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The exclusion optimality principle for Michell trusses established in Figueraoa et al. (2012)
[2] is extended to frames which consist of countably many bars or rods. Furthermore, our
extended exclusion principle can be applied to any point of the support of the frame under
analysis.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Nous étendons le principe d’exclusion des treillis de Michell énoncé dans Figueraoa et
al. (2012) [2], à des structures obtenues par supperposition d’un nombre dénombrable
de barres. De plus, notre principle d’exclusion s’applique en tout point de la structure à
analyser.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

En 1904 [4], l’ingénieur Anthony Michell formule un problème d’optimisation de structure qui, de nos jours, demeure
encore essentiellement non résolu. Soit donné un système de forces en équilibre dans l’espace de dimension d � 2, c’est-à-
dire qu’on se prescrit un ensemble de points et on muni chacun de ces points d’un vecteur. Pour simplifier, nous supposons
par la suite que le système de forces donné, possède un nombre fini de points d’applications, qui alors se trouvent dans
un domaine borné. On suppose que les forces sont à résultante et moments nul. Le problème original de Michell consiste
à trouver la meilleure configuration possible, constituée uniquement de barres (sous pression ou en compression) de masse
minimal, qui soit en équilibre sous l’action des forces. Lorsqu’une telle solution existe, on l’appelle un treillis de Michell.
D’une part, sur la base de calculs non rigoureux, Michell remarque que dès qu’un treillis optimal existe, en tout point où une
barre sous tension intersecte une barre en compression, l’angle entre les deux barres doit être un angle droit. D’autre part,
Michell s’est lui même rendu compte que son problème d’optimisation formulé comme tel, n’admet pas un minimiseur si on
n’élargie pas l’ensemble des treillis a un ensemble beaucoup plus grand, où les barres (segments) sont replacé par des cables
(courbes). De plus, on doit considérer des structures obtenues par superposition d’un nombre infinie de cables. Dans cette
recherche de structure plus générale, Michell conjecture que lorsque deux cables se rencontrent, l’un étant sous tension et
l’autre en compression, leur angle d’intersection doit être droit. Prouver l’existence d’une telle structure optimal qui de plus
satisfait le critère d’optimalité de Michell, demeure un défi insurmonté du calculs des variations. Un autre problème tout
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aussi très important, qui demeure ouvert et constitue l’intérêt essentiel de notre travail, est de savoir si la recherche de la
structure optimale à trouver, peut être confinée dans une boule de rayon finie.

Notre travail a éte stimulé par un article tres récent et innovateur [2], qui introduit un simple critère d’exclusion de
treillis optimal (constitué d’un nombre fini de barres). Dans cet travail, nous étendons le critère d’exclusion à une classe
de structure beaucoup plus large que celle étudiée dans [2], en considérant non seulement des structures qui peuvent être
constituée d’un nombre infinies de barres, mais aussi, contrairement à [2] nous appliquons le teste d’optimalité à tout point
arbitraire de la structure sans imposer que le point testé se trouve en dehors des points d’application du système de forces
prescrites.

Notre observation de base est la suivante. Considérons une structure qui dans le voisinage d’un point donné M0, soit
constitué d’un nombre dénombrable de barres. Supposons qu’en M0 il ait au moins deux barres sous tension, se rencontrant
sous un angle de moins de 180 degrée. Si une troisième barre en compression se trouve entre les deux barres sous tension
et contient le point M0 alors, la structure n’est pas optimale.

Une première conséquence de notre résultat est la suivante : soit une structure optimal contenue dans un disque arbi-
traire. Sans perte de généralité, choisissons l’un des points d’application de la force, comme étant centre du disque. Si la
structure est constitué d’un nombre dénombrable de barres, alors elle ne peut rencontrer le bord du disque qu’a un autre
point d’application du système de forces. Par conséquence, toute structure optimal planaire consistitué d’un nombre dénom-
brable de barres est soit non bornée ou soit contenue dans un disque dont le rayon est plus petit ou égale au diamètre de
l’ensemble des points d’application du système de forces. Cette remarque serait de toute première importance du point de
vue numérique, si on pouvait l’étendre a des structures plus générale. En effet, elle suggèrait que dans la cas planaire, il ne
sert a rien de rechercher des structures optimales dans des disques de rayons très larges, si on suppose que la structure à
trouver est à support compact.

