for the class L can be applied (cf. [13], Ch. IV). For singular measures there are various examples
and the Fourier-Stieltjes transform need not tend to zero, although there do exist measures for which it goes to zero. For
instance, Salem [11,12] gave examples of singular functions, which are strictly increasing and whose Fourier coefficients still
do not vanish at infinity. On the other hand, Menchoff in 1916 [7] gave a first example of a singular distribution whose
coefficients vanish at infinity. Wiener and Wintner [15] (see also [4]) proved in 1938 that for every & > 0 there exists a
singular monotone function such that its Fourier coefficients behave as n‘%‘“’?, n— oo.

Our aim in this Note is to solve this Salem’s problem. In fact, to achieve this goal several attempts were made by
the author, involving various representations of the Fourier-Stieltjes transform (6) via the composition of different integral
transformations, such as the Laplace, Hankel transforms and Riemann-Liouville fractional integro-differential operators (cf.
[18]). But finally we came to the conclusion that an application of index transforms [16] will be a rather effective tool
to achieve the goal and give an affirmative answer to the question. Namely, we will explore composition and asymptotic

X

properties of the Kontorovich-Lebedev transform with respect to the Haar measure d7 (see in [5,14,8,16,18,17])

oo

KL(T):/Kit(X)f(X)%’ TeRy, (7)
0

considering f as a continuous function on R; having a suitable behaviour at infinity and near zero. The kernel of this
transform Kj;(x) is the modified Bessel function (cf. [3], vol. II) of the pure imaginary index it. In the sequel we will
need an asymptotic behaviour at infinity of the Kontorovich-Lebedev transform (7) and its modification involving a shift
of the argument of the modified Bessel function. A basic asymptotic expansion of this type was given in [8] by using a
composition representation of the Kontorovich-Lebedev transform in terms of the Laplace and Fourier transforms (cf. from
[14,18]) and corresponding asymptotic expansions developed in [9] and [6]. Precisely, if f is continuous for x > 0, behaves
as 0(x), b >0 as x — 0 and possesses the asymptotic expansion

o0
_ T
f(x)~e"c05ﬂ§anx n X — 400, 0<p<, (8)

then for each N > 1

N-1
KL(T) =223 70 Y an(sinﬁ)"“/zPi_r"__ll/éz(— cosB)+0(e P N), T 4oo, (9)
n=0

where P (z) is associated Legendre functions or conical functions [3], vol. L.
The key ingredient for our proof will be the following integral with respect to an index of the modified Bessel function:

o0
= [z e+ (142 7Y Ko de
—00
= xexp(—x[(1 +t2)]/2 cos A —itsinA])[(1 +t2)1/2 sini+itcosr], x,t>0 (10)

and 0 <X < Z. It can be deduced, for instance, employing relation (2.16.48.20) in [10] and making differentiation by a
parameter. Finally in this section, for further use let us return to (6) and integrate by parts in the Stieltjes integral subtracting
a simple rational function. Thus we derive
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1 1 )
_ ixt _ 2x LX[ _ 1
F(t)_/e d[?(x) 1+x]+2/(1+x)2dX_F](t)+O<t>’ t>1, (11)
0 0
where
' 2
i ixt _ X
Fi(t) = lt/e [?(x) Tox +X]dx. (12)
0

2. A solution to Salem’s problem
Our main result can be formulated as follows:
Theorem 2.1. Let t € R. Then [ e d?(x) = o(1), |t| = oo.

Proof. Without loss of generality we prove the theorem for positive t. So our goal is to estimate F;(t) given by (12) when
t — +o0. First we pass to the limit through equality (10) when A — Z —. This yields

7_.

