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We introduce a nonparametric estimation of a multiple order conditional within-subject
correlation of a continuous times stochastic process X = {X(t), t ∈ [0,T ]} defined on a
probability space (Ω,A, P ). We prove the asymptotic normality of the conditional within-
subject covariance estimators.
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r é s u m é

Nous introduisons une estimation non paramétrique de la corrélation intra-objet d’ordre
multiple d’un processus stochastique X = {X(t), t ∈ [0,T ]} défini sur un espace de
probabilité (Ω,A, P ). Nous établissons la normalité asymptotique des estimateurs de la
covariance conditionnelle intra-objet.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Nonparametric estimation of the mean and the covariance functions of a random process is fluently studied in the
literature. See Ferraty et al. [4], Degras [1]. For mixing conditions, see Masry [7] and Delsol [2]. The problem is that
the within-subject correlation in data is generally ignored. Refer to Fan and Gijbels [3] for independent and identically
distributed data case. For extension to functional data see Hart and Wehrly [5], Lin and Caroll [6] and Severini and
Staniswalis [9]. They show that the within-subject correlation does not play a significant influence in the asymptotic distri-
bution derivation.

Recently, Yao [10] has proved the same result for the mean and the covariance estimation based on kernel methods.
Our approach is an extension of Yao [10] which treats the two-dimensional case. We introduce the three-order con-

ditional correlation estimators which studied the correlation in data at three points-dates. First, we prove the asymptotic
normality of those estimators. Next we extend our results to the mixed conditional p-order covariance function. As applica-
tions for the present work, see Ramsay and Ramsey [8] and Yao et al. [11]. The model is

Yij = Xi(Tij) + εi j = μ(Tij) +
∞∑

k=1

ξikφk(Tij) + εi j, Tij ∈ [0,T ], (1)

where εi j are uncorrelated measurement errors and ξik are some uncorrelated random coefficients such that E(εi j) =
E(ξik) = 0.
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2. Asymptotic normality for a random design

The assumptions for random design are as follows.

(A1.1) The number of observations Ni made for the i-th subject or cluster i, i = 1, . . . ,n, is an r.v. with Ni
i.i.d.
∼ N, where

N > 0 is a positive integer random variable with

lim sup
n→∞

E
[
N(n)2]/[E N(n)

]2
< ∞; lim sup

n→∞
E
[
N(n)4]/E N(n)E

[
N(n)3] < ∞,

and E[N(N − 1)(N − 2)(N − 3)(N − 4)(N − 5)]/E[N(N − 1)(N − 2)] < ∞.
(A1.2) ({Tij: j ∈ J i}, {Yij: j ∈ J i}) is independent of Ni , for all subset J i ⊆ {1, . . . , Ni} and for all i = 1, . . . ,n.

2.1. Asymptotic normality of three-order covariance estimator

We use the new type of continuity introduced in Yao [10]. (Tij, Yij), i = 1, . . . ,n, j = 1, . . . , Ni , from (1) are assumed to
have the same distribution with (T , Y ) with a joint density g(t, y). The observation times Tij are assumed to be i.i.d. with
a marginal density f (t). Therefore, the dependence is allowed among the observations recordered from the same subject or
cluster.

Let νi , 1 � i � 3, and ki , 1 � i � 3, be some given integers. Denote by ν , k the multi-indices ν = (ν1, ν2, ν3) and
k = (k1,k2,k3). Let |ν| = ν1 +ν2 +ν3, |k| = k1 +k2 +k3; ν! = ν1!ν2!ν3! and k! = k1!k2!k3!. Let f3(r, s, t) be the joint density of
(T j, Tk, Tl), and g6(r, s, t, r′, s′, t′, y1, y2, y3, y′

1, y′
2, y′

3) be the joint density of the 12-uple (T j, Tk, Tl, T j′ , Tk′ , Tl′ , Y j, Yk, Yl,

Y j′ , Yk′ , Yl′ ) where j �= k �= l, and ( j,k, l) �= ( j′,k′, l′). Assume that there exists a neighbourhood N(r, s, t) of {(r, s, t)} such
that

(B1.1) d|k|
duk1 dvk2 dwk3

f3(u, v, w) exists and is continuous for (u, v, w) ∈ N(r, s, t) and f3(u, v, w) > 0 for all arguments
(u, v, w) ∈ N(r, s, t);

(B1.2) g3(u, v, w, y1, y2, y3) is continuous for (u, v, w) ∈ N(r, s, t), uniformly for (y1, y2, y3) ∈R
3;

(B1.3) d|k|
duk1 dvk2 dwk3

g3(u, v, w, y1, y2, y3) exists and is continuous for (u, v, w) ∈ N(r, s, t), uniformly for (y1, y2, y3) ∈ R
3;

(B1.4) g6(u, v, w, u′, v ′, w ′, y1, y2, y3) is continuous for (u, v, w, u′, v ′, w ′) ∈ N(r, s, t)2, uniformly for (y1, y2, y3) ∈R
3.

