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we prove an observability estimate for that system. Applying Lions’ Hilbert uniqueness
Presented by Gilles Lebeau method (HUM), one may derive simultaneous exact controllability results for the uncoupled
system; the controls being locally distributed, with their supports satisfying the geometric
control condition of Bardos, Lebeau and Rauch. Afterwards, we discuss the related
simultaneous stabilization problem; this latter problem is solved by a combination of the
new observability inequality, and a result of Haraux establishing an equivalence between
observability and stabilization for second order evolution equations with bounded damping
operators. Our observability and stabilization results generalize to higher space dimensions
some earlier results of Haraux established in the one-dimensional setting.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

Nous considérons un systéeme d’équations d’ondes découplées ayant des vitesses de
propagation différentes dans un domaine borné. Utilisant une combinaison de Il'inégalité
d’'observabilité de Bardos-Lebeau-Rauch pour une seule équation d’ondes ainsi qu'un
nouveau résultat de continuation unique pour un systéme d’ondes découplées, nous
démontrons une inégalité d’observabilité pour ce systéme. Une application de la méthode
d’unicité de Hilbert de Lions (HUM), conduit, avec I'aide de cette inégalité a des résultats de
contrdlabilité exacte simultanée ; les contrdles étant localement distribués dans le domaine
en question, et leurs supports satisfaisant la propriété de controle géométrique de Bardos—
Lebeau-Rauch. Par la suite, nous étudions le probléme de stabilisation simultanée associé ;
en particulier, nous démontrons la décroissance exponentielle de I'énergie avec I'aide
de la nouvelle inégalité d’observabilité ainsi qu'un résultat de Haraux sur I'équivalence
entre I'observabilité et la stabilisation d’équations d’évolution du second ordre en temps
ol l'opérateur décrivant I'amortissement est borné. Les résultats établis dans cette note
généralisent a toutes dimensions d’espace certains résultas antérieurs de Haraux démontrés
dans le cadre unidimensionel.
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Version francaise abrégée
On consideére le systéme d’équations d’ondes découplées (3). Pour ce systéme, on a le résultat d’observabilité

Théoréeme 1. Soit w un ouvert satisfaisant la condition de contrdle géométrique (GCC) décrite ci-dessous. On suppose que les
constantes aj, j =1,2,...,q, sont deux a deux distinctes. Soit T > Tq max{a;”z; j=1,2,...,q}, ou Ty est le temps de contro-
labilité dans 3] correspondant a I'équation des ondes ayant I'unité comme vitesse de propagation. Il existe une constante strictement

positive Co = Co(£2,w, T,a),oua=(aj, j=1,2,...,q), telle que I'inégalité d’observabilité suivante ait lieu

T
q
E<0)<co//2ujf(x,f>

0 o =1

2
dxdt, pour tout (u?, u})]. € (Htl)(.Q) X LZ(.Q))q. (1)

Par la suite, on considére le probléme de stabilisation pour le systéme (7), et on a le
Théoréme 2. Soit (y?, y})j € (H)(£2) x L(£2))9. On suppose que les constantes aj, j = 1,2, ..., q, sont deux  deux distinctes.

(i) Soit O un ouvert non vide dans $2. On suppose que I'amortissement est effectif dans O. Alors I'énergie E vérifie lim;_, o, E(t) = 0.

(ii) On suppose que O satisfait (GCC), et on suppose aussi que I'amortissement est effectif dans O. IIs existent des constantes stric-
tement positives M = M(2, w, T, a,d), et u = u(2, w, T, a,d) telles que I'estimation de décroissance de I'énergie suivante a
lieu

E(t) < Me ™E(0), pourtoutt > 0. (2)
1. Problem formulation and statements of main results

Let £2 be a bounded smooth open subset of RN, N > 1, and let T be a positive real number. Set Q = £2 x (0, T). Let @
be a nonempty open subset of £2, and let aq,ay,...,aq (q > 2) be positive constants.
Consider the uncoupled wave equations

ujr —ajAuj=0 inQ,
uj=0 onX =098 x(0,T), (3)
Ui, 0 =u®, w0 =uj®, In2, j=1,2,....4q,

where (u?, u}) lies in an appropriate Hilbert space for each j.
It is by now well-known that if (w, T) satisfies the geometric control condition (GCC) of Bardos, Lebeau and Rauch [3]:
every ray of geometric optics enters w in a time less than T, then one has, for each j, the following observability inequality:

T
Hu?”ilg)(g)—i-Hu}”iz(g)SC//’ujt(x,t)yzdxdt, V(u9,uj) € Hy(£2) x L*(£2), (4)
0 w

where C =C(£2,w, T, aj) is a positive constant.

