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RESUME

On établit et résout sur la réunion de deux hypersurfaces caractéristiques réguliéres
sécantes, un systéme hiérarchisé d’équations des contraintes compatibles avec la preuve
d'un théoréme d’existence pour les équations d’Einstein-Vlasov-Champ Scalaire en jauge
temporelle.
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Version francaise abrégée

Pour 1+n > 4, on considére le probléme de Cauchy mal posé P oll ) est le domaine au dessus de I'hypersurface ini-
tiale Z=ZUZ'(Z? :x% + (-1)®x! =0, w =0, 1) de R™! et I'objectif est de construire un espace-temps (M, g) de source
(@, p) ot M est une variété, g une métrique Lorentzienne sur M, @ est un multiplet scalaire sur M, p est la densité des
particules sur P; de telle sorte que (g, ®, p) soit solution des équations d’Einstein-Vlasov-Champ Scalaire et que Z soit
une hypersurface caractéristique de (M, g). Pour parvenir a notre but, nous considérons pour la métrique les condition de
shift nul go; = 0 et d’harmonicité par rapport 3 x0 : VYV, x9 = "% = 0 (voir [2]), aboutissant au systéme du troisiéme ordre
(Hg,He, Hp) dit systéme réduit des équations d’Einstein-Vlasov-Champ Scalaire. Etant donné que si (g, @, p) est une so-
lution du systeme réduit (Hg, Hp, Hp), alors le tenseur ¢,y = Gy — Ty, correspondant a (g, @, p) vérifie un systéme
hyperbolique linéaire homogéne du second ordre (voir [2]) et est donc nul s'il est nul initialement; et en vue d’obtenir une
solution des équations d’Einstein-Vlasov—-Champ Scalaire, nous construisons les données initiales (go, ko, @9, po) en résol-
vons sur chaque hypersurface 7%, w =0, 1 le systéme (e, e,). Précisement nous analysons et décrivons le systéme ¢ =0
en repére mobile isotrope particulier (e,) (voir [5,1]), exhibant ainsi deux sous-systémes €(e, €,) = 0, relatifs a eg et eg
ol le systéme €(ey, e,) =0 est celui original hierarchisé des contraintes que nous résolvons sur Z¢. Nous obtenons ainsi le
systéme complet (o, ko, Do, po) des données initiales de Py satisfaisant les contraintes munies des données indépendantes

continues sur S et de classe C* sur %, t®, 0%, &¢’, pg’ et certaines données supplémentaires sur S. Le lapse est ensuite
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défini dans Py par T = c(x)\/|g| ot c, la densité scalaire sur X : X% =t est donnée par c(x)) = j% si (=1)®x! 0.
go

Munies des données construites (go, ko, o, po) on résout le probléme Py dans un voisinage de S par la transformation
de ce dernier en un probléme de Cauchy ordinaire 3 données nulles sur I'hypersurface spatiale Xq :x° =0 (voir [7]), par la
combinaison de la théorie de Leray des systémes hyperboliques et de la méthode des caractéristiques et par application du
théoréme du point fixe dans un cadre d’espaces fonctionnels plus ou moins classiques (voir [3,4]). Enfin pour la préserva-
tion de la jauge nous montrons que sur Z%, w =0, 1; le systéme €(e,y, e;) =0, W’ # w est équivalent a un systéme linéaire
homogene a données nulles, fortement hyperbolique (voir [8]) en €g; sur Z dés que &(ey,ey) =0, Hz y sont vérifiés et
le lapse T < 2. On en déduit que €44 =0 dans un voisinage de S puisque Cyp =0 sur Z et les Cyp vérifient un systéme
hyperbolique de Leray linéaire homogéne (voir [2]). Tous les données et résultats sont C*, ceux en classe de Sobolev et
méme le cas ot les données sont portées par un cone caractéristique sont renvoyés a un travail séparé et ultérieur.

1. The Einstein-Vlasov-Scalar field equations relative to a null adapted frame

Our aim in this work is to provide a space-time (M, g), that is an (n + 1)-dimensional Lorentzian manifold which has to
satisfy the Einstein equations

Hg:Guv=Ruy —27'guR =Tpy. (1)

Here R,,, R denote the Ricci tensor and scalar curvature of g respectively; T,, is termed the stress-energy-momentum
tensor of matter which here refers to Vlasov and Scalar matters. These equations are coupled to the Vlasov equation giving
a statistical description of a collection of particles:

a
ap!

and the wave equations relative to the metric g for the matter fields @ = (&) of potential V

