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In this Note, we improve the estimate in Ohsawa’s generalization of the Ohsawa–Takegoshi
L2 extension theorem for holomorphic functions by finding a smaller constant, and apply
the result to the Suita conjecture. We also present a remark allowing to generalize the
Ohsawa–Takegoshi extension theorem to the case of ∂-closed smooth (n − 1,q)-forms.
Finally, we prove that the twist factor in the twisted Bochner–Kodaira identity can be a
non-smooth plurisuperharmonic function.
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r é s u m é

Dans cette Note, nous améliorons l’estimation des constantes dans la généralisation
par Ohsawa du théorème d’extension L2 de Ohsawa–Takegoshi concernant les fonctions
holomorphes, et nous appliquons ce résultat à l’étude de la conjecture de Suita. Nous
présentons également une remarque permettant de généraliser le théorème d’extension
de Ohsawa–Takegoshi au cas des (n − 1,q)-formes lisses ∂-fermées. Enfin, nous montrons
que le facteur tordu dans l’identité tordue de Bochner–Kodaira peut être une fonction
plurisuperharmonique non lisse.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and main results

In [16], Ohsawa and Takegoshi proved the famous Ohsawa–Takegoshi L2 extension theorem, which has become an
important tool in several complex variables and complex geometry. Several years later, Ohsawa [15] made the following
generalization, which can imply the original Ohsawa–Takegoshi L2 extension theorem in [16] by taking ψ = 0.

Theorem 1.1. Let D be a pseudoconvex domain in C
n, ϕ be a plurisubharmonic function on D and H = {z ∈ C

n: zn = 0}. Then, for
any plurisubharmonic function ψ on D such that supz∈D(ψ(z) + 2 log |zn|) � 0, there exists a uniform constant C independent of D,
ϕ and ψ such that, for any holomorphic function f on D ∩ H satisfying
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∫
D∩H

| f |2e−ϕ−ψ(
√−1 )n−1 dz1 ∧ dz̄1 ∧ · · · ∧ dzn−1 ∧ dz̄n−1 < ∞,

there exists a holomorphic function F on D satisfying F = f on D ∩ H and∫
D

|F |2e−ϕ(
√−1 )n dz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n

� 2Cπ

∫
D∩H

| f |2e−ϕ−ψ(
√−1 )n−1 dz1 ∧ dz̄1 ∧ · · · ∧ dzn−1 ∧ dz̄n−1.

Since the canonical line bundle on C
n is trivial, Theorem 1.1 gives the extension of L2 ∂̄-closed smooth (n − 1,q)-forms

with an estimate for q = 0. Several years later, the extension with an estimate for the case q � 1 was presented in [13,3,5,7].
In this case, one has a regularity trouble. Here, we present the following simpler remark concerning the case q � 1.

Theorem 1.2. Let (X, g) be a Stein manifold of dimension n with a Kähler metric g and D � X be a domain in X. Assume D is weakly
pseudoconvex. Let w be a holomorphic function on X such that dw is never zero on the set H = {w = 0}. Then there exists a uniform
constant E independent of X , D and w such that, for any ∂̄-closed form f ∈ C∞(H,

∧n−1,q T ∗
H ), where 0 � q � n − 1, there exists a

∂̄-closed form F ∈ C∞(D,
∧n,q T ∗

X ) satisfying F = dw ∧ f̃ on D ∩ H with θ∗ f̃ = f and
∫

D |F |2 dV X � E supD |w|2 ∫
D∩H | f |2 dV H ,

where θ : H → X is the inclusion map and H is endowed with the Kähler metric h induced from g by θ .

Remark 1.3. In the above theorem, D is called weakly pseudoconvex if there is a smooth plurisubharmonic exhaustion
function on D . T X and T H are the holomorphic tangent bundles of X and H respectively. T ∗

X and T ∗
H are the dual bundles

of them. dV X and dV H are the volume elements of X and H respectively.

