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We study the motion of a solid with large deformations. The solid may be loaded on its
surface by needles, rods, beams, plates. . . Therefore it is wise to choose a third-gradient
theory for the body. Stretch matrix of the polar decomposition has to be symmetric.
This is an internal constraint which introduces a reaction stress in the Piola–Kirchhoff–
Boussinesq stress. We prove that there exists a motion that satisfies the complete equations
of Mechanics in a convenient variational framework. This motion is local-in-time because
it may be interrupted by crushing, resulting in a discontinuity of velocity with respect to
time, i.e., an internal collision.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

On étudie le mouvement d’un solide en grandes déformations. Ce solide peut être chargé
par des pointes, des fils, des poutres, des plaques. . . Cela nous conduit à retenir une
théorie du troisième gradient dans le solide. La matrice d’élongation qui apparaît dans la
décomposition polaire doit être symétrique. Cette liaison interne introduit une contrainte
de réaction qui contribue à la contrainte de Piola–Kirchhoff–Boussinesq. On montre alors
qu’il existe un mouvement qui satisfait toutes les équations de la mécanique dans un cadre
variationnel convenable. Ce mouvement est local en temps, car il peut être interrompu par
un écrasement, provoquant une discontinuité de vitesse par rapport au temps, c’est-à-dire
une collision interne.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Le mouvement d’un solide en grandes déformations est décrit par la fonction position, Φ(a, t), voir (1). Les efforts
extérieurs peuvent être appliqués au solide sur sa surface par des plaques ou des coques. Les vitesses des plaques ou coques
sont alors égales aux traces sur la surface des vitesses du solide. Comme le principe des puissances virtuelles pour les
plaques ou coques requiert le second gradient, ici le second gradient de la trace des vitesses du solide, il est raisonnable,
pour définir cette trace, d’avoir une théorie du troisième gradient dans le solide lui-même. Le cerclage de piliers nous paraît
exemplaire de ce point de vue. Plus généralement, le solide peut être chargé par des pointes, des barres curvilignes, des
membranes, des poutre curvilignes et des coques qui nécessitent des théories du zéro, premier et second gradient sur la
surface du solide. L’étude est faite en dimension 2.
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La relation cinématique, gradΦ = RW, (6), encore appelée décomposition polaire, lie le gradient de la position à la
matrice de rotation R et à la matrice d’élongation W (voir [1,2]).

La condition de non-interpénétration locale impose à la matrice d’élongation W d’être dans l’ensemble convexe Cα ∩ S

des matrices symétriques dont la somme des valeurs propres est supérieure ou égale à 2α et dont le produit des va-
leurs propres est supérieur ou égal à α2 avec 1 > α > 0, voir (2). Mécaniquement, on ne peut trop écraser le matériau ;
cependant, les raccourcissements peuvent être proches de 100%. La symétrie de la matrice d’élongation W est une liai-
son interne qui introduit une réaction, une contrainte antisymétrique A qui apporte une contribution à la contrainte de
Piola–Kirchhoff–Boussinesq Π (voir [1]). Les lois de comportement (13) comportent, outre les efforts élastiques, des efforts
visqueux, représentés par la vitesse d’élongation Ẇ et le gradient de la vitesse de rotation gradΩ .

Pour prédire le mouvement du solide, il faut déterminer Φ(a, t) et A(a, t). Les équations sont la conservation de la
quantité de mouvement et la conservation du moment cinétique (4) et (5), qui sont données par le principe des puissances
virtuelles, les relations cinématiques (6), et les lois de comportement, complétées par les conditions à la limite (14)–(15) et
les conditions initiales (16). On montre (Théorème 7.1) qu’il existe un mouvement local en temps Φ(a, t) assez lisse, avec
Φ ∈ L∞(0, T ; H3(Da)), dΦ/dt ∈ L2(0, T ; H1(Da)) ∩ L∞(0, T ; L2(Da)), d2Φ/dt2 dans l’espace dual de l’espace des vitesses
V(T ) défini par (20), et une contrainte de réaction A(a, t) dans l’espace dual de l’espace des vitesses de rotation, Vrv(T ),
défini par (21). Comme il se doit, la réaction A est parfaite, c’est-à-dire qu’elle ne travaille pas dans le mouvement. Le
mouvement peut ne pas exister sur toute période de temps, car il peut être interrompu par une collision interne, qui se
produit lorsque le matériau atteint sa limite d’écrasement.