IO .
*— —¥ub"p

Hp:p o

dv
He :Og® = —(D); 3
[ g d@( ) ( )
expressing the integrability condition for Einstein equations namely the divergence-free of

p(X”,p“)papﬁ\/detgd
po

n is an arbitrary natural number > 3, (x*) refers to a set of coordinates in the looked-for space time, the p' stand as the

spatial components of the momentum of the particles of rest mass m and density p = p(x, p°, p) moving towards the

future (p > 0) in the hypersurface P of the tangent bundle TM named the mass shell, P:= {(x, p°, p )/g;wp“p =-m?}

dp=dp'...dp". To achieve our goal we require that in a global set of coordinates x* of R™t!, the metric we are looking
for has a zero shift and that x° is harmonic with respect to g (see [2]),

g:—rz(dx0)2+§ij dx'dx!, T =c(x')/detg; (5)

and associate to the ill-posed Cauchy problem P and Cauchy problem P in )V = {(x*)/x° > |x!|} and on T=7°UT'(Z¢:
x0 4+ (=1)®x! = 0) for the reduced third order system of unknown (g, @, p) (see [2]).

{(Hg,qu,Hp) iny, {(Hg,Hqs,Hp) iny,
(8,308, P, p) = (8o, ko, Po, po) onZ, (8,008, P, p) = (8o, ho, Po, po) onZ,

1
Taﬁzaaqm,scp—Egaﬁ(gﬂ”au¢au¢+V(¢))—An (4)

’

(6)

Hz =doRij — ﬁiRjo — ijiO = doAjj — 6,‘/110 — ﬁjA,‘o; Apy =Tyy + ZilngR (V = connection w.r.t. 2).
(7)

As the tensor €y, = G, — Ty corresponding to (g, @, p) where (g, @, p) satisfies Py verifies a second order Leray hy-
perbolic linear homogeneous system (see [2]), in order to have a solution for the Einstein-Vlasov-Scalar field equations
(Hg,Hg,Hp), we construct the data (go, ko, @o, po) solving the constraints €(ey,e,) =0, w =0,1 on Z®. Namely, we
assume that our searched space-time admits a double null foliation C_(A) and C4(v) by the null-level surfaces of two
functions w and w solutions of the eikonal equation with data W70 = —2x1, W, = 2x!, the Einstein equations split in
two groups €(ey,e,) =0, w =0,1 w.r.t. a null pair {eg, e1} subset of the null moving frame e, adapted to this foliation
(see [5,1]). The equations corresponding to ey read

—eo(tr x) +2wtrx — x| = (eo(®))? /Rnfzp(X”,p‘g)%\/detgdp, (8)

—~e0(Ea) +TA(E, ) = eo(P)es(®) + fR T P pi G et g dp, (9)
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~ ~ 1
€0(X ) + 48X, ) =ea(@)es(®) — 2 3a5(87°0, PP + V (2))

- _13ABXC:T(eCseC) - /I-Q” P(XV’PB)%@CIP, (10)
eo(trY) +2wtr X + ——— trytry —(n— D(Inf® +divy) + m— D —2)Ko= Y T(ea,ea) —T, (11)
A
~2e0(@) +10(@..) = eo(P)e1(P) + g8y PP + V()
‘f sz(xu,ps)wo)z+p°<pfajw+p;aém+(pfa,-w)<pfajm>@dp7 (12)
Rr

1— 1 v 3
T=g"Ty = Tng“”aﬂqbavcp _ %V@) +m? /R %\/detgdp.

The tensors x, x, & are the two null second fundamental forms and the torsion of the (n — 1)-dimensional surfaces Cy;, =
C-WNCL), @ = 38(Veseo.€1), @ = 18(Ve,e1,€0), N(X) = —38(Ve, X, €0), N(X) = —38(Ve, X, €1) for X tangent to Cy,
and V the connection of the space-time. The vectors fields e, are defined as e = —tg"#9,w, e} = —tg""9,w, and
(ea),A=2,...,n is an orthonormal frame on C,,. V, Ko are the connection and Gauss curvature of C,,. The details of
the terms not written explicitly and equations relative to e; are in [6]; see also [5] for analogous arguments for the Null
decomposition of Einstein equations in Vacuum.

