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In this note we propose a class of fully decoupled schemes (velocity–pressure–displacement
splitting) for the coupling of an incompressible fluid with a thin-walled structure. The time
splitting is achieved by combining an overall fractional-step time-marching of the system
with a specific Robin–Neumann treatment of the interface coupling. The two variants con-
sidered yield unconditional stability. Numerical experiments in a benchmark show that, for
one of them, the splitting does not compromises the optimal convergence rate.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Dans cette note, nous proposons un type de schéma totalement découplé (vitesse–
pression–déplacement) pour le couplage d’un fluide incompressible avec une structure
mince. Le découplage en temps est obtenu en combinant un schéma à pas fractionnaire
sur l’ensemble du système avec un traitement spécifique Robin–Neumann des conditions
d’interface. Les deux variantes considérées sont inconditionnellement stables. Des expé-
riences numériques montrent que, pour l’une d’elles, on obtient un taux de convergence
optimal.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Fractional-step schemes have been widely used in incompressible fluid–structure interaction as a way to avoid the in-
famous added-mass numerical instabilities featured by conventional explicit coupling schemes (which invoke the fluid and
solid solvers only once per time-step). The resulting time-marching procedures are semi-implicit in the sense that they
combine either a fractional-step method in the fluid [4,10,1] or in the solid [8,3,6] with an implicit–explicit treatment of
the interface conditions. These methods guarantee different degrees of fluid–solid splitting in the time-marching, via an
explicit treatment of either the fluid viscous contributions or the solid (visco-)elastic contributions, without compromising
stability.
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In this note, we consider the case of the coupling with a thin-walled structure and propose to go further in the time-
splitting of the coupled system by combining both approaches. The resulting schemes enable (for the first time) a fully
decoupled computation of the entire fluid–solid state (velocity, pressure, displacement). We present an a priori energy esti-
mate which guarantees (added-mass free) unconditional stability. The accuracy of the methods is illustrated in a numerical
benchmark. The results show that one of the variants preserves the optimal convergence rate.

2. A linear fluid–structure model problem

We consider a low Reynolds regime and assume that the structure undergoes infinitesimal displacements. The fluid is
described by the Stokes equations in a fixed domain Ω ⊂ R

d (d = 2,3), with boundary partitioned as ∂Ω = Γ ∪ Σ , where
Σ stands for the fluid–structure interface. The structure is assumed to behave as a linear thin membrane represented by the
(d − 1)-manifold Σ . The coupled problem reads then as follows: find the fluid velocity u : Ω ×R

+ →R
d , the fluid pressure

p : Ω ×R
+ → R, the solid normal displacement η : Σ ×R

+ → R and the solid normal velocity η̇ : Σ ×R
+ →R such that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρf∂t u − divσ (u, p) = 0 in Ω,

div u = 0 in Ω,

σ (u, p)n = −pΓ n on Γ,

u · τ = 0 on Σ,

(1)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u · n = η̇ on Σ,

ρsε∂t η̇ + Lvη̇ + Leη = −(
σ (u, p)n

) · n in Σ,

η̇ = ∂tη in Σ,

η = 0 on ∂Σ,

(2)

complemented with the initial conditions u(0) = u0, η(0) = η0 and η̇(0) = η̇0. Here, ρf and ρs stand for the fluid and

solid densities, ε for the solid thickness, ε(u)
def= 1

2 (∇u + ∇uT) for the fluid strain rate tensor, μ for the fluid dynamic

viscosity, σ (u, p)
def= −p I + 2με(u) for the fluid Cauchy stress tensor, pΓ for a given inlet/outlet pressure and n and τ for

the exterior unit normal and tangent vectors on ∂Ω . The differential operators Le and Lv describe the viscoelastic behavior
of the structure. Though simplified, problem (1)–(2) features some of the main numerical issues that appear in complex
non-linear fluid–structure interaction problems involving a viscous incompressible fluid (see, e.g., [2]).