1 o
— lim e’ (t+ (14 tz)]/z)”Ki,(x) dr =x(1+ tz)l/2 X x.t>0. (13)
T h—%—

—0o0

Hence we write Fq(t) in the form
1 ) 5 00
t 2(X i

Ft)=———3 /[Q - ] lim f e (t+ (14 62)") " Kir (0 dr dx. (14)

7Tl(1+t2) . X 1+x A—)%—_OO

But since for each x,t >0 and 0< A < Z (see (10)) | /%o Te*T(t + (1 +tH) V)T Kir (x) dr| < x[t + (1 +t%)1/?] and f01 [2(x) —

]%| dx<1+ 2[01 % =3 —log4, we can take out the limit in (14) having the representation

1
w2

t
Fit)= — = lim /[ —
mi(1+e2) 2t Lox 14X

:|/re”(t~|—(1+t2)1/2)irl<,-,(x)drdx. (15)

Our goal now is to invert the order of integration in (15). To do this we employ the uniform inequality for the modified
Bessel function (cf. [5,18])

x—1/4
sinhmt

and asymptotic property (5) of the Minkowski question mark function near the origin. Consequently,

|Kiz (0] < X,7>0 (16)

1

[

?(x) 2

X 1+x
dx

1 00
</ /|r| e dr <o Ae(O 7r>
\0 x1/4 V/|sinhw 7| ' 2)
—00

Hence by Fubini’s theorem (15) becomes

oo
f [2e*T (t+ (1+62)"?) " Kir (0] d dx
—00

?(x) 2

X 1+x

o0

1

t . 1/2yit ?(x) 2

Fi(t) = — lim /reM t+ (14t /K‘ (x)[———]dxdt. (17)
ni(1+t2)]/2 xﬁgf_oo (£ ) ) i X 1+x

We split the latter integral with respect to T on two integrals over (—oo, M], [M, c0), where M > 0 is a large fixed number.
Hence we treat the integral over (—oo, M], appealing again to inequality (16) in order to justify a passage to the limit under
the integral sign when A — %— by virtue of the absolute and uniform convergence with respect to A € [0, 7r /2]. Therefore
passing to the limit under the integral sign, we obtain that it vanishes when t — +o0o owing to the Riemann-Lebesgue

lemma since the integrand belongs to L1(—oo, M]. Further, the integral over [M, co) can be written in the form
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o0
t 1/2yit
()= —————— lim [ e’ (t+ (1 +1t KLo(t) — KL1(7)]dz, 18
O= vy, | T (40) ) Ko@) —Kla(o)] (18)
M
where we denoted by
2 +x) 2

]dx, j=0,1 (19)

o0
KLi(t) = | Kiz(j+x - — -
i(T) / ir(J )|: it T+j+x
0

modified shifted Kontorovich-Lebedev transforms of the Minkowski question mark function. But the function f(x) =?(x) —

12fo is continuous on [0, c0), f(x) = 0(x), x — 0+ and via functional equation (4) and elementary series expansions we get
?(x) 2 1 1 ?2(1/x) 1 1 1
—_— = =2 - - — ~2l=—-—=)+0|—=), x— +oc.
X 1+x (x 1+ x) X x2 B x4
Consequently, employing asymptotic formula (9) with 8 = Z we derive

Klo(r) = (2m)*2e ™7 [P 2/}, (0) - ,;5_/12/2(0)] + o(e*“/zr%), T — +00. (20)

On the other hand, a straightforward application of the same technique developed in [6,9,8] will drive us to an asymptotic
formula of the shifted Kontorovich-Lebedev transform KL; (7). Indeed, since

2(1+x 2 2 2(1/(1 +x 1 3 1
a+x _ = —(/( ))~2 ——-——=]+0l—=), x— +oo,
1+x 24x (14+xQ2+x) 1+x x2 X3 x4
then KL (7) = 2m)3/2e~ "7 [P ;3/12/2(0) 4P;5/12/2(0)] +0(e77/2773), T — +o00. Consequently, we find
67 e~ T/2
KLo(T) =KL (T) = — ———————— + 0(e7""/?173?), 7 +c0. (21)

