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RESUME

On considére une poutre verticale £2¢ de hauteur fixée et de petite section ew avec w C R2.
Soit 1/K*¢ la constante de Korn dans £2¢. On démontre que, lorsque ¢ tend vers zéro, K¢ /&2
converge vers une constante positive. On caractérise la limite en fonction de paramétres qui
dépendent de w.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and results
Given a domain £2 R, Korn’s inequality [13]:

/|Vu|2d3x<c,<f|5(u)|2d3x, Vue AcC H'(2;R?)
2 2

is the key estimate to establish the solvability of the boundary-value problem of linear elastostatics [2]. This estimate holds

under fairly general assumptions on 2, provided that certain side conditions are imposed on the displacement u through

the choice of the admissible space A (two examples are given in (2) below). It asserts that the L?> norm of the strain

E(u) := sym Vu controls the L2 norm of the whole displacement gradient. The optimal choice for Korn's constant Ci is given
by 1/K($2, A), where

_ Jo |IE@)2d3x

K2, A= uegl]\{O} Jo IVu2d3x

A vast body of literature investigates the dependence of Korn’s constant on the geometric properties of the domain. Esti-
mates for thin domains, such as rods and plates, were obtained in [12,15,1,3,18,5,16,11]. Let us consider a family of rod-like
domains:
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2F =ew x (0,0) := |¥° = (ex1,6x2,x3) € R*: (x1,%2) € w, x3€(0,0)} withe >0,

and let us set

1 S IE)> d3x°
KE(w, ) = —=K(2°, A%) = e PA e S 1
(@6 g2 ( ) uc A\(0) [ 6V |2 d3x¢ (1)
where the subscript “#” stands for either “dd” or “dn”, with
Aby={ueH' (2% R%): uly—o=uly— =0}, A5 ={uecH (2% R%): uly,—0=0}. )
In this Note we show that
72 Ji(w) 72 J(w)
lim k¢ (w, £) = k:(w, £), where kgg(w, L) = — and kgp(w, £) = — ——, 3
lim ief (. 0) = k5@, £) @@ 0= 3570 n(@. 0= 259 (3)
with
. . 2 2 . . .]t(w)
Jt@):= min [ (D1y —x2)° + (D23 + x1)* dxq dx2, J(w) :=minq J1(w), J2(w), )
YeH () 2
w

J1(w) ::/x% dxq dxa, J2(w) ::/x% dxq dx;, A(w) ::/1dx1 dx;.
w w w

We point out that, while the limit x4y depends on the cross-section simply through the ratio j;/A, the dependence of kg
on  is more involved. For example, J;/2 = J; for a circle, | < J;/2 for an ellipsis, and J;/2 < ] for a square. A detailed
discussion of these examples can be found in [20].

2. Rescaling and I'-convergence of Rayleigh’s quotient

Our proof of (3) is based on I'-convergence. Following the standard approach [4], we perform a change of variables.
To this end, we set £2 = 22!, and Ay = .A}. Then, to every u € A§ we associate v € Ay defined by vy (x) = cuy (x®) and
v3(X) = u3(x%), where x = (1, x2, X3) € £2 and X% = (gx1, €x2, x3) € £2°. As a result, we can rewrite (1) as

ALORE

==~ with
Jo levev2d3x

Kf(m,ﬁ): inf Rf(v), where R¢(v):
veAy\{0}

Va,p Va,3 V3«
(VEV)gp = 3 (VEV) 3= - (VEv),, = - (VEv)y33=v33,  E*(v)=symV°v,
where Greek indices run over {1, 2}, and a comma denotes partial differentiation. We next introduce the spaces:
ABN .= {v e H'(2;R%): Eqs(v) =0},
H},(0,0):={f e H'(0,0): f(0)=0}, and H}(0,0) :={f e H},0,0): f(¢)=0},

and we prove:
Theorem 2.1. Let the functional R : Az x H; (0, &) - R U {400} be defined by

favis+ 2]—,3(9/)2 d3x

R(v,0) =
2 [o WE (V) + W2 (v) + 62 d3x

if (v.0) # (0,0) and v € A; N APN = 4BV,
and Ré (v, 0) := +oo otherwise. The sequence R¢ I'-converges to R in the following sense:

1 2
(i) forevery sequence {v®} C A; and for every (v, 0) € Ay x H; (0, £) such that v¢ N vand (eVVv¥)y L 6 we have that R(v,0) <
liminf; R¢ (v®);
H! 2
(ii) for every (v,0) € Ay x H} (0, £) there exists a sequence {v®} C Aj such that v¢ — v, (eVv¥)y; 5 0, and limsup, R¢(v®) <
R(v,0).