In [18], Siu got an explicit constant C in Theorem 1.1. Berndtsson in [1] reduced the constant C in Theorem 1.1 to 4.
Later, Chen (see [4]) reduced the constant C in Theorem 1.1 to 3.3155. In the following theorem, we generalize Theorem 1.1

to Stein manifolds and get the constant C given by infχ∈M sups�0{(−χ(s) + (χ ′(s))2

χ ′′(s) )es}, where M is the class of functions

defined by {χ ∈ C∞(−∞,0]: χ(s) � 0, χ ′(s) � 1 and χ ′′(s) > 0 for all s ∈ (−∞,0]}, and make the constant C smaller than
2.14 by choosing an explicit function χ(s).

Remark 1.4. According to a suggestion of Prof. Demailly, the constant C can be estimated by solving the ordinary differential
equation (−χ(s) + χ ′(s)2/χ ′′(s))es = C with χ ′(0) and C adjusted so that lims→−∞ χ ′(s) = 1. A standard Runge–Kutta
integration with a computer then shows that one can obtain C < 1.954 when χ(0) = 0 and χ ′(0) = 4.331. For the details,
we refer to [11].

Theorem 1.5. Let X be a Stein manifold of dimension n. Let ϕ and ψ be two plurisubharmonic functions on X. Assume that w is a
holomorphic function on X such that supX (ψ + 2 log |w|) � 0 and dw does not vanish identically on any branch of w−1(0). Put
H = w−1(0) and H0 = {x ∈ H: dw(x) 
= 0}. Then there exists a uniform constant C < 1.954 independent of X , ϕ , ψ and w such

that, for any holomorphic (n − 1)-form f on H0 satisfying cn−1
∫

H0
e−ϕ−ψ f ∧ f̄ < ∞, where ck = (−1)

k(k−1)
2 ik for k ∈ Z, there exists

a holomorphic n-form F on X satisfying F = dw ∧ f̃ on H0 with θ∗ f̃ = f and cn
∫

X e−ϕ F ∧ F̄ � 2Cπcn−1
∫

H0
e−ϕ−ψ f ∧ f̄ , where

θ : H0 → X is the inclusion map.

One motivation to estimate the constant C in Theorem 1.1 comes from the Suita conjecture [19], which is stated below.
Let Ω be a bounded domain in C, KΩ be the Bergman kernel function on Ω and cΩ(z) be the logarithmic capacity of the comple-

ment C \ Ω with respect to z defined by

cΩ(z) = exp lim
ξ→z

(
GΩ(ξ, z) − log |ξ − z|),

where GΩ is the negative Green function on Ω . Then (cΩ(z))2 � π KΩ(z) for any z ∈ Ω .
Using Theorem 1.5 and Remark 1.4, we get

Corollary 1.6. (cΩ(z))2 � Cπ KΩ(z), where the constant satisfies C < 1.954.

It should be noted that Blocki in [2] proved that (cΩ(z))2 � Cπ KΩ(z) for C = 2 using a different method.
The twisted Bochner–Kodaira identity with a smooth twist factor was widely discussed (see [8,9,17,14] and references

therein). In [16], it is the key tool to prove the Ohsawa–Takegoshi L2 extension theorem. Berndtsson [1] gave a proof
of the Ohsawa–Takegoshi L2 extension theorem by using the twisted Bochner–Kodaira identity with special non-smooth
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plurisuperharmonic twist factors − log |h| and 1 − |h|2δ (δ < 1), where h is a holomorphic function having zeros. His proof
involves in solving ∂̄-equations for ∂̄-closed currents. Motivated by his use of the special non-smooth plurisuperharmonic
functions, we shall prove that the twist factor can be chosen as any non-smooth plurisuperharmonic function as follows.

Theorem 1.7. Let Ω be a domain in C
n, ϕ be a C2 function on Ω and D � Ω be a domain with C2 boundary bD. Assume that η is a

plurisuperharmonic function on Ω (i.e., −η is a plurisubharmonic function) and ρ is a C2 defining function for D such that |dρ| = 1
on bD. Then for any β = ∑n

i=1 βī dz̄i ∈ C2
(0,1)

(D) ∩ DomD(∂̄∗
ϕ),

∫
D

η|∂̄β|2e−ϕ dV +
∫
D

η|∂̄∗
ϕβ|2e−ϕ dV

=
∫
D

n∑
j,k=1

(−∂ j ∂̄kη)β j̄β̄k̄e−ϕ dV +
∫
D

n∑
j,k=1

η(∂ j ∂̄kϕ)β j̄β̄k̄e−ϕ dV +
∫
D

n∑
j,k=1

η|∂̄ jβk̄|2e−ϕ dV

+
∫

bD

n∑
j,k=1

η(∂ j ∂̄kρ)β j̄β̄k̄e−ϕ dS + 2Re
∫
D

n∑
j=1

(∂ jη)β j̄∂
∗
ϕβe−ϕ dV .

