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For a smooth strictly plurisubharmonic function u on an open set Ω ⊂ C
n and F a C1

nondecreasing function on R∗+, we investigate the complex partial differential equations

�g log det(ui j̄) = F
(
det(ui j̄)

)∥∥∇g log det(ui j̄)
∥∥2

g ,

where �g , ‖.‖g and ∇g are the Laplacian, tensor norm and the Levi-Civita connexion,
respectively, with respect to the Kähler metric g = ∂∂̄u. We show that the above PDE’s
has a Bernstein property, i.e. det(ui j̄) is constant on Ω , provided that g is complete, the

Ricci curvature of g is bounded below and F satisfies inft∈R+ (2t F ′(t) + F (t)2

n ) > 1
4 and

F (maxB(R) det ui j̄) = o(R).
© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Pour une fonction u strictement plurisouharmonique de classe C∞ sur un ouvert Ω de
C

n et F une fonction de classe C1 croissante sur R
+, on considère l’équation aux dérivées

partielles complexes

�g log det(ui j̄) = F
(
det(ui j̄)

)∥∥∇g log det(ui j̄)
∥∥2

g ,

où �g , ‖.‖g et ∇g sont respectivement le Laplacian, la norme et la connexion de Levi-
Civita par rapport à la métrique Kählerienne g = ∂∂̄u. On montre que l’EDP précédente
vérifie la propriété de Bernstein, i.e. det(ui j̄) est constante sur Ω , pourvu que g soit

complète, la courbure de Ricci de g soit minorée et F satisfasse inft∈R+ (2t F ′(t)+ F (t)2

n ) > 1
4

et F (maxB(R) det ui j̄) = o(R).
© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this Note, we investigate a class of fourth order complex nonlinear partial differential equations for a strictly plurisub-
harmonic function u on an open set Ω ⊂ C

n:

�g log det(ui j̄) = F
(
det(ui j̄)

)∥∥∇g log det(ui j̄)
∥∥2

g (1)

where �g , ‖.‖g and ∇g are the Laplacian, tensor norm and the Levi-Civita connexion, respectively, with respect to the
Kähler metric g = ∂∂̄u. For n � 2, Eq. (1) is the Euler–Lagrange equation of the variational problem of the functional

VΦ(u) =
∫
Ω

Φ
(
det(ui j̄)

)
dV e (2)

for some Φ ∈ C4(R∗+). If Φ(t) = t1−β , β 	= 1, the Euler–Lagrange equation of VΦ is

�g log det(ui j̄) = β
∥∥∇g log det(ui j̄)

∥∥2
g (3)

In [1], Chen and Li showed the following Bernstein property of the solution of (3).

Theorem 1.1. Let Ω ⊂ C
n and u ∈ C2(Ω) a strictly plurisubharmonic solution of (3). Assume that

(i) (Ω, g) is complete,
(ii) Ric(g) � −C1 (K � 0),

(iii) det(ui j̄) < C2

where C1, C2 > 0 are real constants. If β >

√
9n2+4n+3n

4 then det(ui j̄) is constant on Ω .

For more details about Bernstein property, one can see the paper [1] and references therein. In this Note, we will show
the Bernstein property for the solutions of Theorem 1.1. Our main result is the following:

Theorem 1.2. Let Ω ⊂ C
n be an open set and u ∈ C2(Ω) a strictly plurisubharmonic solution of (1). Assume that

(i) (Ω, g) is complete,
(ii) Ric(g) � −K (K � 0),

(iii) F ∈ C1(]0,+∞[) nondecreasing satisfying

inf
t>0

(
2t F ′(t) + F (t)2

n

)
>

1

4
and F

(
max
B(R)

det(ui j̄)
)

= o(R) (4)

where B(R) = {z ∈ Ω,dg(z, z0) < R}. Then det(ui j̄) is constant on Ω .

If F (t) = β , the following corollary extends Theorem 1.1.

Corollary 1.3. Let Ω ⊂ C
n be an open set and u ∈ C2(Ω) a strictly plurisubharmonic solution of (3). Assume that (Ω, g) is complete

and Ric(g) � −K (K � 0). If |β| >
√

n
2 then det(ui j̄) is constant on Ω .

Examples. Examples of function F which satisfies conditions of Theorem 1.2:

1. F (t) = log2α t where α ∈ ]α0(n), 1
2 ], α0(n) > 0.

2. F (t) = (log t) log(α + (log t)2) where α > e
1
4 .

3. F (t) = f (log t) where f is a solution of the Riccati equation 2y′ + y2

n = α, α > 1
4 .