3. Time semi-discretization: fully decoupled time-marching

In this section we introduce a time discretization of the coupled problem (1)–(2) which enables a fully decoupled
sequential computation of the fluid–solid state (u, p, η). The main idea consists in combining an overall fractional-step
time-marching in the system with a specific splitting of the fluid–structure interface coupling. The fluid problem (1) is
discretized using a standard Chorin–Temam scheme as follows (see, e.g., [7]):

⎧⎨
⎩ρf ũn − un−1

δt
− 2μdivε

(
ũn) = 0 in Ω,

ũ · τ = 0 on Σ,

(3)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ρf un − ũn

δt
+ ∇pn = 0 in Ω,

div un = 0 in Ω,

pn = pΓ on Γ,

un · τ = 0 on Σ.

(4)

In (2) we perform the following three-step Yanenko splitting, with a specific treatment of the fluid–solid kinematic and
kinetic coupling:

⎧⎪⎨
⎪⎩

ũn · n = η̇n− 1
3 on Σ,

ρsε
η̇n− 1

3 − η̇n−1

δt
= −(

2με
(
ũn)n

) · n in Σ,

(5)

⎧⎪⎨
⎪⎩

un · n = η̇n− 2
3 on Σ,

ρsε
η̇n− 2

3 − η̇n− 1
3 + Lvη̇
 + Leη
 = pn in Σ,

(6)
δt
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ρsε
η̇n − η̇n− 2

3

δt
+ Lv

(
η̇n − η̇


) + Le
(
ηn − η


) = 0 in Σ,

η̇n = ηn − ηn−1

δt
in Σ,

ηn = 0 on ∂Σ.

(7)

The superscript 
 indicates zeroth- (i.e., without) or first-order extrapolation from the previous time steps. Hence, the solid
displacement and velocity extrapolations considered in (6) and (7) are either (η
, η̇
) = 0 or (η
, η̇
) = (ηn−1, η̇n−1).

Some remarks are in order. The traditional velocity/pressure splitting of the Chorin–Temam scheme (3)–(4) is preserved
via the splitting of the viscous and pressure contribution of the interface fluid stress in steps (5) and (6). Added-mass
free stability is simply guaranteed (see Proposition 3.1 below) by treating implicitly the coupling between the fluid pres-
sure/incompressibility and the solid inertia, that is, by simultaneously solving steps (4) and (6). At last, the extrapolation of
the viscoelastic solid contributions, in steps (6) and (7), is performed to control the perturbation of the kinematic coupling,
which dramatically affects accuracy (see Section 4 below, and [6]).

The resulting time-marching scheme is detailed in Algorithm 1. The standard ‘Neumann’ solid sub-step (10) is obtained
by simply adding the relations (5)2, (6)2 and (7)1. We have eliminated un−1 in (3) via (4)1, and the projection sub-step
(4) is reformulated as a pressure-Poisson problem. It is worth noting that, since the structure is thin, the simultaneous
solution of (3) and (5) — resp. (4) and (6) — is embedded into the single sub-step (8) — resp. (9) — through explicit Robin
conditions. The pressure-Poisson problem (9) has a rather intrinsic nature, independent of the viscoelastic contributions
involved in (6). In fact, from the relations (10)1 and (8)2, we can infer that Lvη̇
 + Leη
 = p
 + ρsε

δt (ũ
 · n − η̇
), which yields

a purely algebraic relation in terms of ũ
 , p
 and η̇
 , with (ũ
 , p
, η̇
) = 0 or (ũ

, p
, η̇
) = (ũn−1

, pn−1, η̇n−1). In practice,
this means that modifications in the solid equation only affect the solid sub-step in Algorithm 1.

Algorithm 1 Time semi-discrete fully decoupled scheme — for (1)–(2)

(i) Fluid viscous sub-step: find ũn : Ω → R
d such that⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρf ũn − ũn−1

δt
− 2μdivε

(
ũn) = −∇pn−1 in Ω,

(
2με

(
ũn)n

) · n + ρsε

δt
ũn · n = ρsε

δt
η̇n−1 on Σ,

ũn · τ = 0 on Σ.