2. The construction of the characteristic initial data

By restricting the previous equations (8)-(12) on the initial hypersurface Z one derives the following theorem:

Theorem 2.1. Let be considered T the union of the two hypersurfaces T® : 9+t = x0 + (=1)®x! =0, w = 0,1 of R**! en-
dowed with a global set of coordinates x* and denote S = Z° N T'; let be given on 7 a non-negative smooth function t,
(1(0,x%) = 1), a smooth scalar multiplet @9, and smooth functions ®g, a,b = 2, ...,n that make up a symmetric positive defi-
nite matrix, on Z x R", a non-negative smooth function py with compact support such that supp(po) NS = @ (rest mass m > 0)
or supp(po) N (S x {(p')/ Za(p")2 = 0}) = ¥ (zero rest mass); and on S, C*® functions ¥°, w1 and vy, a =2, ..., n. Then there
exist on every Z® smooth functions A, go, ko, and correspondingly smooth functions A, go, ko, @o, po solving the constraints for the
Einstein-Vlasov-Scalar field equations and such that go,, = —12, 0y = A2@y, T is null w.rt. go, the initial rate of change of the
area element of the (n — 1)-dimensional leaves of Z under displacement along Z° and Z' are respectively w0, w1, and the tensor
v = (vg) is the torsion of the (n — 1)-dimensional leave S.

2.1. The strategy of the proof of Theorem 2.1

We treat the data on Z° and the process is similar on Z'. The assumption that Z° is null w.r.t. to the metric of the form
(6) is equivalent to g!! =772, In coordinates x" the trace on Z° of the metric reduces to

g0 = —'cz(dxo)2 + tz(dxl)2 + gap dx? dx®. (13)

We emphasize that this is not a restriction on the trace of the metric but rather a consequence of our gauge conditions
and the nature of the initial surface. Indeed the covariant vector n := grad#' is a null vector normal and tangent to Z°
with components ng =1, ny = 1, nqg = 0. The null geodesics generating Z° have tangent vector | with components [° =
772, ' = —1t72, |2 = —g19, By uniqueness of null directions tangent to Z°, it follows that g'® = 0. On the other hand
the null condition for Z° and the algebraic relations between the coefficients of the metric and its inverse imply that
Sla=—-T28w8", g11 = T2(1 + 1284, g"%g"?), one deduces from g!? =0 that g;; =0, g1 = 2. Let denote ¥, ¥ the affine
parameters on Z° and Z" respectively, then % := —7 =20 and % := v725L:. The light rays of Z° have equations »' =0,
x4 = cste® = 9% where the 99 are local coordinates on S. We define a foliation of Z° by the (n — 1)-dimensional surfaces
IB ={p € Z°/9(p) = v}. The induced metric y on IB Vab = (go/zg)ab is supposed conformal to @, that is yg = AZOg.

From the definition of null second fundamental form x (2 = £;y) one infers the following expressions on IS

1

Xap = A? (@abaﬂ In A+ >0y ob> trx =y® Xab = 99 (In/det y) = 9y (In(A" "' Vdet @)), (14)
1 1 1

x> = n—l(al, (In A”_lx/det@))z - ﬁ(al, (Inv/det @))2 + Z@adagwab@fl’ag@cd. (15)

As the right hand of the first Eq. (8) of our hierarchy is harmful containing all the coefficients of the metric, we invoke our
gauge conditions. Eq. (8) is rewritten using Eqs. (14)-(15) and w = —2" 1837 as:
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797 (In A" 'V/det ©) + 357y (In A" ' Vdet ©) + anl (35 (In A" '+/det @))2

1 1 ] ] . . 0_ ,1\2
- m(aﬁ(ln Vdet®))? + Z@“daﬂ@ab@cbaﬁ@cd = —T2[3y D] + /R 4 po (%, pf)("p% dp. (16)

Using

1 2
pO=r‘1\/m2+r2(p1)2+A2@abpapb, A:(«/det@)“"exp[ﬁ(%—i—/ W(ﬁ/,ﬁa)dﬁ/)}
- 0

Eq. (16) leads to the following Cauchy problem where ¥ = 9y In A" 1/det ©:

-1

T
- 1l1/2+L(x],z9“,1',@,1P, @0, 00) =0,  Ws=W. (17)

¥ + dy(InT)Y¥ +

From this Cauchy problem (17) one has on (Z°) < Z° the conformal factor, and then gg,. For the next step we determine
the vectors fields e4 on a domain (Z’%) c Z° Fermi-transported [2,5] thanks to the following non-linear Cauchy problem
compatible with the structure of our searched-for space-time.

c -1 a,b ¢ c c
dpe, + 1 ZxabeAeCeC=0, eas =6a-
C

To pursue with the construction of the data, we pose and solve globally on (Z’%) a Cauchy problem for the following system
with initial data £4)5 = va corresponding to the restriction of (9) to 70 constructing &4:

