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Noncommutative domain algebras are noncommutative analogues of the algebras of
holomorphic functions on domains of C

n defined by holomorphic polynomials, and they
generalize the noncommutative Hardy algebras. We present here a complete classification
of these algebras based upon techniques inspired by multivariate complex analysis, and
more specifically the classification of domains in hermitian spaces up to biholomorphic
equivalence.
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r é s u m é

Les algèbres de domaines noncommutatifs sont des analogues des algèbres de functions
holomorphes sur un domaine défini par des inéquations polynômiales dans C

n . Elles
généralisent également les algèbres de Hardy. Nous présentons dans cette Note la
classification complète de ces algèbres, obtenue par des méthodes inspirées de l’étude
des functions biholomorphes entre domaines d’espaces hermitiens.

© 2012 Published by Elsevier Masson SAS on behalf of Académie des sciences.

1. Introduction

Noncommutative domain algebras, introduced by Popescu in [11] are universal objects in the category of operator alge-
bras for certain polynomial relations and are noncommutative analogues of algebras of holomorphic functions on domains
in hermitian spaces, as well as generalizations of Hardy algebras. This Note presents a classification of these algebras up
to completely isometric isomorphism, based upon their defining symbols, and thus completes the work initiated by the
authors in [2] and [3]. Our methods are based on the deep interplay between analysis of this type of operator algebras and
analysis of multivariate holomorphic functions. This Note also exploits an observation made in [9] which helps us conclude
Theorem 2.2.

Algebras of weighted shifts on Fock spaces [10,5,7,6] find their origin in the study of row contractions, dilations, and
commutant lifting theorems. Their applications became important in interpolation problems [8,4] and the study of E0-
semigroups [9] or noncommutative complex analysis [2,1,3].

In [2] and [3], the authors of this Note studied the geometry of the spectra of noncommutative domains. They used
Thullen’s [13] and Sunada’s [12] classification of Reinhardt domains and combinatorial arguments to fully classify a large
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class of domain algebras. However, one important case remained unsolved, and this Note presents the solution for this last
unresolved class, thus completing the classification of all noncommutative domain algebras with polynomial symbols.

Noncommutative domain algebras are naturally – and best – represented as norm closed algebras of operators on full
Fock spaces. For any (complex) Hilbert space H , the associated full Fock space, denoted by F (H ), is the Hilbert sum⊕

n∈N H ⊗n with the convention that H 0 = C. It is useful for the definition of noncommutative domain algebras to intro-
duce the following alternative description of F (H ). Let Fn+ be the free semigroup over {1, . . . ,n} whose neutral element
will be denoted by ∅ by abuse of notation. For any elements t1, . . . , tn of any unital associative algebra with unit 1, and for
any nonempty word α = i1 · · · ik in Fn+ , with i1, . . . , ik ∈ {1, . . . ,k}, we denote by tα the product

∏k
j=1 ti j , while t∅ will be

set to 1 by convention. In particular, F (Cn) is a unital associative algebra for the tensor product. We fix henceforth the
canonical basis {e1, . . . , en} of Cn and observe that (eα)α∈Fn+ is a Hilbert basis of F (Cn), which allows us to identify F (Cn)

with �2(Fn+).
Fix n ∈N, n > 0. Let Pn = C[X1, . . . , Xn] be the algebra of polynomials in n noncommuting indeterminates X1, . . . , Xn –

which is the free associative algebra generated by Fn+ , where each generator i ∈ {1, . . . ,n} of Fn+ is identified with Xi .
Thus any element of Pn is of the form

∑
α∈Fn+ aα Xα for an almost zero family (aα)α∈Fn+ of complex numbers. For any

f = ∑
α∈Fn+ aα Xα ∈ Pn and any Hilbert space H whose C∗-algebra of bounded linear operators will be denoted by B(H ),

the noncommutative domain D f (H ) is defined by:

D f (H ) =
{
(T1, . . . , Tn) ∈ B(H )n:

∑
α∈Fn+

aαTαT ∗
α � 1H

}
,

where we used the notation T ∗
α for (Tα)∗ .

