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The present paper is a summary and overview of results obtained in the author’s thesis,
“L2-Betti Numbers of Locally Compact Groups”, wherein the definition of L2-Betti numbers
for countable groups is extended to locally compact unimodular groups. In many cases,
the L2-Betti numbers of a lattice are proportional to those of the ambient locally compact
group, yielding new results for certain classes of lattices, including arithmetic lattices and
Kac–Moody lattices.
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r é s u m é

Cet article présente quelques résultats de la thèse de l’auteur, « L2-Betti Numbers of
Locally Compact Groups », dans laquelle la définition des nombres L2 de Betti des groupes
dénombrables a été généralisée au cas des groupes localement compacts unimodulaires.
Dans de nombreux cas, les nombres L2 de Betti d’un réseau quelconque dans un groupe
localement compact sont proportionnels à ceux du groupe localement compact ambiant.
On peut donc utiliser des théories puissantes concernant certaines classes de groupes
localement compacts pour obtenir des calculs des nombres L2 de Betti de leurs réseaux, en
particulier les réseaux arithmétiques et les réseaux de Kac–Moody.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Recall that for a countable discrete group Γ , one can define [3,11] the L2-Betti numbers, βn
(2)(Γ ), n � 0, as the (extended)

von Neumann dimension of the group cohomology spaces:

βn
(2)(Γ ) = dimLΓ Hn(Γ,�2Γ

)
.

The dimension function dimLΓ is Lück’s extended von Neumann dimension [9,10], which with any module (in the purely
algebraic sense) E over the group von Neumann algebra LΓ of Γ associates an extended positive real number that agrees
with the classical notion of von Neumann dimension when E is a Hilbert module, and enjoys in general many of the
properties that one would expect a dimension function to have – see [11, Theorem 6.7].
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The theory of L2-Betti numbers provides in this way a set of powerful invariants that have a rich interplay with group
theory, algebra, topology, geometry, and analysis. In [13], the framework is extended to include locally compact, 2nd count-
able, unimodular (lcsu) groups. Let G be an lcsu group with a fixed Haar measure λ. For any integer n � 0, the nth
continuous cohomology Hn(G, E) of G with coefficients in a locally convex continuous G-module E , where E is a lo-
cally convex topological vector space endowed with an action of G such that the map G × E → E given by the action is
continuous, is defined as the nth cohomology of the complex of inhomogeneous continuous cochains on G:

0 → E d0−→ C(G, E)
d1−→ C(G2, E)

d2−→ · · · .
(See [1,7] for background on continuous cohomology.) Whenever E has a right-action of LG commuting with the left-

action of G , the cohomology spaces Hn(G, E) are naturally right-LG-modules as well and, after extending the framework
of Lück’s von Neumann dimension to the case of semi-finite von Neumann algebras [13, Appendix B], we may define the
L2-Betti numbers of G as [13, Chapter 3]:

βn
(2)(G, λ) := dimLG Hn(G, L2G

)
.

Note that the dimension function in this case depends on the choice of scaling of the Haar measure, which is not
necessarily canonical in this generality.

Remark 1. Observe that when G is totally disconnected, we may normalise the Haar measure such that some compact
open subgroup has mass one. Thus the L2-Betti numbers are in this case canonical up to multiplication by strictly positive
rationals.

When G is an lcsu group acting continuously and with compact stabilisers on a locally finite graph �, our definition
agrees with Gaboriau’s definition [6] of the first L2-Betti number of �. (See [13, Chapter 5].)

2. Lattices in lcsu groups

In his groundbreaking work [5] establishing the measure equivalence invariance of L2-Betti numbers, Gaboriau notes, in
particular, that this implies the following special case: whenever Γ , Λ are lattices in an ambient locally compact group G ,
one has βn

(2)(Γ ) = covol(Γ )
covol(Λ)

· βn
(2)(Λ) for all n � 0. Since it was already well known, and straightforward to see, e.g. us-

ing the Shapiro lemma in group cohomology, that for a finite index inclusion Γ ⊆ Λ, one has in particular βn
(2)(Γ ) =

[Λ : Γ ] · βn
(2)(Λ), it is natural to ask whether it holds that

βn
(2)(Γ ) = covolλ(Γ ) · βn

(2)(G, λ) (1)

whenever Γ is a lattice in an lcsu group G .

Theorem 2. (See [13, Theorems 4.8, 5.9].) Suppose that G is an lcsu group such that at least one of the following conditions holds:

(i) G admits a cocompact lattice.
(ii) G is totally disconnected.