1

S 0 _
9y [In(A™'Vdet®) &4 + Qa = Ty (@)ea(®) + / ©po(e. p)elpe 5= dp on (%)
RH

1
—Topéa —
n—1
To continue our process, we determine the restriction on Z° of the first derivatives of the component @ of any solution of
Po. This is obtained by restricting to Z° the wave equations (& = V'(®) (3) which give rise to transport equations along
the null generators of Z9, we therefore solve in (Z'°) the following Cauchy problem

d I ij 32(50 I(,j K I 1

2@[30¢ ]+g W+F (X,<po,[3o(p ])—0, [30<D ]/8—5(8]20—31<D0), 90—‘15/11-

The next step consists in determining tr x and this is obtained by solving globally on (Z”°) the following Cauchy problem
associated to the system (11) with initial datum tr Xs =¥,

1 2 »
ragtrl—k(—zal«;lnt—k 1Bﬁ[lrl(A” Vdet@)]>trL+S=ZT(eA,eA)—T, tré/s=£0-

n—
A

At this level we construct Z from (10) by solving globally on (Z”°) the following Cauchy problem.

~ 1 1
rag&AB + | —=dpT +

3 n_]ag[ln(/l"_lvdet@)]—i—AX)ZAB—FSAB

1 " :
=ea(®)es(P) — 50ap {g"0i[@10(@] + 28" 3, @100 @] + V (D)}

72eS e o
‘SABZT(E‘MO—/R” EEa%BPPA o (. pl)dp on (2°),
C

n—1 po

1-n 2¥, 1
= (det©)]5" exp| ~=2 |( 26uly In A + 50y Oup +

n

X Ogpdy In~/det ®
Xap/s n_1 % >s
The term 9y In A is given on S by the expression of A on I', A= (V/det®)! " exp[ﬁ(go + foig(g’, 9?4 dg")].

To continue the process, we precise the values of g;, g; on 70 as g; = [w] = —8,.1 and ¢} = 3w = 5:‘1 and solve globally

the following Cauchy problem associated to (12)

—4T0yw + (T + Q =12 Py ® + g7 8i[®]3;[@] + 28" ;[ ]1[d @]

0V2 _ (132 . . 9T
+V(<1>)—/Rn 14“’)1,#/)0()(:,1,1)@ on (%), @;s = = -5(0,x").
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To conclude with the construction of the data on Z° we use the algebraic relations between X’l’s“' and gy, d0&uy - - -

to determine the coefficients [dog;v], (1, V) # (1, 1) and the gauge constraint I'® =0 to determine the coefficient [dog11],
one deduces k.

X ap + XAB = €5e5e0008cd,  4€a = —2eQefieqdogic — 2e5ef (X, + XaB),
w+o=021) 380, g1 =71>(2d01nv—g00 — g% 08a)-
3. The existence theorem for the Einstein-Vlasov-Scalar field equations

With respect to the gauge constraint V# Vuxo =0, one sets in Py the lapse as T = c(x),/|g| where c, the scalar density

on X :x0 =t is given by the constructed data by c(x') = —Z— if (—=1)®x! < 0.
/180l

Theorem 3.1. Let be considered T the union of the two hypersurfaces Z¢ : X° + (—1)?x! =0, w = 0, 1 of R™*! endowed with a global
set of coordinates x* and denote S = Z° NZ1; let be given on T a non-negative smooth function T < 2, (z (0, x*) = 1), a smooth scalar

multiplet ®o, and smooth functions Ogy, a,b =2, ..., n that make up a symmetric positive definite matrix, on Z x R", a non-negative
smooth function py with compact support such that supp(y¥) NS = @ (rest mass m > 0) or supp(¥) N (S x {(p")/ Za(p")2 =0})=0¢
(zero rest mass); and on S, C*° functions W°, W and v,, a =2, ..., n. Then there exists an open neighborhood M of T N Z' in Y,

a unique smooth non-negative function A on Z N M, unique C°° Lorentz metric g and scalar multiplet & on M, and a unique C*°
non-negative function p(x", p%) in M x Px; PP := {(x, p)/guvp*p’ = —m2, p® > 0} such that the triplet (g, @, p) satisfies the
Einstein-Vlasov-Scalar field equations, gog = —72, gap = A>Ogy on I, the initial rate of change of the area element of (n — 1)-
dimensional leaves of Z under displacement along Z° and Z' are respectively w° and ¥, and v is the torsion of S. Furthermore M
admits a double null foliation by the level surfaces of the functions w and w solutions of the eikonal equation g9, ud,u = 0 with
initial data u 70 = —2x" and u ;71 = 2x'.

