
C. R. Acad. Sci. Paris, Ser. I 349 (2011) 1059–1061
Contents lists available at SciVerse ScienceDirect

C. R. Acad. Sci. Paris, Ser. I

www.sciencedirect.com

Partial Differential Equations

The Fujita phenomenon in exterior domains under the Robin boundary
conditions

Le phénomène de Fujita dans un domaine extérieur sous les conditions au bord de Robin

Jean-Francois Rault

LMPA FR 2956 CNRS, Université Lille Nord de France, 50, rue F. Buisson, B.P. 699, 62228 Calais cedex, France

a r t i c l e i n f o a b s t r a c t

Article history:
Received 21 June 2011
Accepted after revision 7 September 2011
Available online 29 September 2011

Presented by Philippe G. Ciarlet

We use comparison methods, as in the case of the dynamical boundary conditions, to prove
that the well-known Fujita phenomenon remains true in an exterior domain of R

N under
the Robin boundary conditions.
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r é s u m é

Nous utilisons des méthodes de comparaison, comme dans le cas des conditions au bord
dynamiques, pour démontrer que le phénomène de Fujita est également vérifié dans un
domaine extérieur sous les conditions au bord de Robin.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In an exterior domain Ω of R
N which boundary ∂Ω is of class C 2, we consider the following parabolic problem⎧⎨

⎩
∂t u = �u + up in Ω for t > 0,

∂νu + αu = 0 on ∂Ω for t > 0,

u(·,0) = ϕ in Ω,

(1)

where p > 1 is a real number, α a non-negative continuous function on ∂Ω × R
+ and ϕ a continuous function in Ω . We

aim to prove that the well-known Fujita phenomenon (see Refs. [2,5,6,8] and [10]) remains true under the Robin boundary
conditions. Throughout, we shall assume that α is non-negative

α � 0 on ∂Ω × R
+, (2)

and, in order to deal with classical solutions, we need some regularity on α

α ∈ C
(
∂Ω × R

+)
. (3)

To use the comparison method (see the truncation procedure described in Section 2 of [8]), we need

ϕ ∈ C(Ω), 0 < ‖ϕ‖∞ < ∞, ϕ � 0, lim‖x‖2→∞ϕ(x) = 0. (4)

E-mail address: jfrault@gmail.com.
1631-073X/$ – see front matter © 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.crma.2011.09.006

http://dx.doi.org/10.1016/j.crma.2011.09.006
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:jfrault@gmail.com
http://dx.doi.org/10.1016/j.crma.2011.09.006


1060 J.-F. Rault / C. R. Acad. Sci. Paris, Ser. I 349 (2011) 1059–1061
From [4], the unique classical solution of Problem (1) u ∈ C(Ω × [0, T )) ∩ C 2,1(Ω × (0, T )) with maximal existence time
T > 0 satisfies T = ∞ and u is called a global solution or T < ∞ and u blows up in finite time in the L∞-norm. In the
second case, we have

lim
t↗T

sup
x∈Ω

u(x, t) = ∞.

2. Main results

Using the comparison method described in [8], we just need to find some appropriate sub-solutions to prove the blow-up
case (1 < p < 1 + 2/N) and some adequate super-solution to obtain the global existence case (p > 1 + 2/N).

Theorem 2.1. Suppose that conditions (2), (3) and (4) are fulfilled. Then all non-trivial positive solutions of Problem (1) blow up in
finite time for p ∈ (1,1 + 2/N). Moreover, if N � 3, blow up also occurs for p = 1 + 2/N.

Proof. Ab absurdo, suppose that there exists α and a non-trivial ϕ satisfying the hypotheses above, and such that the
solution u of Problem (1) with these parameters is global. By the truncation method and with the comparison principle
from [3], we construct a global solution v of the following Dirichlet problem

⎧⎨
⎩

∂t v = �v + v p in Ω × (0,+∞),

v = 0 on ∂Ω × (0,+∞),

v(·,0) = ϕ0 in Ω,

where 0 � ϕ0 � ϕ and ϕ0 ∈ C0(Ω). Thanks to the results of Bandle and Levine results [2] (see [1] for the one-dimensional
case), we obtain a contradiction because the solution v must blow-up in finite time. If N � 3 and p = 1 + 2/N , the contra-
diction holds with Mochizuki and Suzuki’s results [7] and [9]. �
Theorem 2.2. Under hypotheses (2), (3) and (4), for N � 3 and

p > 1 + 2

N
,

Problem (1) admits global non-trivial positive solutions for sufficiently small initial data ϕ .