Theorem 1.7 seems not to be obvious. Its proof actually involves some results on normal currents. By modifying the proof
of Theorem 1.7, we can get the following theorem with non-smooth twist factors, which also includes the twist factors used
in [1].

Theorem 1.8. Let Ω be a domain in C
n, ϕ be a C2 function on Ω and D � Ω be a domain with C2 boundary bD. Assume that H is a

closed set in Ω such that the (2n−1)-dimensional Hausdorff measure of H ∩bD is zero. Let η be a real function in L1
loc(Ω)∩C0(Ω \ H)

such that ∂∂η is a current of order zero and ρ be a C2 defining function for D such that |dρ| = 1 on bD. Then the conclusion of
Theorem 1.7 holds.

2. Ideas of the proofs

In this section, we shall give the main ideas used in the proofs of the theorems. For complete proofs of the theorems,
we refer to [11].

In the proof of Theorem 1.2, we first use a special partition of unity to obtain a local extension f̃ of f in a neighborhood
of H in X . Choose a C∞ function χ : R → R satisfying suppχ ⊂ (−1,1), 0 � χ � 1, χ |

(− 1
4 , 1

4 )
≡ 1 and |χ ′| < 2. Define

χε(w) = χ(
|w|2
ε2 ) (ε > 0) and define λε = dw ∧ ∂̄(χε f̃ )

w . Then we approximate D by a sequence of subdomains {D v }∞v=1 and

on each D v we solve twisted ∂̄-equations ∂̄(
√

τε + Aεuv,ε) = λε with uv,ε ∈ Ran(
√

τε + Aε∂̄∗) and
∫

D v
|uv,ε|2 dV X uniformly

bounded. Let uε be the weak limit of some weakly convergent subsequence of {uv,ε}∞v=1. Then ∂̄(
√

τε + Aεuε) = λε and

ϑ( uε√
τε+Aε

) = 0. Hence uε is a smooth form. Define Fε = dw ∧ (χε f̃ )+ w
√

τε + Aεuε . Then it is easy to check that Fε is the

desired extension in Theorem 1.2.
Unlike holomorphic n-forms, the regularity of ∂̄-closed (n,q)-forms (q � 1) can’t be obtained just from the equation

∂̄ F = 0. This is also the main difficulty for us to get a ∂̄-closed smooth extension F on the whole manifold X with an
estimate since we can’t check the regularity after taking a weak limit as ε approaches 0.

The main goal in the proof of Theorem 1.5 is to reduce the constant C. The proof of the theorem is a combination of
the methods used in [1,4,5,14,18]. There are lots of papers which have given proofs of the Ohsawa–Takegoshi L2 extension
theorem. In all of them, two tools are essentially used. One is an inequality deduced from the twisted Bochner–Kodaira
identity with smooth or plurisubharmonic twisted factor, and the other is a proposition to solve ∂̄-equations with universal
constant estimates. We find that the following versions of the two tools are suitable for us to reduce the constant C.

Lemma 2.1. Let (X, g) be a Kähler manifold of dimension n with a Kähler metric g, Ω � X be a pseudoconvex domain with C∞
boundary bΩ and φ ∈ C∞(Ω) be plurisubharmonic in Ω . Assume that τ , A ∈ C∞(Ω) are positive functions. Then for any (n,q + 1)-
form α = ∑′

|I|=n, | J |=q+1 αI J̄ dzI ∧ dz̄ J ∈ DomΩ(∂̄∗) ∩ C∞
(n,q+1)

(Ω),

∫
Ω

(τ + A)|∂̄∗
φα|2e−φ dV X +

∫
Ω

τ |∂̄α|2e−φ dV X �
∑′

|I|=n,|K |=q

n∑
i, j=1

∫
Ω

(
−∂i ∂̄ jτ − ∂iτ ∂̄ jτ

A

)
α i

I K̄
α Ī jK e−φ dV X .

