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We prove that every monomorphism of the Lie algebra un of triangular derivations of the
polynomial algebra Pn = K [x1, . . . , xn] is an automorphism.
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r é s u m é

Nous montrons que tout homomorphisme injectif de l’algèbre de Lie un des dérivations
triangulaires de l’algèbre de polynômes Pn = K [x1, . . . , xn] est un automorphisme.

© 2012 Published by Elsevier Masson SAS on behalf of Académie des sciences.

1. Introduction

Throughout, K is a field of characteristic zero and K ∗ is its group of units; Pn := K [x1, . . . , xn] = ⊕
α∈Nn K xα is a poly-

nomial algebra over K where xα := xα1
1 · · · xαn

n ; ∂1 := ∂
∂x1

, . . . , ∂n := ∂
∂xn

are the partial derivatives (K -linear derivations)

of Pn; AutK (Pn) is the group of automorphisms of the polynomial algebra Pn; DerK (Pn) = ⊕n
i=1 Pn∂i is the Lie algebra of

K -derivations of Pn; An := K 〈x1, . . . , xn, ∂1, . . . , ∂n〉 = ⊕
α,β∈Nn K xα∂β is the nth Weyl algebra; for each natural number n � 2,

un := K∂1 + P1∂2 + · · · + Pn−1∂n

is the Lie algebra of unitriangular polynomial derivations (it is a Lie subalgebra of the Lie algebra DerK (Pn)) and Gn := AutK (un)

is its group of automorphisms; δ1 := ad(∂1), . . . , δn := ad(∂n) are the inner derivations of the Lie algebra un determined by
the elements ∂1, . . . , ∂n (where ad(a)(b) := [a,b]).

The aim of the Note is to prove the following theorem:

Theorem 1.1. Every monomorphism of the Lie algebra un is an automorphism.

Remark. Not every epimorphism of the Lie algebra un is an automorphism. Moreover, there are countably many distinct
ideals {Iiωn−1 | i � 0} such that
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I0 = {0} ⊂ Iωn−1 ⊂ I2ωn−1 ⊂ · · · ⊂ Iiωn−1 ⊂ · · ·
and the Lie algebras un/Iiωn−1 and un are isomorphic [3, Theorem 5.1(1)].

Theorem 1.1 has bearing of the Conjecture of Dixmier [6] for the Weyl algebra An over a field of characteristic zero
that claims: every homomorphism of the Weyl algebra is an automorphism. The Weyl algebra An is a simple algebra, so every
algebra endomorphism of An is a monomorphism. This conjecture is open since 1968 for all n � 1. It is stably equivalent
to the Jacobian Conjecture for the polynomial algebras as was shown by Tsuchimoto [7], Belov-Kanel and Kontsevich [5]
(see also [1] for a short proof). The Jacobian Conjecture claims that certain monomorphisms of the polynomial algebra
Pn are isomorphisms: Every algebra endomorphism σ of the polynomial algebra Pn such that J (σ ) := det( ∂σ (xi )

∂x j
) ∈ K ∗ is an

automorphism. The condition that J (σ ) ∈ K ∗ implies that the endomorphism σ is a monomorphism.
An analogue of the Conjecture of Dixmier is true for the algebra I1 := K 〈x, d

dx ,
∫ 〉 of polynomial integro-differential

operators.

Theorem 1.2. (See [2, Theorem 1.1].) Each algebra endomorphism of I1 is an automorphism.

In contrast to the Weyl algebra A1 = K 〈x, d
dx 〉, the algebra of polynomial differential operators, the algebra I1 is neither

a left/right Noetherian algebra nor a simple algebra. The left localizations, A1,∂ and I1,∂ , of the algebras A1 and I1 at the
powers of the element ∂ = d

dx are isomorphic. For the simple algebra A1,∂ � I1,∂ , there are algebra endomorphisms that are
not automorphisms [2].

Before giving the proof of Theorem 1.1, let us recall several results that are used in the proof.