If f is an element of the subset Sn ⊆ Pn defined by:

Sn =
{

f =
∑
α∈Fn+

aα Xα

∣∣∣ a∅ = 0, ∀α ∈ Fn+ aα � 0 ∧ (|α| = 1 ⇒ aα > 0
)}

,

where |α| is the word-length of α ∈ Fn+ , one can construct an explicit, universal n-tuples of operators in D f (F (Cn)). We
shall refer to elements of Sn as n-symbols, while Popescu refers to them as positive regular n-free formal polynomials. Let us
fix an n-symbol f = ∑

α∈Fn+ aα Xα . We define the weighted shifts W f
1 , . . . , W f

n on F (Cn) by extending:

W f
j (eα) =

√
bα

b j·α
(e j ⊗ eα) where bα =

|α|∑
k=1

∑
γ1···γk=α

|γ1|�1, ..., |γk|�1

aγ1 · · ·aγk for all α ∈ Fn+. (1.1)

We then have the following fundamental universal property:

Theorem 1.1. (See Popescu [11].) Let n ∈ N, n > 0, and let f ∈ Sn. Let A f be the norm closure of the associative algebra generated

by the set of operators {W f
1 , . . . , W f

n } defined by (1.1) on F (Cn). We have (W f
1 , . . . , W f

n ) ∈ D f (F (Cn)). Moreover, for any Hilbert
space H and any (T1, . . . , Tn) ∈ D f (H ), there exists a unique completely contractive algebra morphism ϕ from A f onto the norm

closure of the algebra generated by T1, . . . , Tn such that ϕ(W f
j ) = T j for j = 1, . . . ,n.

The purpose of this Note is to completely classify the noncommutative domain algebras A f defined for f ∈ Sn in
Theorem 1.1 in term of their symbol f .

2. Main result

We define the following equivalence relation on the set Sn of symbols [3, Definition 2.1]:

Definition 2.1. Let n ∈ N, n > 0. Two elements f , g ∈ Sn are scale-permutation equivalent when there exist a permutation σ
of {1, . . . ,n} and scalars λ1, . . . , λn ∈ R such that f (X1, . . . , Xn) = g(λ1 Xσ(1), . . . , λn Xσ(n)).

Our main theorem is the following complete classification result:

Theorem 2.2. Let f ∈ Sn and g ∈ Sm be two symbols. The noncommutative domain algebras A f and Ag are completely isometrically
isomorphic if and only if n = m and f and g are scale-permutation equivalent.

Before we provide the proof of this result, let us recall from [2] the following fundamental duality construction upon
which our work relies. Let f ∈ Sn for some n ∈ N, n > 0. Let k ∈ N, k > 0. Let T = (T1, . . . , Tn) ∈ D f (C

k). By universality
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of A f , there exists a completely contractive morphism 〈T , ·〉k :A f → B(Ck) such that 〈T , W f
j 〉k = T j for j = 1, . . . ,n.

Moreover, the function 〈·,a〉k is holomorphic on the interior of D f (C
k) and extends by continuity to D f (C

k). We shall
abuse the terminology and call such a function holomorphic on the compact D f (C

k).

Proof of Theorem 2.2. In this proof, isomorphisms are always meant for completely isometric isomorphisms of operator
algebras.

By [2, Lemma 4.4], whenever two symbols are scale-permutation equivalent, their associated noncommutative domains
are isomorphic. It is thus sufficient to prove the converse here.

Let us denote the set of all isomorphisms from A f to Ag by I (A f ,Ag). By [2, Theorem 3.7], for any Ψ ∈ I (A f ,Ag),
there exists a necessarily unique biholomorphic map Ψ̂ :Dg(C) → D f (C) such that, for all λ = (λ1, . . . , λn) ∈ Dg(C) and
a ∈ A f , we have 〈λ,Ψ (a)〉1 = 〈Ψ̂ (λ),a〉1. Moreover, by [2, Theorem 3.18] and [3, Theorem 3.2], if Ψ̂ (0) = 0 then f and g
are scale-permutation equivalent.