Lemma 2.2. Let (X, g) be a Kähler manifold of dimension n with a Kähler metric g, Ω � X be a strictly pseudoconvex domain in X
with C∞ boundary bΩ and φ ∈ C∞(Ω). Let λ be the current ∂̄ 1 ∧ F̃ , where F̃ is a holomorphic n-form on X. Assume the inequality
w
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∣∣(λ,α)Ω,φ

∣∣2 � C

∫
Ω

∣∣∂̄∗
φα

∣∣2 e−φ

μ
dV X ,

where 1
μ is an integrable positive function on Ω and C is a constant, holds for all (n,1)-form α ∈ DomΩ(∂̄∗) ∩ Ker(∂̄) ∩ C∞

(n,1)(Ω).

Then there is a solution u to the equation ∂̄u = λ such that
∫
Ω

|u|2μe−φ dV X � C.

Lemma 2.1 is a variation of a lemma in [14]. Lemma 2.2 is a variation of a lemma in [1] and it is in fact a tool to solve
∂̄-equations for ∂̄-closed currents.

Since X is Stein, there is a holomorphic n-form F̃ on X such that F̃ = dw ∧ f̃ on H with θ∗ f̃ = f . Define λ = ∂̄ 1
w ∧ F̃ .

Then by the above lemmas and a careful calculation, we can solve equations of the form ∂̄uγ ,v = λ with uniform constant
estimates on suitable subdomains Ωv � Ω , where γ ∈ (0,1) is a technical parameter. Define Fγ ,v = wuγ ,v . The weak limit
of some weakly convergent subsequence of {Fγ ,v}γ ,v gives us the desired extension F with the constant C by the formula
stated before Remark 1.4. Then by means of a careful selection of the function χ and some elementary estimates (we
first choose a family of the functions χδ(s) = s − log(1 + δ − δes) depending on a positive parameter δ and then choose
a suitable δ), one can show that C < 2.14. According to a suggestion of Prof. Demailly, one can get even smaller constant
C < 1.954 with the help of a computer.

To prove Theorem 1.7, we first use convolutions to construct smooth functions {ηε}ε>0 such that limε→0 ηε = η. Then
we use the well-known twisted Bochner–Kodaira identity with the smooth twist factor ηε . The main difficulty is to prove

lim
ε→0

∫
D

n∑
j,k=1

(−∂ j ∂̄kηε)β j̄β̄k̄e−ϕ dV =
∫
D

n∑
j,k=1

(−∂ j ∂̄kη)β j̄β̄k̄e−ϕ dV

since β may not vanish on bD . Let λ be a smooth cut-off function such that λ = 1 on an open neighborhood of D and
suppλ � Ω . Then λ∂∂̄η is a normal current on Ω . We need to use some results on normal currents (see [10] and [12])
to obtain the following lemma. Then we can overcome the difficulty and get Theorem 1.7. For the theory of currents and
normal currents, the reader is referred to [6].

Lemma 2.3. Let Ω be a domain in C
n and D � Ω be a domain with C2 boundary bD. Let ξ = ∑n

i=1 ξī dz̄i and ζ = ∑n
i=1 ζī dz̄i

be two (0,1)-forms in C2
(0,1)

(D) ∩ DomD(∂̄∗
ϕ). Assume that T = ∑n

i, j=1 Ti j̄ dzi ∧ dz̄ j is a normal current on Ω . Then the measure∑n
i, j=1 1bDξī ζ̄ j̄ T i j̄ = 0 on Ω , where 1bD is the characteristic function of bD.

In order to prove Theorem 1.8, we need to use some arguments in the proof of Theorem 1.7. The main difficulty is to
prove limε→0

∫
bD

∑n
j,k=1 ηε(∂ j ∂̄kρ)β j̄ β̄k̄e−ϕ dS = ∫

bD

∑n
j,k=1 η(∂ j ∂̄kρ)β j̄ β̄k̄e−ϕ dS since the integrable property of η on bD

is not obvious. This can be done by proving that η is the difference of two subharmonic functions. For the details, we refer
to [11].
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