T(it —1D(it —-2)

Substituting this value into the latter integral in (18), we immediately conclude its absolute and uniform convergence with
respect to A € [0, 7w /2]. Thus

6i T(t+(1+2)73"
I(t) = ltm/( ( )7)
(1+¢2)

(it — 1)(it — 2)

dt+0(1):O(L)+O(1)—>O, t— 4o0. (22)
logt

Therefore Fi(t) =0(1), t - +o00. Combining with (11) we get the result and complete the proof of the theorem. O
Acknowledgements

The present investigation was supported, in part, by the “Centro de Matematica" of the University of Porto. The author
is indebted to Giedrius Alkauskas and Alfonso Montes-Rodriguez for bringing his attention to the problem. The author
expresses sincere thanks to his post-doc Ana Filipa Loureiro for her constant encouragement and moral support in finding
an answer to this interesting and attractive question.

References

[1] G. Alkauskas, The moments of Minkowski question mark function: the dyadic period function, Glasg. Math. J. 52 (1) (2010) 41-64.
[2] A. Denjoy, Sur une fonction réelle de Minkowski, J. Math. Pures Appl. 17 (1938) 105-151.
[3] A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher Transcendental Functions, vols. I and II, McGraw-Hill, 1953.
[4] O.S. Ivaev-Musatov, On Fourier-Stieltjes coefficients of singular functions, Izv. Akad. Nauk SSSR Ser. Mat. 20 (1956) 179-196 (in Russian).
[5] N.N. Lebedev, Sur une formule d’inversion, C.R. (Dokl.) Acad. Sci. URSS 52 (1946) 655-658 (in French).
[6] J.P. McClure, R. Wong, Explicit error terms for asymptotic expansions of Stieltjes transforms, J. Inst. Math. Appl. 22 (1978) 129-145.
[7] D. Menchoff, Sur I'inicité du développment trigonométrique, C. R. Acad. Sci. Paris 163 (1916) 433-436.
[8] D. Naylor, On an asymptotic expansion of the Kontorovich-Lebedev transform, Appl. Anal. 39 (1990) 249-263.
[9] EWJ. Olver, Error bounds for stationary phase approximations, SIAM ]. Math. Anal. 5 (1974) 19-29.
[10] A.P. Prudnikov, Yu.A. Brychkov, O.I. Marichev, Integrals and Series: vol. 2: Special Functions, Gordon and Breach, New York, 1986.
[11] R. Salem, On some singular monotonic functions which are strictly increasing, Trans. Amer. Math. Soc. 53 (3) (1943) 427-439.
[12] R. Salem, On monotonic functions whose spectrum is a Cantor set with constant ratio of dissection, Proc. Nat. Acad. Sc. USA 41 (1) (1955) 49-55.
[13] R. Salem, Algebraic Numbers and Fourier Analysis, Heath Math. Monographs, Boston, 1963.
[14] LN. Sneddon, The Use of Integral Transforms, McGray Hill, New York, 1972.
[15] N. Wiener, A. Wintner, Fourier-Stieltjes transforms and singular infinite convolutions, Amer. J. Math. 60 (3) (1938) 513-522.
[16] S.B. Yakubovich, Index Transforms, World Scientific Publishing Company, Singapore, 1996.
[17] S. Yakubovich, On a progress in the Kontorovich-Lebedev transform theory and related integral operators, Integral Transforms and Special Func-
tions 19 (7) (2008) 509-534.
[18] S.B. Yakubovich, Yu.F. Luchko, The Hypergeometric Approach to Integral Transforms and Convolutions, Kluwer Ser. Math. and Appl., vol. 287, Kluwer,
Dordrecht, Boston, London, 1994.



	The Fourier-Stieltjes transform of Minkowski's  ?(x) function and an afﬁrmative answer to Salem's problem
	1 Introduction and auxiliary results
	2 A solution to Salem's problem
	Acknowledgements
	References