2. Proof of Theorem 1.2

Proof. We denote Ψ = |∇U |2 where U = log det(ui j̄) and f (t) = F (et). By Bochner formulae

�gΨ = 2 f ′(U )Ψ 2 + f (U )
(〈∇gΨ,∇g U 〉 + 〈∇g U ,∇gΨ 〉)

+
∑

ui j̄ukl̄U ¯U ¯¯ +
∑

ui j̄ukl̄U ¯U ¯ +
∑

ui j̄ums̄U ¯UmU ¯ Ris̄ (5)
il jl il jk il j
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where (ui j̄) is the inverse matrix of (ui j̄) and Ris̄ is the Ricci curvature of g

Ris̄ = −∂2 log det(ukl̄)

∂zi∂ z̄s
= ∂2 log U

∂zi∂ z̄s

Let z ∈ Ω fixed, we can choose normal coordinates (z1, . . . , zn) at z such that

ui j̄ = δi j, U1 = U 1̄, Ui = Uī = 0, ∀i > 1

At z the formula (5) becomes

�gΨ

Ψ
= 2 f ′(U )Ψ +

(
f (U ) − 1

2

)(
Ψ1

Ψ
U 1̄ + U1

Ψ1̄

Ψ

)
+ 1

2

(
Ψ1

Ψ
U 1̄ + U1

Ψ1̄

Ψ

)

+
∑

UikU j̄k̄

Ψ
+

∑
Uik̄U īk

Ψ
− U11̄U1U 1̄

Ψ
(6)

Since
∑

UikU īk̄ � U11U 1̄1̄ and

1

2

(
Ψ1

Ψ
U 1̄ + U1

Ψ1̄

Ψ

)
− U11̄U1U 1̄

Ψ
= 1

2Ψ
2�(U11U 1̄U 1̄)

� U11U 1̄1̄

Ψ
− 1

4
Ψ

we obtain

1

2

(
Ψ1

Ψ
U 1̄ + U1

Ψ1̄

Ψ

)
− U11̄U1U 1̄

Ψ
+

∑
UikU īk̄

Ψ
� −1

4
Ψ (7)

Let G be the function defined on B(R) = B g(z0, R) by

G(z) = (
R2 − r(z)2)2

Ψ

where r(z) = dg(z, z0). Since G vanishes at the boundary ∂ B(R), the maximum of G is attained on w ∈ B(R). By the
maximum principle

∇g G(w) = 0

�g G(w) � 0

A computation at w gives

Ψi

Ψ
= 4rri

R2 − r2
(8)

�g G = 2Ψ
∥∥∇g

(
R2 − r2)∥∥2 + 2

(
R2 − r2)Ψ �g

(
R2 − r2)

+ 2
(

R2 − r2)∑(
R2 − r2)

iΨi + (
R2 − r2)2

�gΨ

= 2Ψ r2‖∇gr‖2 − 2Ψ
(

R2 − r2)�gr2 + (
R2 − r2)2

�gΨ

− 4r
(

R2 − r2)∑
i

riΨi � 0 (9)

Since ‖∇gr‖g = 1, (8) and (9) imply

�gΨ

Ψ
� 2�gr2

R2 − r2
+ 14r2

(R2 − r2)2
(10)

Let η > fixed such that inft∈R(2 f ′(t) + f (t)2

n ) > 2η + 1
4 . By Schwarz inequality

(
f (U ) − 1

2

)(
Ψ1

Ψ
U 1̄ + U1

Ψ1̄

Ψ

)
= 2�

(
U1

4rr1( f (U ) − 1
2 )

R2 − r2

)

� −ηΨ − 16( f (U ) − 1
2 )2r2

η(R2 − r2)2
(11)
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Since �U = f (U ) we have∑
Uik̄U īk

Ψ
�

∑
(Uiī)

2

Ψ
�

(
∑

Uiī)
2

nΨ
= (�U )2

nΨ
= ( f (U ))2

n
Ψ (12)

The inequalities (6), (11) and (12) give

�gΨ

Ψ
� ηΨ − 16( f (U ) − 1

2 )2r2

η(R2 − r2)2
(13)

By Laplacian comparison theorem [2]: �gr2 � 2n + 2(n − 1)
√

Kr. Since | f (U ) − 1
2 |2 � 2 f (U )2 + 1

2 and f is nondecreasing,
the inequalities (10) and (11) give on B(R)

(
R2 − r2)2

Ψ � G(w) � C1(1 + R)R2 + C2

(
f
(

max
B(R)

U
))2

R2

Hence if z ∈ B(R/2), we have

Ψ (z) � C1
1 + R

R2
+ C2

(
f (maxB(R) U )

R

)2

Since (Ω, g) is complete, letting R to infinity, we obtain Ψ (z) = ‖∇g U (z)‖2 = 0, i.e. det(ui j̄) = C on Ω . �
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