Then Eq. (1) holds for any lattice Γ in G.

The proof in case (i) relies on Gaboriau’s theorem [5, Théoreme 6.3]. To wit, let Γ0 be a cocompact lattice in G . Then,
by the Shapiro lemma in continuous cohomology, there is an isomorphism (of LΓ0-modules) Hn(G, L2G)

∼−→ Hn(Γ0, �
2Γ0)

for any n. Then it is just a matter of comparing the LG-dimension of the left-hand side to the LΓ0-dimension, which is
straightforward in this case. The result then follows for any lattice by Gaboriau’s theorem, as explained above.

In general, the map between cohomology spaces above is not an isomorphism, and so one needs additional arguments to
ensure that it is an isomorphism “up to dimension”. In case (ii), the point is that one may trivialise cocycles in Hn(G, L2G)

on compact open subgroups of G . This allows, in effect, an approximation of the cohomology by finite dimensional Hilbert
modules (in the sense of LG-dimension), on which the isomorphism up to dimension follows by elementary spectral the-
ory.

In fact, using ergodic-theoretic results, Eq. (1) can be proven for any inclusion of any closed, finite covolume unimodular
subgroup [8, Theorem B].

3. Computation of higher L2-Betti numbers

Whereas the first L2-Betti number β1
(2)(Γ ) has many well-known relations to the structure of the countable discrete

group Γ , and many explicit computations and tools are available (we mention in particular [14]), much less seems to be
known about the higher L2-Betti numbers.
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Several new computations of (higher) L2-Betti numbers for countable discrete groups are obtained using the previous
theorem and, for example, the analysis of the L2-cohomology of buildings in [4]. First, we consider algebraic groups over
non-Archimedean local fields:

Theorem 3. (See [13, Theorem 5.30].) For all n � 1, and any non-Archimedean local field K such that the residue field has sufficiently
large cardinality (depending on n), we have

βn
(2)

(
Sp2n(K )

)
> 0,

whence in particular βn
(2)(Γ ) > 0 for any lattice Γ in G.

When K is a function field K = Fq((t)), it is known that Sp2n(K ) does not admit any cocompact lattice (but does admit
non-cocompact lattices, e.g. Sp2n(F[t−1])), which is the interesting case.

Moreover, we also obtain non-vanishing results for Kac–Moody lattices. This follows by the results above and a Künneth
formula for (totally disconnected) lcsu groups. (In fact, the Künneth formula holds in general for any product of lcsu groups,
as is easily derived from the results in [13] and the structure theory.)

Theorem 4. (See [13, Theorem 6.9].) Let Fq be a finite field of cardinality q, G(Fq) a complete Kac–Moody group and n the dimension
of the building associated with G(Fq). Then, for q sufficiently large (depending on n):

β2n
(2)

(
G(Fq) × G(Fq)

)
> 0,

whence in particular β2n
(2)

(Γ ) > 0 for any lattice Γ in G(Fq) × G(Fq).

Note that such lattices exist and are often simple and finitely generated, in some cases even finitely presented [2]. Thus
these provide the first known examples of simple finitely generated (presented) countable groups with non-vanishing higher
L2-Betti numbers.

4. A plaidoyer for totally disconnected groups

In the special case of totally disconnected lcsu groups, the existence of a local basis for the topology consisting of
compact open subgroups in any such group, makes the theory of L2-Betti numbers very similar to the case of discrete
groups. We refer to [13, Chapter 5] for details; it suffices to say here that the slogan is that one should expect to extend
any result valid for discrete groups to totally disconnected lcsu groups, with the added book keeping of doing everything
relative to a sequence of compact open subgroups decreasing to the identity. In particular, the proof of vanishing of L2-Betti
numbers of amenable groups, due to Cheeger and Gromov [3] for countable groups, extends directly to totally disconnected
groups [13, Theorem 5.37].

Next, every locally compact group G fits into a short exact sequence:

1 → G0 → G → G/G0 → 1

where G0 is the connected component of the identity and G/G0 is thus a totally disconnected group. If G is lcsu, then so
are both of G0 and G/G0. Using a well-known structural result (see e.g. [12, Theorem 11.3.4]), we can (virtually) replace the
short exact sequence above with a direct product of a semisimple Lie group and a totally disconnected group, after passing
to quotients modulo the amenable radical in G . Hence, modulo the amenable radical, the analysis is essentially reduced, at
least in principle, to the case of totally disconnected groups. See [13, Theorem 7.12] for precise statements.

What remains is to handle lcsu groups with non-compact amenable radical. This is done in [8, Corollary E].
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