That estimate involves a single wave equation; its proof in the general case due to Bardos, Lebeau and Rauch uses mi-
crolocal analysis, and may be found in the Appendix of [10]. Other approaches for proving it are proposed in the literature:
multipliers e.g. [8,10], differential geometry e.g. [9], Carleman estimates e.g. [5], etc. Although we now have a better picture
on the controllability of a single wave equation, e.g. [3-6,8,10,9,12,15], the controllability of systems of wave equations is
still at its infancy; the few results that exist in the literature involve special cases only, e.g. [1,6,10,11,13,14]. To the author’s
best knowledge, the only controllability results associated with (3) may be found in [6], where it is proven that exact con-
trollability holds in the one-dimensional setting, or when the control region is the whole set §2. The proofs in [6] use some
linear algebra arguments combined with Fourier analysis. In [6], the author also shows that for every nonvoid open subset
 of £ and a large enough time T, the quantity fOT L, Z‘}ﬂ uj(x,t)|? dxdt defines a norm on (L?(£2) x H~1(£2))4, which
is a unique continuation result; but the equivalence between that norm with the standard norm on (L%(£2) x H~1(§2))? is
not discussed therein. Our main purpose in this note is to show that an appropriate blend of the observability result known
for a single wave equation [3,4], and a new unique continuation result for the uncoupled system (see Lemma 2.1 below)
leads to

Theorem 1.1. Assume that w satisfies the geometric control condition described above. Suppose that the constants aj, j=1,2,...,q,

are pairwise distinct. Let T > Ty max{a;l/2; j=1,2,...,q}, where Ty is the controllability time in [3] corresponding to the wave
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equation with unit speed of propagation. There exists a positive constant Co = Co(£2, w, T,a), witha = (aj, j=1,2,...,q), such
that the following observability estimate holds

T q
E(O)<CO//ZHJ'[(XJ)

0 o 'i=l1

2
dxde, forall (u, uj); € (H5(82) x L*(2))", (5)

where

q
2 2
2E(0) = Z(“”? ”H(l)(.Q) + Hu} “LZ(Q))'
j=1

Remark 1.2. Theorem 1.1 extends to the multidimensional setting the one-dimensional observability result [6,7]. It also
generalizes to a system of uncoupled wave equations with different speeds of propagation the observability result known
for a single wave equation e.g. [3,5,12].

Remark 1.3. It follows from Theorem 1.1

Tl
B0 <o [ [ o

0 o 'i=1

2
dxde, forall (uf, uj); € (1*(2) x H' ()", (6)

where
q
N 2 2
2E(0) = Z(““? ”LZ(Q) + ”“} HH*’(Q))'
j=1

Indeed, for (u?, u}) € L2(2) x H™1(£2), the function ¢; given by ¢;(x,t) = fot uj(x,s)ds + hj(x), where hj € H}(£2) with
ajAhj = u}, satisfies (3) with ¢(x,0) =hj, and @ (x,0) = u?. One then applies Theorem 1.1 to the ¢;s to derive the
claimed estimate.

Controllability results follow from Theorem 1.1, and (6) by the application of Lions’ HUM.

The other problem that we want to tackle in this note is the simultaneous stabilization problem: Given (y‘]?, y}.) j€
(H(I) (§2) x L2(£2))9, and a nonnegative bounded measurable function d defined on £2, consider the damped system
Vi —ajAy;j +dX)(Yie + Yo+ -+ Yqg) =0 in2 x (0, 00),
yj=0 onas2 x (0, 00), (7)
yix 0=y, ypx0=yj®, ine, j=1,2,...4q
The total energy of (7) is given, for all t > 0, by

q
2 2
2E(t)=2/{|)’jt(’(, O|" +a;|Vyx, 0]} dx, (8)
=1p
and it is a nonincreasing function of the time variable as
dE
Friai / dX)(yie +ya+---+ J/qt)z(X, t) dx.
2

Let O be a nonvoid open subset in £2, and suppose that the damping is effective in O, viz.: Jag > 0: d(x) > ap a.e. in O.
The two questions that we would like to answer are the following:

e Does the energy E(t) decays to zero as t — oco?
o If O satisfies (GCC), do we have a uniform exponential decay of E(t) in the energy space?

The answers to those two questions are provided by
Theorem 1.4. Let (y‘j?, y})j € (H}(£2) x L?(£2))9. Suppose that the constants aj, j = 1,2, ..., q, are pairwise distinct.

