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r é s u m é

Nous obtenons de nouveaux développements asymptotiques de la suite de Somos, en
termes de la constante de récurrence quadratique de Somos et des nombres de Bell
ordonnés.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Somos [8] defined the sequence

g0 = 1, gn = ng2
n−1, n ∈N := {1,2,3, . . .}.

The first few terms are

g0 = 1, g1 = 1, g2 = 2, g3 = 12, g4 = 576, g5 = 1 658 880, . . . .

Somos showed that gn has the following asymptotic expansion (see [1, p. 446] and [10]):

gn ∼ σ 2n

n

(
1 + 2

n
− 1

n2
+ 4

n3
− 21

n4
+ 138

n5
− 1091

n6
+ · · ·

)−1

, (1.1)

where

σ =
√

1

√
2
√

3 · · · =
∞∏

n=1

n1/2n = 1.66168794 . . . (1.2)
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is known as Somos’ quadratic recurrence constant. The constant σ appears in important problems from pure and applied
analysis, it has motivated a large number of research papers (see, for example, [2–7,9]).

Very recently, Nemes [7] studied the coefficients in the asymptotic expansion (1.1) and developed recurrence relations.
More precisely, Nemes [7, Theorem 1] proved that

gn ∼ σ 2n

n

(
a0 + a1

n
+ a2

n2
+ a3

n3
+ · · ·

)−1

, (1.3)

where the coefficients ak (k = 0,1,2,3, . . .) are given by the recurrence relation

a0 = 1, a1 = 2, a2 = −1, ak =
k−1∑
j=1

(
(−1)k− j

(
k − 3

k − j

)
a j − ak− ja j

)
for k � 3.

The coefficients ak also satisfy the following recurrence relation [7, Theorem 3]:

a0 = 1, ak = 1

k

k∑
j=1

(−1) j−12b jak− j for k ∈N,

where bk are the ordered Bell numbers defined by the exponential generating function [11, p. 189]:

1

2 − ex
=

∞∑
k=0

bk

k! xk.

The ordered Bell numbers bk are given explicitly by the formula

bk =
∞∑
j=0

jk

2 j+1
.

The first few ordered Bell numbers are

b0 = 1, b1 = 1, b2 = 3, b3 = 13, b4 = 75, b5 = 541, b6 = 4683, . . . .

Nemes [7, Theorem 2] proved that the generating function A(x) = ∑∞
k=0 akxk of the coefficients ak has the following repre-

sentation:

A(x) = exp

( ∞∑
k=1

(−1)k−12bk

k
xk

)
. (1.4)

In this paper, from (1.4), we derive new asymptotic expansions related to Somos’ quadratic recurrence constant, in terms
of the ordered Bell numbers.

2. Main results

Theorem 2.1 presents a more general result.

Theorem 2.1. Let r �= 0 be a given real number. Then for any positive integer m, the sequence gn has the following asymptotic formula:

gn = σ 2n

n

(
1 + c1

n
+ · · · + cm

nm
+ O

(
1

nm+1

))−1/r

as n → ∞ (2.5)

with the coefficients c j ( j = 1,2, . . . ,m) given by

c j = (−1) j
∑

k1+2k2+···+ jk j= j

(−2r)k1+k2+···+k j

k1!k2! · · ·k j !
(

b1

1

)k1(b2

2

)k2

· · ·
(

b j

j

)k j

, (2.6)

where bk (k ∈ N) denote the ordered Bell numbers and the summation in (2.6) is taken over all nonnegative integers k1,k2, . . . ,k j
satisfying the equation k1 + 2k2 + · · · + jk j = j.

Proof. From (1.3), it follows that(
σ 2n )r

∼ Ar(1/n). (2.7)

ngn
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On the other hand, from the definition of A(x) it follows that for any positive integer m,

Ar(1/n) = 1 + c1

n
+ · · · + cm

nm
+ O

(
1

nm+1

)
as n → ∞ (2.8)

for some real numbers c1, . . . , cm . Write (1.4) as

Ar(1/n) = exp

(
m∑

k=1

(−1)k−12rbk

k · nk
+ Rm(n)