1.1. The derived series for the Lie algebra un

Let G be a Lie algebra over the field K and a, b be its ideals. The commutant [a,b] of the ideals a and b is the linear
span in G of all the elements [a,b] where a ∈ a and b ∈ b. Let G(0) := G , G(1) := [G,G] and G(i) := [G(i−1),G(i−1)] for i � 2.
The descending series of ideals of the Lie algebra G ,

G(0) = G ⊇ G(1) ⊇ · · · ⊇ G(i) ⊇ G(i+1) ⊇ · · ·
is called the derived series for the Lie algebra G . The Lie algebra un admits the finite strictly descending chain of ideals

un,1 := un ⊃ un,2 ⊃ · · · ⊃ un,i ⊃ · · · ⊃ un,n ⊃ un,n+1 := 0 (1)

where un,i := ∑n
j=i P j−1∂ j for i = 1, . . . ,n. For all i < j,

[un,i,un, j] ⊆
{
un,i+1 if i = j,
un, j if i < j.

(2)

Proposition 2.1(2) of [3] states that (1) is the derived series for the Lie algebra un, i.e., (un)(i) = un,i+1 for all i � 0.

1.2. The group of automorphisms of the Lie algebra un

In [4], the group of automorphisms Gn of the Lie algebra un of triangular polynomial derivations is found (n � 2), it is
isomorphic to an iterated semi-direct product [4, Theorem 5.3],

Tn �
(
UAutK (Pn)n �

(
F′

n ×En
))

where Tn is an algebraic n-dimensional torus, UAutK (Pn)n is an explicit factor group of the group UAutK (Pn) of unitriangular
polynomial automorphisms, F′

n and En are explicit groups that are isomorphic respectively to the groups I and Jn−2 where
I := (1 + t2 K [[t]], ·) � KN and J := (t K [[t]],+) � KN . It is shown that the adjoint group of automorphisms A(un) of the Lie
algebra un is equal to the group UAutK (Pn)n [4, Theorem 7.1]. Recall that the adjoint group A(G) of a Lie algebra G is

generated by the elements ead(g) := ∑
i�0

ad(g)i

i! ∈ AutK (G) where g runs through all the locally nilpotent elements of the
Lie algebra G (an element g is a locally nilpotent element if the inner derivation ad(g) := [g, ·] of the Lie algebra G is a locally
nilpotent derivation). The group Gn contains the semi-direct product Tn � Tn where

Tn := {
σ ∈ AutK (Pn)

∣∣ σ(x1) = x1, σ (xi) = xi + ai where ai ∈ (x1, . . . , xi−1), i = 2, . . . ,n
}

where (x1, . . . , xi−1) is the maximal ideal of the polynomial algebra Pi−1 := K [x1, . . . , xi−1] generated by the elements
x1, . . . , xi−1.
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2. Proof of Theorem 1.1

Let ϕ : un → un be a monomorphism of the Lie algebra un . By Proposition 2.1(2) of [3], (un)(i) = un,i+1 for all i. So,
the descending chain of ideals (1) is the derived series for the Lie algebra un of length l(un) = n (by definition, this is the
number of nonzero terms in the derived series). Clearly, l(un,2) = n − 1 and

l
(
ϕ(un)

) = l(un) = n

(ϕ(un) � un). It follows that

ϕ(un) � un,2

since otherwise we would have n = l(ϕ(un)) � l(un,2) = n − 1, a contradiction. This means that ∂ ′
1 := ϕ(∂1) = λ1∂1 + u1 for

some λ1 ∈ K ∗ and ui ∈ un,2. We use induction on i to show that

∂ ′
i := ϕ(∂i) = λi∂i + ui, i = 1, . . . ,n, (3)

for some elements λi ∈ K ∗ and ui ∈ un,i+1. In particular, ∂n = λn∂n . The initial step, i = 1, has already been estab-
lished. Suppose that i � 2 and that (3) holds for all numbers i′ < i. Since ϕ((un)( j)) ⊆ (un)( j) for all j � 1, we have
the inclusion ϕ(un,i) = ϕ((un)(i−1)) ⊆ (un)(i−1) = un,i which implies that ∂ ′