In order to prove the liminfinequality (i), we use the lower semicontinuity of the numerator of R¥ with respect to the
weak convergence in L2 of E?(v?), and certain arguments of common use to derive rod theories (see for instance [1,14,24]).
We also use the strong convergence of V¢ v¢ in the denominator. To this aim we use the next theorem, where R2*> is the

skw
space of skew-symmetric 3 x 3 matrices and W (u) = %(Vu —vu’).
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Theorem 2.2. Let {v®} C A; be such that sup, || E* (v®)||;2 < +oc. Then, up to a subsequence, we have

H! 12
vi =~ ve A, E®(v) =~ E, with E3;j(v) =0and E33(v) = Es3, (4)
2
eVEVE L W e HY (2 RYD) with Wes = Wes(v). 5)

Moreover, there exist 6 € H (0, €) and ¢ € L?(0, £; H' (w)) such that
W (®) =6(x3),  2E13() =@ 1(x1,%) —x20'(x3),  2E23(%) = 9 2(x1,%2) +X10'(x3). (6)
By a standard result from I"-convergence, see [6], Theorem 2.1 and Theorem 2.2 imply that

lim inf Rf(v)= min R(v,6).
e—>0veA;\(0} (v,0)e ABNxH](0,0)

It is shown in [14] that the Bernoulli-Navier space ABN defined in the statement of Theorem 1 can be characterized as
follows

ABN — {ve Hl(.Q; R3): Vo (X) = Wo (X3), V3(X) = W3(X3) — Xg W (X3), We € H?(0,€), w3 € HL(0, 0},
where a prime denotes differentiation. From this characterization we derive
L ’
min Rv.0)— Jo J2W? + J1(w5)? + Aw))? + 50) dxy
(v.0)e ABN xH}(0,0) ' (w,0)€A:\{(0,0)} 2A f(f(w’l)Z + (W52 + 62 dxs ’

(7)

where A; = HZ(0, £; R?) x Hg (0. £) x H}(0, £) with

H3,(0,0):={f € H*(0,0): f(0):=0, f/(0)=0},  HZ;0,0) :={f € H},(0,0): f(&)=0, f'(¢)=0}.

From (7), by means of standard Poincare’s inequalities, we arrive at (3). The statements contained in (4) are a direct con-
sequence of the assumption sup, |E®(v®)||;2 < +oo. The characterization of Ey3, proved under the assumption that w is
simply connected, follows from a compatibility equation between infinitesimal strain and infinitesimal rotation.

The proof of the strong convergence statement (5) is quite delicate and it is achieved in several steps. First the
function v® is extended, by using a method of [17], to the infinite cylinder w x (—o0,+00) in such a way that
1E® (VO 12 (% (—00,+00)) < CIIE®(V®) | 2(oy. Then, by mollifying eV®v® with respect to x3 and by integrating over w, a
function H® = H®(x3) is defined. An argument based on the invariance of Korn’'s constant under homothetic scaling
(see [10,9]) yields a bound on the oscillation of eV#v*® which, after appropriate estimates, leads to ||(H8)/||Lz(0‘g) <

CIE® (VO) |l 12 (@x (—o0.+o0y) and [[HE — ;3V5v*3||f2 < 5C||Es(v8)||%2 — 0. From these estimates we deduce that, up to a subse-

Hl
quence, H* —~ W and that W is also the strong L2-limit of e VEv?,
The detailed proofs of the results presented in this Note will be given in a forthcoming paper [20]. The arguments
presented can also be used to prove similar results for thin-walled beams [7,8], and for plates [3,19,21-23].
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