Thus, let us assume that there exists an isomorphism Φ :A f → Ag . In [3, Theorem 3.4], we were able to show that if
either D f (C) or Dg(C) is not biholomorphic to the unit ball Bn = {(z1, . . . , zn) ∈ Cn:

∑n
j=1 z j z j � 1} of Cn , then Ψ̂ (0) = 0,

which implies that f and g are scale-permutation equivalent. Thus, it remains to consider the case where D f (C) and Dg(C)

are Bn , up to replacing f and g by scale-permutation equivalent symbols.
Let ω = Φ̂−1(0). If ω = 0 then by [3, Theorem 3.2], we can already conclude that f and g are scale-permutation equiva-

lent. Henceforth, we shall assume ω = 0. We adapt an argument in [9]. Let D g = Cω∩Bn and D f = Φ̂(D g). By construction,
D g is a disk in the plane Cω. Now, as a conformal self-map of the unit ball, Φ̂ = Υ ◦ ϕω where ϕω is the conformal map
ϕω = ψω

|ψω |2 where ψω : z ∈ Bn �→ ω + (1 − |ω|2) ω−x
|ω−x|2 , and Υ is unitary. Indeed, ϕω is easily seen to be a conformal map

such that ϕω ◦ ϕω is the identity and ϕω(0) = ω. Thus Φ̂ ◦ ϕω(0) = 0 and hence, by Cartan’s Lemma, Φ̂ ◦ ϕω is a unitary Υ .
Hence Φ̂ = Φ̂ ◦ϕω ◦ϕω = Υ ◦ϕω . Now, ϕω maps the plane Cω to itself by construction, so D f = Φ̂(D g) = Υ (D g), and since
Υ is unitary, D f is also a disk.

We now set G = {z ∈ D g : ∃Ψ ∈ I (A f ,Ag), Ψ̂ (z) = 0} and F = {z ∈ D f : ∃Ψ ∈ I (A f ,A f ), Ψ̂ (0) = z}. The first obser-
vation is that G and F are circular domains. Indeed, note first that for any λ ∈C, |λ| = 1, we can extend the function which,
to each j ∈ {1, . . . ,n}, maps W g

j to λW g
j , to an automorphism Λ of Ag by [2, Lemma 4.4]. Now, for any b ∈ G there exists

Ψ ∈ I (A f ,Ag) such that Ψ̂ (b) = 0. We have Λ̂ ◦ Ψ = Ψ̂ ◦ Λ̂ so Λ̂ ◦ Ψ (λb) = 0 and Ψ ◦ Λ ∈ I (A f ,Ag), so λb ∈ G since
λb ∈ D g as D g is a disk, hence circular. The same argument of course applies to F .

Now, by construction, ω ∈ G . Thus G contains the circle Tg = {λω: |λ| = 1}. Since Φ̂ restricted to the disk D g is a
Möbius map whose poles lie outside of D g , it preserves circles. Let T f = Φ̂(Tg). On the other hand, if b ∈ G then there

exists Ψ ∈ I (A f ,Ag) such that Ψ̂ (b) = 0, so Φ̂(b) = Φ̂ ◦ Ψ̂ −1(0) = ̂Ψ −1 ◦ Φ(0) and Ψ ◦ Φ ∈ I (A f ,A f ). Hence Φ̂(b) ∈ F .
Since ω ∈ Tg we conclude that 0 ∈ T f .

Hence, F contains the circle T f containing the origin. Since F is circular, one checks easily that F contains the interior
of T f . Since G = Φ̂−1(F ) by as similar argument as above, we conclude that G contains the interior of Tg = Φ̂−1(T f ),
which in turn contains 0. Hence, there exists Ψ ∈ I (A f ,Ag) such that Ψ̂ (0) = 0. By [3, Theorem 3.2], we conclude that f
and g are scale-permutation equivalent. �
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