Les calculs que nous présentont dans cette Note sont assez élémentaires. Par soucie d’une présentation élégente et
simple, nous évitons dans cet article d’utiliser la notation matricielle traditionelle, apparaisant dans la littérature sur les
treillis de Michell. Le lecteur intéressé par une étude plus approfondie des treillis de Michell et son extension à des struc-
tures plus générales, pourrait lire l’article [1], Nous proposons aussi au lecteur l’article [3], qui est l’un des rare articles,
prouvant que l’ensembles des solutions admissibles conduisant à létude des treillis de Michell, n’est pas vide.

1. Introduction

In 1904 [4], the engineer Anthony Michell formulated an optimization problem which has remained essentially unsolved.
Loosely speaking, he asked what was the most efficient way to balance a system of applied point forces with a truss
constructed from rods and cables. Naturally, rods can only withstand compression and cables can only withstand extension,
and their mass is proportional to both their length and strength. Mathematically, this amounts to minimizing a cost function
– giving the mass of the structure – on a set discrete measures which cancel the force in an appropriate sense.

The paper [2] introduced a local perturbation method for demonstrating that a given truss is not optimal. This paper
extends the main result in [2]. We show that the “corner-cutting” perturbation is applicable to countably infinite trusses in
d-dimensional space, and even at a point which lies in the support of the force. As a corollary, we establish that an optimal
truss (in R2) is either unbounded or else lies in a closed ball whose boundary points can intersect the truss only at points
in the support of the force. As a practical consequence for the field of optimal design, we now know that if there exists a
finite optimal structure with bounded support, it must be strictly contained in any ball which contains the support of the
applied point force.

We also note here that our result implies the following for optimal structures: if a cable lies between two bars (or a bar
between two cables) and they share an endpoint, then the angle between the two bars (respectively, cables) must be 180
degrees. It is known that at points where an optimal strain function (see [1]) is smooth, bars and cables can only intersect
orthogonally. We believe that our result is a step toward a proof of this property in the nonsmooth case.

In [5] the authors explicitly construct a sequence of finite trusses which converges to the optimal truss in the limit as
the total complexity (the number of bars and cables in the structure) tends to infinity. They show that, in their example,
any finite approximating truss cannot have orthogonal intersections of bars and cables. At each step in the approximation
they are minimizing over all balancing structures with a fixed (finite) complexity. They also consider what happens when
joint mass is taken into account, which yields optimal structures of finite complexity. If joint mass is ignored, their results
agree with ours: each finite structure (with corners and non-orthogonal intersections) is indeed not mass-minimizing.

2. Notation

We aim to keep the notation as simple as possible. Bold lower case letters a denote vectors in Rd and ai denotes the
i-th component of a. For a,b ∈Rd , we let 〈a,b〉 = ∑d

i=1 aibi . We let ‖a‖ = √〈a,a〉 denote the norm induced by the standard

inner product on Rd . We let â = a
‖a‖ for a �= 0 and 0̂ = 0. Lower case Greek letters denote real numbers. We let δa denote

the Dirac mass at a. Given a vector-valued Radon measure m on Rd such that
∫ |xi |dm j(x) < ∞ (where m j denotes the

j-th component of the measure m) for all 1 � i, j � d we define the torque of m to be the skew-symmetric matrix
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∫
Rd

x ∧ m =
(∫
Rd

xi dm j(x) −
∫
Rd

x j dmi(x)

)d

i, j=1
.

3. The Michell truss problem

Let F = ∑n
i=1 fiδmi be a vector-valued Radon measure on Rd , where {mi}n

i=1 ⊂ Rd and {fi}n
i=1 ⊂ Rd . We say that F is

balanced if it has null resultant and no torque:

n∑
i=1

fi = 0
Rd ,

∫
Rd

x ∧ F = 0
Rd×d .

Given Λ = {λi, j}∞i, j=1 ⊂ R, where λi, j = λ j,i , λi,i = 0 and A= {ai}∞i=1 we say that

F =
∞∑

i, j=1

λi, j(δai − δa j )âi − a j

in the weak sense if∫
Rd

〈ψ,F〉 =
∞∑

i, j=1

λi, j
〈
ψ(ai) − ψ(a j), âi − a j

〉
(3.1)

for all Lipschitz ψ :Rd →Rd . Note that under the condition that the cost

Cost(Λ,A) :=
∞∑

i, j=1

|λi, j|‖ai − a j‖ < ∞

is finite, Eq. (3.1) becomes meaningful. We call (Λ,A) a decomposition of F. The Michell Truss Problem reads: find (Λ,A)

which give us a decomposition of F such that Cost(Λ,A) is minimal. Note that for a finitely-supported, vector-valued Radon
measure F to admit such a decomposition, F is necessarily balanced. This is in fact sufficient, see [3] for details.