1. Introduction

We prove the local-in-time existence of the motion of a solid with large deformations. Two important elements are
involved:

1. a reaction stress matrix A, which keeps the stretch matrix W symmetric. The reaction matrix A has been introduced for
the equilibrium of the solid [1,2];

2. a volume third-gradient theory for the deformation velocities that are needed to equilibrate surface loads.

The theory introduces also a reaction stress to the local impenetrability condition or to crushing. The motion exists
locally in time because it may be interrupted by an internal collision due to crushing.

2. Description of the motion

We investigate the motion of a deformable solid, assuming the solid is fixed on a part of its boundary and that there
are neither self-collision nor self-contact and neither collision nor contact with obstacles. For the sake of simplicity, at a
first instance we consider 2D problems and choose the value of the physical parameters to be 1 when it is possible. At the
initial time t = 0, the solid occupies a smooth domain Da with boundary ∂Da . The motion is described by a function Φ

specifying the position x at time t of the material point of the solid which was at the position a ∈Da at time 0, i.e.,

x = Φ(a, t), a = Φ(a,0). (1)

We denote by M the space of 2 × 2 matrices, endowed with usual scalar product. The subspaces S ⊂ M of the symmetric
matrices and A ⊂ M of the antisymmetric matrices are orthogonal. We introduce the set:

Cα = {
B ∈ M

∣∣ tr B � 2α, det B � α2}, 0 < α < 1. (2)

3. The equations of motion

The exterior loads may be applied to the solid by needles, wires, curved rods or beams (and membranes, plates or shells
in 3D). In the case of a beam, the velocities of the beam are equal to the traces of the velocities of the body. The principle
of virtual power written for beams requires the second gradient of the velocities, thus the second gradient of the traces
of the velocities of the body. Therefore, it is wise to have a third-gradient theory in the body (let us point out that the
third-gradient is also convenient for needles, wires in 2D and for needles, wires, membranes, rods, beams and plates or
shells in 3D). The velocities of deformation we choose are:

grad �V , �(grad �V ), Ω̂, grad Ω̂, (3)

where �V and Ω̂ are virtual velocities and virtual angular velocities (� is the Laplace operator). The interior forces, namely,
the Piola–Kirchhoff–Boussinesq stress Π , a diffusion stress Z (arising from the fact that the model is written in the third-
gradient theory), the momentum M and momentum flux Λ, are defined by their powers. The equations of motion result
from the principle of virtual power. They hold in Da ,
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∂2Φ

∂t2
− divΠ − div(�Z) = f, (4)

divΛ + M + Me = 0, (5)

where f and Me are the body exterior force and torque. The equations of motion are completed by convenient bound-
ary conditions. In this paper, just for the sake of simplicity, we assume that no surface exterior actions are applied (see
(14)–(15)).

4. Kinematic relationships

A kinematically admissible position Φ is differentiable, grad Φ = F, with det F > 0. It is such that there exist two uniquely
determined matrices, a positive definite matrix W and a rotation matrix R, satisfying (see [1]):

F = RW. (6)

Hence, the actual velocities are defined by:

Ω = ∂R

∂t
RT = ṘRT , �U = ∂Φ

∂t
= Φ̇. (7)

5. The constitutive laws

They account for all the physical properties. The impenetrability condition:

W ∈ Cα (8)

is of this type. It corresponds to the fact that the material cannot be too much flattened. Physical constant α quantifies the
resistance of the material to crushing. We say that the solid is crushed if matrix W reaches the boundary of Cα . Crushing
may produce a discontinuity of the velocities �U and Ω in order that W remains in Cα . This is an internal collision.