(8)

(ii) Fluid projection sub-step (pressure-Poisson formulation): find pn : Ω →R such that
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

− δt

ρf
�pn = −div

(
ũn) in Ω,

pn = pΓ on Γ,

δt

ρf

∂ pn

∂n
+ δt

ρsε
pn = δt

ρsε
p
 + ũ
 · n − η̇
 on Σ.

(9)

(iii) Solid sub-step: find ηn : Σ → R and η̇n : Σ → R such that
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ρsε
η̇n − η̇n−1

δt
+ Lvη̇n + Leηn = −(

σ
(
ũn

, pn
)
n
) · n in Σ,

η̇n = ηn − ηn−1

δt
in Σ,

ηn = 0 on ∂Σ.

(10)

The following result states the energy-based stability of Algorithm 1, whose proof can be found in the forthcoming
work [5].

Proposition 3.1. Assume that pΓ = 0 (free system). The following a priori energy estimate holds for n � 1:

En + Dn <

⎧⎪⎪⎨
⎪⎪⎩

E0 if
(
η
, η̇


) = (0,0),

E0 + δt2

2

∫
η̇0Leη̇0 + δt2

2ρsε

∥∥Lvη̇0 + Leη0
∥∥2

L2(Σ)
if

(
η
, η̇


) = (
ηn−1, η̇n−1),
Σ



164 M.Á. Fernández, M. Landajuela / C. R. Acad. Sci. Paris, Ser. I 351 (2013) 161–164
Fig. 1. Left: displacement convergence history in time, h = O (δt). Right: displacement at time t = 0.015 s.

where the total semi-discrete energy and dissipation are defined by

En def= ρf

2

∥∥un
∥∥2

L2(Ω)
+ ρsε

2

∥∥η̇n
∥∥2

L2(Σ)
+ 1

2

∫
Σ

ηn Leηn, Dn def=
n∑

m=1

δt

(
2μ

∥∥ε(
ũm)∥∥2

L2(Ω)
+

∫
Σ

η̇m Lvη̇m
)

.

4. Numerical experiment

In order to illustrate the accuracy of the proposed schemes, we consider the well-known example of the propagation of a
pressure-wave within an elastic tube (see, e.g., [3]). We couple the 2D Stokes equations with a 1D generalized string model,
Leη = −c1∂xxη+c0η and Lvη̇ = −βc1∂xxη̇+αρsεη̇ in (2). The fluid domain is given by the rectangle Ω = [0,6]×[0,0.5] and
the interface by the segment Σ = [0,6]×{0.5}, all the units being given in the CGS system. At x = 0 we impose a sinusoidal
pressure of maximal amplitude 2 × 104 during 5 × 10−3 seconds, corresponding to half a period. Zero pressure is enforced
at x = 6 and a symmetry condition is applied on the lower wall y = 0. The fluid’s physical parameters are given by ρf = 1.0,
μ = 0.035. For the solid, we have: ρs = 1.1, ε = 0.1, α = 1, β = 10−3, c1 = Eε/(2(1 + ν)) and c0 = Eε/(0.25(1 − ν2)), with
Young’s modulus E = 0.75 × 106 and Poisson’s ratio ν = 0.5. Piece-wise affine continuous finite elements are used for the
discretization in space. The computations have been performed with FreeFem++ [9].

Fig. 1(left) reports the time-convergence history of the solid displacement at time t = 0.015, in the relative elastic energy
norm, obtained with Algorithm 1 and a fully implicit first-order scheme. The reference solutions have been generated
with the implicit scheme using a high space–time resolution. We have refined both in time and in space according to
(δt,h) = {5 · 10−4/2i,10−1/2i}4

i=0. In Fig. 1(right), we show a comparison of the solid displacements at time t = 0.015,
obtained with i = 3. The results show that the proposed fully decoupled scheme with first-order extrapolations is able to
retrieve the optimal first-order convergence rate of the implicit scheme. A sub-optimal overall rate is obtained without
viscoelastic extrapolation.
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