(i) Let O be a nonvoid open subset in §2, and suppose that the damping is effective in O. Then the energy E satisfies lim;_, », E(t) = 0.
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(ii) Assume that O satisfies (GCC), and suppose that the damping is effective in O. There exist positive constants M = M(2, w, T,
a,d),and u = (82, w, T, a, d) such that the following energy decay estimate holds

E(t) < Me ™ E(0), forallt>0. 9)
2. Sketch of the proof of Theorem 1.1

Let wp be another open subset in £2 which satisfies (GCC), and such that its closure lies entirely in w. Introduce the
function 7, which satisfies:
neCl(R), 0<n<1, n=1 inwy, n=0 InQ\o. (10)

1/2

Let o > 0 be a constant with T — 2« > Ty max{aj_ : j=1,2,...,q). Let r e C'([0, T]) with

0<r<1, r@0=r(T)=0, r=1 onfe,T—cl]. (11)

Thanks to (4), (10), (11), and the fact that the wave equation is translation invariant, we have

q
E(0) < Co / /Z|uﬁ(x t)| dxdt < CO/r(t)/n(x Z uje(x, t)| dxdt, (12)

Ota)()]l

where here and in the sequel Cy is a generic constant having the form stated in the theorem.
Now

T q T q 2
Co/r(t)fn(x)2|ujt(x, t)\zdxdtzcofr(r)/n(x) > ujpx. 0| dxdt
0 ) j=1 0 w j=1
T
—2C0/r(t)/n(x) > ujx g (x, 1) dxdt. (13)
b o 1<j<k<q
Reporting (13) in (12), and using (10) and (11), one finds
E0) < CO// Zuﬁ(x t) dxdt—ZCO/r(t)/ (%) U je (X, O)uge (x, t) dxdt. (14)
w 1<j<k<q

It remains to absorb the utmost right term in (14); the main obstacle is that the cross-products involve first order terms
only. We are going to transform that term so that the cross-products involve first and zero order terms. Once that is done,
one can use Young’s inequality to absorb all first order terms, and a compactness argument to absorb the zero order terms.

Let 1 < j <k <q. Multiply the j-th equation by rnaguy, and the k-th equation by rnaju;, and integrate by parts on Q
to obtain respectively

—ak/r/ntkadth—ak/rHthUktdxdt+akaj/rn(VUj'VU]()dth-i—akaj/rUk(vuj"Vﬂ)dxdtZO, (15)
Q Q Q Q
and
—aj/r/r]ukfuj dxdt—ajfrnujtuktdxdt+akaj/rn(Vuj~Vu,<)dxdt+akaj/ruj(Vuk~Vn)dxdt=0. (16)

Q Q Q Q
Subtracting (16) from (15) side by side, we find

(aj —ay) / TNU jelge dxdt = f r/n(akuﬁuk — QjUpeltj) — aga;r(uVuj — ujvug) - Vi dxdt. (17)
Q Q
Reporting (17) in (14), we get, keeping in mind that a; # aj for j #k

2
Z Uje(x,t)

T q
E0) < CO// dxdt
0 o =1
1
—2Cop Z p /r/f](aku]'tUk—ajUktUj)—akajr(UkVUj —u;Vug) - Vndxdt. (18)
— Uk

- aj
1<j<k<q
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The application of Young's inequality to the term in the lower line in (18), one easily derives for each € > 0

E(0) < co//Zuﬁ(x t)
0 w 'J—

Since the energy is constant, we have

dxdt—l—s/Z |uje(x, t)| + |Vuj(x, t)| dxdt+C8/Z|u](x t)| dxdt. (19)
Q /=1 Q /=1

q
/ 3 (Juje. 0] + aj| Vujx. )|?) dxde = 2TE(0). (20)
Q /=1
Combining (19) and (20), and choosing & = 1/4T, we find after some algebra

E(0) < Co f f Zuﬁ(x )
0 w 'J=

Now we are going to use the unique continuation result mentioned above to absorb the utmost right term in (21). To
this end, we claim

/Z|”J(X t)| dxdt < CO//

Q =1

dxdt—l—Co/Z|u](x 0)| dxdt. (21)
Q /=1

2
dxde, V(uf,uj); € (Hy(82) x 12(2))". (22)

q
Zuﬁ(x, t)
j=1

That claim is proven by contradiction. Suppose that (22) fails. Then one can show that there are initial data in (Hg)(.Q) X
L2(£2))? for which

q
[Z|uj(x 0| dxde =1, D ujpx.)=0 inwx (0.7). (23)
Q =1 j=1

The contradiction follows from

Lemma 2.1. Let w be an arbitrary nonvoid open subset in §2. Let T, the constants ajs, and the initial data be given as in Theorem 1.1.
Then

q
Y uj(x,)=0 inwx(0.T)

impliesu; =0in Q.

Lemma 2.1 may be proven following the proof of Proposition 2.1.1 in [6]. This completes the proof sketch of Theo-
rem 1.1. O

Sketch of the proof of Theorem 1.4. (i) If one denotes by A the underlying unbounded operator, then .4 generates a Co
semigroup of contractions (S(t)¢»0) on H = (H})(Q) x L%(£2))4. Further, A has a compact resolvent; so the spectrum o (A)
is discrete. Adapting the approach in [6] for the proof of Proposition 2.1.1, one shows that A has no purely imaginary
eigenvalue. The stability theorem in [2] shows the claimed strong stability result.

(ii) Thanks to Theorem 1.1 above, and Proposition 1 in [7], which establishes an equivalence between observability
and stabilization for second order evolution equations with bounded damping operators, the claimed exponential decay
follows. O
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