4. A mass-decreasing perturbation

The following theorem is simply an extension of the central result in [2]:

Theorem 4.1 (A fundamental theorem). Suppose we have a force F such that F = ∑3
l=1 λl(δal − δa)âl − a where λ1, λ2 > 0, λ3 < 0,

a1 − a and a2 − a are linearly independent, and a3 − a = α(a1 − a) + β(a2 − a) for α,β > 0. Then there exists a decomposition of F
with strictly smaller cost.

Proof. Translating and rotating Rn if necessary, we may assume that a = 0 and that we have a1,a2,a3 ∈ H2 (the upper
half plane in R2). Then we may also find ε1, ε2, ε3 ∈ R such that sign(εi) = sign(λi), 0 < |εi | < |λi |, and ε1â1 + ε2â2 +
ε3â3 = 0. Now write F = ∑3

l=1(λl − εl)(δal − δ0)âl + ∑3
l=1 εl(δal − δ0)âl and note that |λl|‖al‖ = |εl|‖al‖ + |λl − εl|‖al‖ so

this decomposition has the same cost as the original. So it suffices to show that we can find a decomposition of Fε =∑3
l=1 εl(δal −δ0)âl with strictly smaller cost. In this case we can use the corner-cutting perturbation in [2] to show that there

exist b1,b2 and βk
l , for k = 1,2 and l = 1,2,3 and γ such that Fε = ∑2

k=1
∑3

l=1 βk
l (δal − δbk

)âl − bk + γ (δb1 − δb2 )b̂1 − b2
and

3∑
l=1

|εl|‖al − a‖ >

2∑
k=1

3∑
l=1

∣∣βk
l

∣∣‖al − bk‖ + |γ |‖b1 − b2‖.

For the sake of brevity we will simply sketch the proof of this fact. Details can be found in Section 4 of [2]. First pick
θ ∈ (0,1) such that 〈e2,al〉 � θ‖al‖ for l = 1,2,3 and set v1 = e1 + θe2 and v2 = −e1 + θe2. Now we define bk(h) = hvk for
k = 1,2. Now for 0 � h < min{‖al‖: l = 1,2,3} we set

ξ1,l(h) = εl(〈al,e2〉 + θ〈al,e1〉)‖al − b1(h)‖
2‖al‖(〈al,e2〉 − θh)

and

ξ2,l(h) = εl(〈al,e2〉 − θ〈al,e1〉)‖al − b2(h)‖
.

2‖al‖(〈al,e2〉 − θh)
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It is then not too difficult to show there exists a continuously differentiable function γ on 0 � h < min{‖al‖: l = 1,2,3}
such that the following equations are satisfied:

εlâl =
2∑

k=1

ξk,l(h)
al − bk(h)

‖al − bk(h)‖ , for l = 1,2,3

and

γ (h)
b1(h) − b2(h)

‖b1(h) − b2(h)‖ =
3∑

l=1

ξ1,l(h)
al − b1(h)

‖al − b1(h)‖ = −
3∑

l=1

ξ2,l(h)
al − b2(h)

‖al − b2(h)‖ .

We can then show that

Fε =
2∑

k=1

3∑
l=1

ξk,l(h)(δal − δbk(h))
al − bk(h)

‖al − bk(h)‖ + γ (h)(δb1(h) − δb2(h))
b1(h) − b2(h)

‖b1(h) − b2(h)‖
and that

2∑
k=1

3∑
l=1

∣∣ξk,l(h)
∣∣∥∥al − bk(h)

∥∥ + ∣∣γ (h)
∣∣∥∥b1(h) − b2(h)

∥∥
is a differentiable function whose right derivative at 0 is strictly negative, so there exists some h > 0 such that

3∑
l=1

|εl|‖al − a‖ >

2∑
k=1

3∑
l=1

∣∣ξk,l(h)
∣∣∥∥al − bk(h)

∥∥ + ∣∣γ (h)
∣∣∥∥b1(h) − b2(h)

∥∥
concluding the proof. �
5. Two simple corollaries

It is easy to see that the above theorem gives us a sufficient condition for the non-optimality of a given decomposition,
even if the decomposition is infinite.

Corollary 5.1. Given an equilibrated force F = ∑n
l=1 flδml and suppose that Λ = {λi, j}∞i, j=1 ⊂ R and A= {ai}∞i=1 satisfy Cost(Λ,A) =∑∞

i, j=1 |λi, j|‖ai − a j‖ < ∞ and

F =
∞∑

i, j=1

λi, j(δai − δa j )âi − a j

in the weak sense (cf. Eq. (3.1)). Then if ai0 ∈ A and (Λ,A) is optimal then there do not exist i1, i2, i3 ∈ N such that ai3 − ai0 =
α(ai1 − ai0) + β(ai2 − ai0) for linearly independent ai1 − ai0 and ai2 − ai0 for some α,β > 0 and either λi1,i0 , λi2,i0 > 0, λi3,i0 < 0
or λi1,i0 , λi2,i0 < 0, λi3,i0 > 0.