)
,

where Rm(n) = O (n−m−1). Further, we have

Ar(1/n) = eRm(n)e
∑m

k=1
(−1)k−12rbk

k·nk

= eRm(n)

m∏
k=1

[
1 +

(
(−1)k−12rbk

k · nk

)
+ 1

2!
(

(−1)k−12rbk

k · nk

)2

+ · · ·
]

= eRm(n)
∞∑

k1=0

∞∑
k2=0

· · ·
∞∑

km=0

1

k1!k2! · · ·km!
(

(−1)1−12rb1

1

)k1( (−1)2−12rb2

2

)k2

· · ·
(

(−1)m−12rbm

m

)km

· 1

nk1+2k2+···+mkm
. (2.9)

Equating the coefficients by the equal powers of n in (2.8) and (2.9), we see that

c j =
∑

k1+2k2+···+ jk j= j

1

k1!k2! · · ·k j !
(

(−1)1−12rb1

1

)k1( (−1)2−12rb2

2

)k2

· · ·
(

(−1) j−12rb j

j

)k j

= (−1) j
∑

k1+2k2+···+ jk j= j

(−2r)k1+k2+···+k j

k1!k2! · · ·k j !
(

b1

1

)k1(b2

2

)k2

· · ·
(

b j

j

)k j

.

This completes the proof of Theorem 2.1. �
Remark 2.1. We find that special case of (2.5) when r = 1 yields immediately the asymptotic formula (1.1). Taking r = −1
and −1/2 in (2.5), respectively, we give two explicit expressions:

gn ∼ σ 2n

n

(
1 − 2

n
+ 5

n2
− 16

n3
+ 66

n4
− 348

n5
+ · · ·

)
as n → ∞ (2.10)

and

gn ∼ σ 2n

n

(
1 − 1

n
+ 2

n2
− 6

n3
+ 25

n4
+ · · ·

)2

as n → ∞. (2.11)

Theorem 2.2 gives new asymptotic formulas.

Theorem 2.2. Let r �= 0 be a given real number. Then for any positive integer m, the following asymptotic formula holds:

gn = σ 2n

n

[
1 + ln

(
1 +

m∑
j=1

d j

n j
+ O

(
1

nm+1

))]−1/r

as n → ∞, (2.12)

where the coefficients d j ( j = 1,2, . . . ,m) are given by

d j =
∑

k1+2k2+···+ jk j= j

1

k1!k2! · · ·k j !ck1
1 ck2

2 · · · c
k j

j , (2.13)

and ck (k ∈ N) are determined in (2.6).
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Proof. From (2.7) and (2.8), it follows that

e( σ2n

ngn
)r−1 ∼ e Ar(1/n)−1

and

e Ar(1/n)−1 = 1 +
m∑

j=1

d j

n j
+ O

(
1

nm+1

)
as n → ∞ (2.14)

for some real numbers d1, . . . ,dm . Write (2.8) as

Ar(1/n) − 1 =
m∑

k=1

ck

nk
+ rm(n) as n → ∞,

where rm(n) = O (n−m−1). Further, we have

e Ar(1/n)−1 = erm(n)e
∑m

k=1
ck
nk

= erm(n)

m∏
k=1

[
1 +

(
ck

nk

)
+ 1

2!
(

ck

nk

)2

+ · · ·
]

= erm(n)
∞∑

k1=0

∞∑
k2=0

· · ·
∞∑

km=0

1

k1!k2! · · ·km! ck1
1 ck2

2 · · · ckm
m · 1

nk1+2k2+···+mkm
. (2.15)

Equating the coefficients by the equal powers of n in (2.14) and (2.15), we see that

d j =
∑

k1+2k2+···+ jk j= j

1

k1!k2! · · ·k j ! ck1
1 ck2

2 · · · c
k j

j ,

where ck (k ∈ N) are determined in (2.6). This completes the proof of Theorem 2.2. �
Remark 2.2. Taking r = 1 and −1 in (2.12), respectively, we give two explicit expressions: as n → ∞,

gn ∼ σ 2n

n

[
1 + ln

(
1 + 2

n
+ 1

n2
+ 10

3n3
− 83

6n4
+ · · ·

)]−1

(2.16)

and

gn ∼ σ 2n

n

[
1 + ln

(
1 − 2

n
+ 7

n2
− 82

3n3
+ · · ·

)]
. (2.17)
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