We derive the constitutive laws from the free energy Ψ (W,grad �Φ,‖grad R‖2) and the pseudo-potential of dissipation
D(Ẇ,gradΩ) with:

Ψ
(
W,grad �Φ,‖grad R‖2) = 1

2
‖W − I‖2 + 1

2
‖grad �Φ‖2 + Ψ̂ (W) + IS(W) + 1

4
‖grad R‖2

and

D(Ẇ,grad Ω) = 1

2
‖Ẇ‖2 + 1

2
‖grad Ω‖2,

where W is a matrix of M, and ‖W‖2 = W : W, ‖grad�Φ‖2 = Φi,αββΦi,αδδ . The function IS is the indicator function of the
subspace of symmetric matrices S ⊂ M. The term Ψ̂ (W) in the free energy is a smooth approximation from the interior of
the indicator function of the set Cα in M. Let Idet(x) be a decreasing non-negative smooth approximation of the indicator
function of [α2,∞) from the interior, i.e., such that Idet(x) = ∞ if x � α2. Let I tr(x) be a decreasing non-negative smooth
approximation of the indicator function of [2α,∞) from the interior, i.e., such that such I tr(x) = ∞ if x � 2α. Then function
Ψ̂ may be defined by:

W → Ψ̂ (W) =
{

Idet(det W) + I tr(tr W), if W ∈ C̊α,

∞, if W /∈ C̊α.

We have the constitutive laws:

Z = ∂Ψ

∂(grad �Φ)
= grad�Φ, (9)

Π = R(S + A), S ∈ S, A ∈A, (10)

S = ∂Ψ

∂W
(W) + Ẇ = (W − I) + Ẇ + ∂Ψ̂

∂W
(W), A ∈ ∂ IS(W) =A, (11)

M = ΠFT − FΠT , (12)

Λ = 4

(
∂Ψ

∂(‖grad R‖2)

)
(grad R)RT + gradΩ = (grad R)RT + grad Ω. (13)

Stress ∂Ψ̂ /∂W is the impenetrability reaction that intervenes to avoid crushing of the material. Reaction stress A ensures
that the stretch matrix W is symmetric (see [1,2]). The position Φ and reaction stress A are the main unknowns of the
problem. Momentum flux grad Ω and stress Ẇ are dissipative.
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6. The boundary conditions, the exterior actions and the initial conditions

Let Γ0, Γ1 be a partition of ∂Da . For the sake of simplicity, we assume that the solid is clamped on Γ0 to a support, and
that on Γ1 no surfacic forces are applied, and there is no surfacic deformation. Also, let the exterior body momentum Me

be null. Only the body force f is non-null. Namely, we have:

Φ̇ = 0, grad Φ̇ = 0,
∂

∂N
(grad Φ̇) = 0, on Γ0, (14)

no exterior force is applied, grad Φ̇ = 0, on Γ1. (15)

As a consequence, it turns out that R = I and Ω = 0 on ∂Da . The initial velocity is assumed to be null:

Φ(a,0) = a, �U (a,0) = ∂Φ

∂t
(a,0) = 0, a ∈Da. (16)

7. The predictive theory. Variational formulation and existence result

Since we are dealing with a 2D problem, we can write A and R in terms of scalar functions z, θ as follows:

A = z

[
0 1

−1 0

]
∈A, R =

[
cos θ sin θ

− sin θ cos θ

]
. (17)

The equations describing the motion of the solid are the kinematic relationships, the equations of motion and the constitu-
tive laws, plus boundary and initial conditions. They are:

d2Φ

dt2
= divΠ + div(�Z) + f, in Da,

�θ̇ + �θ + z(w11 + w22) + (ẇ11 − ẇ22)w12 + ẇ12(w22 − w11) = 0, in Da,

with

F = gradΦ, W =
√

FT F, R = FW−1, Π = R(S + A), (18)