Let {γλ}λ=1,...,l be a collection of real functions γλ :R6 →R, which satisfy:

(B2.1) γλ(r, s, t, y1, y2, y3) is continuous for (r, s, t) uniformly for (y1, y2, y3) ∈R
3,

(B2.2) d|k|
drk1 dsk2 dtk3

γλ(r, s, t, y1, y2, y3) exists for all (r, s, t, y1, y2, y3) ∈ R
6.

Let K3(., ., .) be a trivariate kernel function non-necessarily negative with the following properties:

(B3.1) K3 is compactly supported and ‖K3‖2 = ∫
R3 K 2

3 (u, v, w)du dv dw < ∞.
(B3.2) K3 is a kernel function of order (|ν|, |k|).

Let h = h(n) be a sequence of bandwidths satisfying:

(B3) h → 0, nE N3h|ν|+3 → ∞, h3 E[N(N − 1)(N − 2)] → 0, nh3 → 0, and nE[N(N − 1)(N − 2)]h2|k|+3 → a2 for a certain
positive and finite constant a.

For 1 � λ� l, define the three-order smoothing weighted averages,

Γλn(r, s, t) = 1

nE[N(N − 1)(N − 2)]h|ν|+3

n∑
i=1

∑
1� j �=k �=l�Ni

γλ(Tij, Tik, Til, Yij, Yik, Yil)K3

(
r − Tij

h
,

s − Tik

h
,

t − Til

h

)
.

For 1 � λ,k � l, let

mλ = mλ(r, s, t) = d|ν|

drν1 dsν2 dtν3

∫
R3

γλ(r, s, t, y1, y2, y3)g3(r, s, t, y1, y2, y3)dy1 dy2 dy3,

δλk = ‖K3‖2
∫
R3

γλ(r, s, t, y1, y2, y3)γk(r, s, t, y1, y2, y3)g3(r, s, t, y1, y2, y3)dy1 dy2 dy3.

Let H : Rl → R be a function with continuous second-order derivatives. We denote the gradient vector ( ∂ H
∂x1

(v), . . . ,
∂ H
∂xl

(v))T by D H(v) and N̄ = ∑n
i=1 Ni/n.

Theorem 1. Assume that (A1.1), (A1.2) and (B1.1)–(B3) hold. Then√
nN̄(N̄ − 1)(N̄ − 2)h2|ν|+3

[
H(Γ1n, . . . ,Γln) − H(m1, . . . ,ml)

]
L→ N

(
ζ,

[
D H(m1, . . . ,ml)

]T


[
D H(m1, . . . ,ml)

])
. (2)
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2.2. Asymptotic normality of p-order covariance estimator

Let p be a positive integer. In this part, p � 4. Here the multi-indices (ν,k) are defined by ν = (ν1, . . . , νp), k =
(k1, . . . ,kp).

Regularity hypotheses of joint densities are as follows. f p(t1, . . . , tp) is the joint density of (T j1 , . . . , T jp ), and
g2p(t1, . . . , tp, t′

1, . . . , t′
p, y1, . . . , yp, y′

1, . . . , y′
p) is the joint density of the p-uple (T j1 , . . . , T jp , T j′1 , . . . , T j′p , Y j1 , . . . , Y jp ,

Y j′1 , . . . , Y j′p ) where ji �= ji+1, 1 � i � p − 1 and ji �= j′i for all i. Let N(t1, . . . , tp) be a neighbourhood of {(t1, . . . , tp)}
such that (C1.1)–(C2.2) are satisfied. Assumptions (C1.1)–(C2.2) are (B1.1)–(B2.2) for the p-order case.

Let K p(., . . . , .) be a p-variate kernel function non-necessarily negative used for p-order correlation function with the
following properties (B3.1)–(B3.2) for the p-order correlation function denoted by (C3.1)–(C3.2).

Let b = b(n) be a sequence of bandwidths satisfying:

(C3) b → 0, nE N pb|ν|+p → ∞, bp E[N(N − 1) · · · (N − p + 1)] → 0, nbp → 0, and nE[N(N − 1) · · · (N − p + 1)]b2|k|+p → e2

for a constant e such that 0 � e < ∞. Then, for 1 � λ � l, we denote the weighted averages in the p-order case by
Πλn = Πλn(t1, . . . , tp) and we have

Theorem 2. Let assumptions (A1.1), (A1.2) and (C1.1)–(C3) hold. Then√
nN̄(N̄ − 1) · · · (N̄ − p + 1)b2|ν|+p

[
H(Π1n, . . . ,Πln) − H(μ1, . . . ,μl)

]
L→ N

(
ξ,

[
D H(μ1, . . . ,μl)

]T
Ω

[
D H(μ1, . . . ,μl)

])
. (3)

3. Asymptotic normality for a fixed design

The fixed design is such that

(A1∗) Ni(n) = N(n), Ti, j+1 − Ti, j = Ti, j′+1 − Ti, j′ for 1 � j, j′ � N , and Ti, j = Ti′, j for 1 � i, i′ � n and 1 � j � N .