The strategy of the proof of Theorem 3.1. One uses a method analogous to the one of [7] for the reduction of the charac-
teristic initial value problem Py to a Cauchy problem on Xy :x% =0, and combine the Leray theory of hyperbolic systems
and the method of characteristics for the linearized equations, paying attention that the solution of the linearized Vlasov
equation has its support in ) x Py. Indeed the property |p®| > |p!| is an essential argument. Concerning the procedure of
reduction of the characteristic problem Py to a Cauchy problem, let emphasize that differentiating the equations of Py and
restricting to Py gives rise to a collection of functions which agree with the derivatives of any solution of Py provided that
Ip°| > |p'|. The validity of such condition is as follows. Let A be a real number, then gi;j(Ap’ + g'")(xp’ + g!/) > 0; as our
initial surfaces are null w.r.t. the metric (g!! = v2), this inequality leads to (p°®)2 > m2t=2 + (p")2. One has |p°| > |p|
in general and |p°| > |p!| in the case of non-zero rest mass. For the case of zero rest mass, we use a support condition,
indeed Za(pa)2 > 0 implies that [p®| > |p!|. One concludes with the proof of the existence theorem for P° by establishing
energy estimates and applying the fixed point theorem in functional spaces more or less classical (see [3,4]). For the gauge
preservation we prove that the subclass €(e,y,e;) =0, @' # w of €(ey,e,) =0 or equivalently Cp; =0 is, from now on,
verified on Z®. This is achieved by combining the restriction of Hz on Z and the solved constraints &(ey,e,) = 0; one
deduces that the &; satisfy on Z% a linear homogeneous system of the following form with zero data

Al ()aj1€0 + fie(X . [€oil) = O, a8)
AlX) = eq!s, + € g'q + ¢'5) + 641 2qia'q, e=1+4172,
€ =—1+417% aco=(e+€)(1+e+e +e€).

The strong hyperbolicity (see [8]) of (18) resides on the fact that A,{lqj is invertible as its determinant is A = €™ 1t =27(1 +
€+€ +6417%) >0, and Span{{J, cr Kernel[A,J{' (Aqj+wj)]} is of dimension n—1, for each co-vector w; not proportional to g;,

provided that t < 2. The eigenvalues of (A,’(’qj)”.A,J(la)j are A = 12q'w; £ T2 (e — €)1 T2€/ (€ — aee)[(@Pwy)? — T 2wiw;)
and an n — 2 multiple eigenvalue A = 72qw;. Now as ¢ =0 on Z, we apply the Leray hyperbolic existence theorem for the
homogeneous system in €, (see [2]) with zero data. As our data and results are smooth, we intend to treat the case of
Sobolev classes as well as characteristic cone data in a separate and subsequent work.

Acknowledgement
I am indebted to Professor Marcel Dossa for suggesting this subject and for many improvements in this work.

References

[1] G. Caciotta, F. Nicold, Global characteristic problem for Einstein Vacuum equations with small initial data (I): The initial data constraints, JHDE 2 (1)
(2005) 201-277.



1058 J.B. Patenou / C. R. Acad. Sci. Paris, Ser. 1 349 (2011) 1053-1058

[2] E Cagnac, Y. Choquet-Bruhat, N. Noutchegueme, in: U. Bruzzo, R. Cianci, E. Massa (Eds.), General Relativity and Gravitational Physics, World Scientific,
Singapore, 1987.

[3] Y. Choquet-Bruhat, Probléme de Cauchy pour le systeme intégro différentiel d’Einstein-Liouville, Annales de I'Institut Fourier 21 (3) (1971) 181-201.

[4] Y. Choquet-Bruhat, Norbert Noutchegueme, Systéme de Yang-Mills-Vlasov en jauge temporelle, Annales de I'lnstitut Henri Poincaré 55 (3) (1991) 759-
787.

[5] S. Klainerman, F. Nicolo, The Evolution Problem in General Relativity, Progress in Mathematical Physics, Birkhduser, 2003.

[6] J.B. Patenou, Doctorat/PhD thesis, University of Yaounde I (Cameroon), in preparation.

[7] A.D. Rendall, Reduction of the characteristic initial value problem to the Cauchy problem and its applications to the Einstein equations, Proc. Roy. Soc.
Lond. A 427 (1990) 221-239.

[8] Oscar Reula, Strongly hyperbolic systems in general relativity, JHDE 1 (2) (2004) 251-269.



	Characteristic Cauchy problem for the Einstein equations with Vlasov and Scalar matters in arbitrary dimension
	Version française abrégée
	1 The Einstein-Vlasov-Scalar ﬁeld equations relative to a null adapted frame
	2 The construction of the characteristic initial data
	2.1 The strategy of the proof of Theorem 2.1

	3 The existence theorem for the Einstein-Vlasov-Scalar ﬁeld equations
	Acknowledgement
	References