S = (W − I) + Ẇ + ∂Ψ̂

∂W
(W), Z = grad �Φ, (19)

combined with boundary conditions (14)–(15) and initial conditions (16).
As the above problem is actually solved in a weak sense, let us define the space of the virtual velocities:

V(T ) =
{

�ϕ ∈ L2(0, T ; H3(Da)
)
,

d �ϕ
dt

∈ L2(0, T ; L2(Da)
);

�ϕ = 0, grad �ϕ = 0,
∂

∂N
(grad �ϕ) = 0, on Γ0; grad �ϕ = 0, on Γ1

}
, (20)

and the spaces of the virtual angular velocities:

Vrv(T ) = {
Ω̂ ∈ L2(0, T ; H1(Da)

)
: Ω̂ ∈A, Ω̂ = 0 on ∂Da

}
, (21)

Vr(T ) = {
ϕ ∈ L2(0, T ; H1(Da)

)
: ϕ = 0, on ∂Da

}
. (22)

The variational formulation of the problem is given by

(Φ − a) ∈ V(T ), ∀ �ϕ ∈ V(T ),

T∫
0

∫
Da

d2Φ

dt2
· �ϕ da dτ +

T∫
0

∫
Da

(
R
{
(W − I) + Ẇ + ∂Ψ̂

∂W
(W) + A

}
: grad �ϕ + grad �Φ : grad � �ϕ

)
da dτ

=
T∫

0

∫
Da

f · �ϕ da dτ , (23)

and
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θ̇ ∈ Vr(T ), ∀ϕ ∈ Vr(T ),

T∫
0

∫
Da

{
(grad θ̇ + grad θ) · gradϕ

}
da dτ

=
T∫

0

∫
Da

z(w11 + w22)ϕ da dτ +
T∫

0

∫
Da

(ẇ11 − ẇ22)w12 + ẇ12(w22 − w11)ϕ da dτ . (24)

By the use of a suitable Galerkin approximation combined with a priori estimates and a passage to the limit, we can
prove a local-in-time existence result for a weak formulation of the problem. The local-in-time validity of the result depends
on the fact that we can control ∂Ψ̂ just as long as W stays away from the boundary of Cα .

Theorem 7.1. Assuming that f ∈ L∞(
0,∞; L2(Da)

)
, there exist T > 0 and (Φ, z) with:

Φ ∈ L∞(
0, T ; H3(Da)

) ∩ H1(0, T ; H1(Da)
) ∩ W 1,∞(

0, T ; L2(Da)
)
, (25)

d2Φ

dt2
∈ V′(T ), z ∈ V′

r(T ), (26)

that satisfy the variational formulations (23) and (24) (where some of the integrals have to be understood as duality pairings), as well
as kinematic relationships (6), initial conditions (16) and impenetrability condition (8). In particular, the following stability estimates
hold (cf. (17)–(19)):

‖Φ‖L∞(0,T ;H3(Da))∩H1(0,T ;H1(Da))∩W 1,∞(0,T ;L2(Da))
� c,

∥∥∥∥d2Φ

dt2

∥∥∥∥
V′(T )

� c, (27)

‖W‖L∞(0,T ;H2(Da))∩H1(0,T ;L2(Da))
� c,

∥∥Ψ̂ (W)
∥∥

L∞(0,T ;L1(Da))
� c, (28)

‖θ‖L∞(0,T ;H2(Da))∩H1(0,T ;H1(Da))
� c, ‖R‖L∞(0,T ;H2(Da))∩H1(0,T ;H1(Da))

� c, (29)

for some constant c depending only on the data of the problem. Moreover, as w11 + w22 � 2α we also have:

‖z‖V′
r(T ) + ‖A‖V′

rv (T ) � c. (30)
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