i = λi∂i + ui for some elements λi ∈ Pi−1 and
ui ∈ un,i+1. It remains to show that λi ∈ K ∗ . This fact follows from the commutation relations [∂ ′

j, ∂
′
i ] = 0 for j = 1, . . . , i − 1

(0 = ϕ([∂ j, ∂i]) = [∂ ′
j, ∂

′
i ]). In more detail, for j = i − 1,

0 = [
∂ ′

i−1, ∂
′
i

] = [λi−1∂i−1 + ui−1, λi∂i + ui] = λi−1∂i−1(λi)∂i + vi−1

for some element vi−1 ∈ un,i+1. Therefore, ∂i−1(λi) = 0, i.e., λi ∈ Pi−2. Now, we use a second downward induction on j
starting on j = i − 1 to show that

λi ∈ P j for all j = 1, . . . , i − 1. (4)

The initial step, j = i − 1, has been just proved. Suppose that (4) is true for all j = k, . . . , i − 1. In particular, λi ∈ Pk =
K [x1, . . . , xk]. We have to show that λi ∈ Pk−1. For, we use the equality [∂ ′

k, ∂
′
i ] = 0:

0 = [λk∂k + uk, λi∂i + ui] = λk∂k(λi)∂i + vk

for some element vk ∈ un,i+1 ([uk, λi∂i] ∈ un,i+1 since λi ∈ Pk and [⊕k+1� j�i P j−1∂ j, λi∂i] = 0). Therefore, ∂k(λi) = 0, i.e.,
λi ∈ Pk−1. By induction on j, (4) holds. In particular, for j = 1: λi ∈ P1−1 = P0 = K . We have to show that λi = 0. Notice that
un,i = ⊕n

j=i P j−1∂ j , l(un,i) = n − i + 1 and ϕ(un,i) ⊆ un,i . The monomorphism ϕ respects the Lie subalgebra G = K∂i + un,i+1
of the Lie algebra un , i.e., ϕ(G) ⊆ G . The inclusion of Lie algebras G ⊆ un,i yields the inequality l(G) � l(un,i) = n − i + 1 (the
equality follows from the fact that (un)( j) = un, j+1 for all j � 0). The vector space

H = K∂i + K [xi]∂i+1 + K [xi, xi+1]∂i+2 + · · · + K [xi, . . . , xn−1]∂n

is a Lie subalgebra of G which is isomorphic to the Lie algebra un−i+1. Therefore, l(H) = l(un−i+1) = n − i + 1. The inclusion
of Lie algebra H ⊆ G yields the inequality n − i + 1 = l(H) � l(G). Therefore, l(G) = n − i + 1.

Suppose that λi = 0, we seek a contradiction. In that case, ϕ(G) ⊆ un,i+1 and so

n − i + 1 = l(G) = l
(
ϕ(G)

)
� l(un,i+1) = n − i,

a contradiction.
Therefore, (3) holds. By Theorem 3.6(2) of [4], there exists a unique automorphism σ ∈ Tn �Tn ⊆ Gn such that σ(∂i) = ∂ ′

i
for i = 1, . . . ,n. By replacing the monomorphism ϕ by the monomorphism σ−1ϕ , without loss of generality we can assume
that

∂ ′
i = ∂i for all i = 1, . . . ,n.

The vector space un is the union
⋃

i�0 Ni of vector subspaces Ni := {u ∈ un | δi+1
j (u) = 0, j = 1, . . . ,n − 1} where δ j =

ad(∂ j). Clearly, Ni = ⊕n
j=1 Ni ∩ P j−1∂ j and Ni ∩ P j−1∂ j = ⊕{K xα | α = (α1, . . . ,α j−1) ∈ N j−1, αk � i for k = 1, . . . , j − 1}.

In particular,

dimK (Ni) < ∞ for all i � 0.

By the very definition of the vector spaces Ni and the fact that ϕ(∂i) = ∂i for i = 1, . . . ,n − 1,

ϕ(Ni) ⊆ Ni for all i � 0.

Since the linear map ϕ is an injection and the vector spaces Ni are finite dimensional, we have ϕ(Ni) = Ni for all i � 0, i.e.,
ϕ is a bijection.
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