Proof. Consider the classical solution of the following Neumann problem
⎧⎨
⎩

∂t v = �v + v p in Ω for t > 0,

∂ν v = 0 on ∂Ω for t > 0,

v(·,0) = ϕ in Ω.

By hypothesis (2), α � 0 and by definition of v , we obtain

∂ν v + αv = αv � 0 on ∂Ω for t > 0.

Thus, v is clearly a super-solution of Problem (1). The comparison method previously used leads to 0 � u � v in Ω and
for t > 0, where u is a solution of (1) with the parameters α and ϕ . If the initial data ϕ is small enough, the function v
is global, see Levine and Zhang’s results from [6]. Hence, the solution u cannot blow up in finite time, and it is a global
solution. �

The global existence theorem is true only for high dimensions (N � 3) because Levine and Zhang’s results are no more
satisfied in dimension 2. For this special case, we impose a restriction on the coefficient α: suppose that there exists a
positive constant c > 0 such that

α � c on ∂Ω × R
+. (5)

We use another super-solution, already used before by Bandle and Levine’s in [1].

Theorem 2.3. Let α be a coefficient satisfying (3) and (5), ϕ an initial data with (4). For

p > 1 + 2

N
,

Problem (1) admits global positive solutions for sufficiently small initial data ϕ .
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Proof. Let U be the function defined in Ω × [0,∞) by

U (x, t) = A(t + t0)
−μ exp

(
− ‖x‖2

2

4(t + t0)

)
,

where μ = 1/(p − 1), t0 > 0 and A > 0 will be chosen below. A simple calculus of the derivatives leads to

∂t U (x, t) − �U (x, t) � N − 2μ

2(t + t0)
U (x, t) in Ω × [0,∞).

Since of N − 2μ > 0 by definition of μ, and with U p−1 � A p−1(t + t0)
−1, we just need to choose A > 0 sufficiently small to

obtain

∂t U − �U � U p in Ω × [0,∞).

On the boundary ∂Ω , hypothesis (5) gives

∂νU (x, t) + αU (x, t) �
(−x · ν(x)

2(t + t0)
+ α(x, t)

)
U (x, t)

�
(−x · ν(x)

2(t + t0)
+ c

)
U (x, t). (6)

As ∂Ω is compact, and with t0 sufficiently big, this last term is non-negative. Thus, if 0 � ϕ � U (·,0) in Ω , the function U
is a global bounded super-solution. �

In dimension one, an exterior domain does not exist, but we can consider the case Ω = R \ [a,b] with a < b two real
numbers. We obtain:

Theorem 2.4. Let α be a coefficient satisfying (3) and ϕ an initial data with (4). For

p > 3,

Problem (1) admits global positive solutions for sufficiently small initial data ϕ .

Proof. Use the same super-solution U as in the previous proof. Modifications only appear in Eq. (6). Up to a translation,
and thanks to the symmetry of the problem, we can treat only the case Ω = (0,∞). On the boundary, we have x = 0 and
∂νU = 0. Thus Eq. (6) is satisfied for all α � 0. �
Remark 1. As in Bandle and Levine’s results [1], we can consider a more general non-linear reaction term of the form
tq‖x‖s

2up . In this case, we prove that the Fujita exponent is 1 + (2 + 2q + s)/N . If p < 1 + (2 + 2q + s)/N , then nontrivial
positive solutions of⎧⎨

⎩
∂t u = �u + tq‖x‖s

2up in Ω × (0,+∞),

∂νu + αu = 0 on ∂Ω × (0,+∞),

u(·,0) = ϕ in Ω,

(7)

blow up in finite time. If p > 1 + (2 + 2q + s)/N , then there exist non-trivial global positive solutions if ϕ is small enough.
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