Proof. Suppose there exist i1, i2, i3 ∈ N such that ai3 − ai0 = α(ai1 − ai0)+β(ai2 − ai0 ) for linearly independent ai1 − ai0 and
ai2 − ai0 for some α,β > 0 and, say, λi1,i0 , λi2,i0 > 0, λi3,i0 < 0. Say Λ0 = {λi1,i0 , λi2,i0 , λi3,i0 } and note that

F =
∑

Λ\Λ0

λi, j(δai − δa j )âi − a j +
∑
Λ0

λi, j(δai − δa j )âi − a j .

Now apply the theorem to∑
Λ0

λi, j(δai − δa j )âi − a j . �

For the next corollary we restrict our considerations to the plane R2.

Corollary 5.2 (A priori estimate on the diameter of optimal compactly supported trusses). Suppose (Λ,A) is an optimal decomposition
of F. Also suppose that we have

∑∞
i, j=1 |λi j| < ∞. Then if A is bounded we have A∩ ∂ B ⊂ spt(F) for every ball B containing A. That

is, pick any point m ∈ R2 and set R = sup{‖m − x‖: x ∈ A}. Then if R < ∞ and if there exists an x ∈ A satisfying ‖m − x‖ = R
we must have x ∈ spt(F). Consequently, if (Λ,A) is an optimal decomposition of F and A is finite then A ⊂ B for every closed ball B
containing spt(F).



R. Granowski / C. R. Acad. Sci. Paris, Ser. I 350 (2012) 991–995 995
Proof. The second assertion follows easily from the first. To see this, suppose that (Λ,A) is an optimal decomposition of
F, that A is finite, and that there exists a closed ball B containing spt(F) but not containing A. Then there is some point
a of A\ spt(F) furthest from B . We may enlarge the radius of B so that a ∈ ∂ B and A ⊂ B . Since a /∈ spt(F), we have a
contradiction to the first assertion.

Now for the first assertion: suppose not. Shifting every point in the plane by an affine transformation if necessary,
we may assume that x = 0 and that A\0 ⊂ {(x, y): y > 0}. Now since 0 /∈ spt(F) we see that F(0) = ∑∞

i, j=1 λi, j(δai (0) −
δa j (0))âi − a j = ∑

k λkâk = 0, where 〈e2, âk〉 > 0 and where for convenience we have set al = 0 and λk = −λk,l in the
next to last equality. We may identify this series with an absolutely convergent series of complex numbers, since we have
assumed that

∑∞
i, j=1 |λi j| < ∞. If we have any cancellation, that is if j �= k but arg(â j) = arg(âk) and sgn(λ j) = − sgn(λk)

then we clearly cannot have an optimal truss. So we may assume that if any vectors âk lie on the same ray through the
origin then their coefficients have the same sign. For the moment, we may in fact group terms together (since the series is
absolutely convergent) and assume that no two vectors âk lie on the same ray through the origin.

We may assume that λk �= 0 for all k ∈ N. Clearly, all of the λk cannot have the same sign (we must have positive and
negative λks). Due to the assumption that no two vectors âk lie on the same ray through the origin and that the vectors âk
are strictly contained in the upper half plane, it is easy to see that we cannot have just one positive λk and one negative λk .

Now we want to show that we can always find i, j,k ∈ N such that arg(âi) > arg(â j) > arg(âk) > 0 where sgn(λi) =
sgn(λk) = − sign(λ j). Suppose not. We know we have at least three nonzero λks, and that they cannot all have the same
sign. So there is some ray at angle θ ∈ (0,π) such that if arg(âk) ∈ (0, θ] we have (say) λk < 0 and if arg(âk) ∈ (θ,π) we
have λk > 0. It is then evident that, since there is at least one k ∈ N such that λk > 0, we must have

∑
k λkâk ∈ eiθH2 (the

strict upper half plane rotated by angle θ ). This contradicts the fact that
∑

k λkâk = 0.
Thus we see that there exist linearly independent vectors ai and ak and α,β > 0 such that a j = αai +βak and sgn(λi) =

sgn(λk) = − sgn(λ j). Now apply the previous corollary. This contradicts the assumed optimality of (Λ,A). �
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