3.1. Asymptotic normality of three-order covariance estimator

Assumption (B3) is rewritten as

(B3∗) h → 0, nN3hν+3 → ∞, h3N(N − 1)(N − 2) → 0 nh3 → 0 and nN(N − 1)(N − 2)h2k+1 → a2 with a constant a such that
0 � a < ∞.

Theorem 1 is extended as follows.

Theorem 3. Assume that (A1∗), (B1.1)–(B3∗) hold. Then√
nN(N − 1)(N − 2)h2|ν|+3

[
H(Γ1n, . . . ,Γln) − H(m1, . . . ,ml)

]
L→ N

(
ζ,

[
D H(m1, . . . ,ml)

]T


[
D H(m1, . . . ,ml)

])
. (4)

3.2. Asymptotic normality of p-order covariance estimator

Under a fixed design, theorem 2 is extended as follows. We rewrite assumption (C3) as

(C3∗) b → 0, nN pb|ν|+p → ∞, bp N(N − 1) · · · (N − p + 1) → 0, nbp → 0, and nN(N − 1) · · · (N − p + 1)b2|k|+p → e2 for a
constant e such that 0 � e < ∞.

Theorem 4. Let assumptions (A1∗), and (C1.1)–(C3∗) hold. Then√
nN(N − 1) · · · (N − p + 1)b2|ν|+p

[
H(Π1n, . . . ,Πln) − H(μ1, . . . ,μl)

]
L→ N

(
ξ,

[
D H(μ1, . . . ,μl)

]T
Ω

[
D H(μ1, . . . ,μl)

])
. (5)

4. Application to nonparametric regression estimators

We apply the asymptotic result of theorem 1 to Nadaraya–Watson and local polynomial estimators of mixed conditional
three-order covariance defined by

ĈNW (r, s, t) =
[

n∑ ∑
K3

(
r − Tij

h
,

s − Tik

h
,

t − Til

h

)
Cijkl

]

i=1 1< j �=k �=l<Ni
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×
[

n∑
i=1

∑
1< j �=k �=l<Ni

K3

(
r − Tij

h
,

s − Tik

h
,

t − Til

h

)]−1

(6)

and

Ĉ L(r, s, t) = arg min
β

{
n∑

i=1

∑
1< j �=k �=l<Ni

K3

(
r − Tij

h
,

s − Tik

h
,

t − Til

h

)[
Cijkl − f

(
β, (r, s, t), (Tij, Tik, Til)

)]2

}
(7)

where f (β, (r, s, t), (Tij, Tik, Til)) = β0 + β1(Tij − r) + β2(Tik − s) + β3(Tik − t).
Asymptotic distributions follow by applying theorem 1.

Corollary 1. Assume that (A1.1), (A1.2) and (B1.1)–(B3) hold with |ν| = 0 and |k| = 2. Then√
nN̄(N̄ − 1)(N̄ − 2)h3

[
ĈNW (r, s, t) − CNW (r, s, t)

] L→ N (ζNW , V NW ). (8)

Corollary 2. Assume that (A1.1), (A1.2) and (B1.1)–(B3) hold with |ν| = 0 and |k| = 2. Then√
nN̄(N̄ − 1)(N̄ − 2)h3

[
Ĉ L(r, s, t) − CL(r, s, t)

] L→ N (ζL, V L). (9)

5. Proofs

The reader can find the proofs in the full text.

Proof of theorem 1. Under (A1.1), (A1.2) and using the Slutsky theorem, we replace N̄(N̄ − 1)(N̄ − 2) by E[N(N − 1)(N − 2)].
We have

nE
[
N(N − 1)(N − 2)

]
h2|ν|+3cov(Γλn,ΓKn) = I1 − I2.

Under hypothesis (B3), I2 = o(1) and I1 = J1 + J2. As in Yao et al. [11], we apply (A1.1) and (A1.2), and obtain J1 = δλκ +o(1)

and J2 = o(1). �
Proof of theorem 2. As in the proof of three-order case, we show that nE[N(N − 1) · · · (N − p + 1)]b2|ν|+pcov(Πλn,ΠKn) =
ωλk + o(1). �
Proof of theorem 3. Since N̄ = N , then N̄(N̄ − 1)(N̄ − 2) is replaced by N(N − 1)(N − 2) under (A1∗) in the proof of
theorem 1. �
Proof of theorem 4. As the proof of theorem 3, replace N̄(N̄ − 1) · · · (N̄ − p + 1) by N(N − 1) · · · (N − p + 1) in the proof of
theorem 2. �
Proof of corollary 1. Let C̃NW (r, s, t) be the Nadaraya–Watson estimator of C(r, s, t) obtained from the raw observations
C̃i jkl . Choose ν = (0,0,0), |k| = 2, γ1(r, s, t, y1, y2, y3) = (y1 − μ(r))(y2 − μ(s))(y3 − μ(t)), γ2(r, s, t, y1, y2, y3) ≡ 1 and
H(x1, x2) = x1/x2 in theorem 1, then C̃NW (r, s, t) = H(Γ1n,Γ2n). �
Proof of corollary 2. As the proof of corollary 2 is similar to the proof of corollary 4 of Yao [10], we omit the proof. �
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