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In this note, we prove a comparison principle for the log canonical threshold of
plurisubharmonic functions.
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r é s u m é

Dans cette note, nous démontrons un principe de comparaison pour le seuil log-canonique
des fonctions plurisousharmoniques.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let Ω be a domain in Cn and ϕ ∈ PSH(Ω). Following Demailly and Kollár [5], we introduce the log canonical threshold
of ϕ at 0:

cϕ(0) = sup
{

c > 0: e−2cϕ is L1 on a neighborhood of 0
}
.

It is an invariant of the singularity of ϕ at 0. We refer to [3,2,4–6,8] for further information about this number.
The main result is the following theorem:

Theorem 1.1. Let Ω be a domain in C
n and {Ω j}{ j�1} be a sequence of smooth domains such that Ω �Ω1 �Ω2 � . . . and

⋂∞
j=1 Ω j =

{0}. Assume that u, v ∈ PSH(Ω). If u � v on ∂Ω j for all j � 1, then cu(0) � cv(0).

2. Proof of the main result

First, we need the following lemma which follows from Proposition 1.5 and Theorem 4.2 in [5]:

Lemma 2.1. Let u ∈ PSH−(Ω). Then

lim
j→∞ cmax(u, j log ‖z‖)(0) = cu(0).
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Proof. We include a detailed proof for the reader’s convenience. In a first step, we prove the lemma in the case u =
max(log | f1|, . . . , log | f N |), where f1, . . . , f N are germs of holomorphic functions at 0. Without loss of the generality, we can
assume that the degrees of f1, . . . , f N are large enough. By Proposition 1.5 in [5], there exist a1, . . . ,aN ,b1, . . . ,bn ∈C such
that:

cmax(u, j log ‖z‖)(0) = c
log |a1 f1+···+aN f N +b1 z j

1+···+bn z j
n|(0).

On the other hand, by Theorem 2.9 in [5], we have:

∣∣c
log |a1 f1+···+aN f N +b1 z j

1+···+bn z j
n|(0) − clog |a1 f1+···+aN f N |(0)

∣∣ � c
log |b1 z j

1+···+bn z j
n|(0) = n

j
.

Therefore

cmax(u, j log ‖z‖)(0) � clog |a1 f1+···+aN f N |(0) + n

j
� cu(0) + n

j
.

This implies that:

lim
j→∞

cmax(u, j log ‖z‖)(0) = cu(0).

The final step consists of reducing the proof of the lemma to the case u = log(| f1|2 + · · · + | f N |2), with f1, . . . , f N are
germs of holomorphic functions at 0. Let Hmu(Ω) be the Hilbert space of holomorphic functions f on Ω such that∫

Ω

| f |2e−2mu dV < +∞,

and let ψm = 1
2m log

∑ |gm,k|2 where {gm,k}k�1 is an orthonormal basis of Hmu(Ω). By Theorem 4.2 in [5], there are con-
stants C1, C2 > 0 independent of m such that:

u(z) − C1

m
�ψm(z) � sup

|ζ−z|<r
u(ζ ) + 1

m
log

C2

rn
(1)

for every z ∈ Ω and r < d(z, ∂Ω) and

1

cu
− 1

m
� 1

cψm

� 1

cu
. (2)

Since max(u, j log |z|)� max(ψm, j log |z|) + C1
m , we have:

cmax(u, j log ‖z‖)(0) � cmax(ψm, j log |z|)(0), ∀ j,m � 1.

Letting j → ∞, by the first step, we get:

lim
j→∞

cmax(u, j log ‖z‖)(0)� lim
j→∞

cmax(ψm, j log |z|)(0) = cψm (0), ∀ m � 1. (3)

Thanks to (1) and (3), we obtain:

lim
j→∞

cmax(u, j log ‖z‖)(0) = cu(0). �
2.1. Proof of the main theorem

Without loss of the generality, we can assume that Ω is the unit ball. By Lemma 2.1, we only have to prove the main
theorem in the case u, v ∈ PSH ∩ L∞

loc(Ω � {0}) and u|∂Ω = v|∂Ω = 0. For each j � 1, we set:

ũ j = sup
{
ϕ ∈ PSH−(Ω): ϕ � u on Ω j

}
.

Then ũ j � u on Ω , ũ j = u on Ω j and ũ j � ũ j+1 on Ω . Set ũ = (lim j→∞ ũ j)
∗ ∈ PSH− ∩ L∞

loc(Ω � {0}). By Kolodziej’s
theorem [7], there exists φ j ∈ PSH− ∩ L∞(Ω) such that φ j |∂Ω = 0 and (ddcφ j)

n = 1Ω�Ω j+1 (ddcu)n , where 1E is the char-
acterization function of E . By the comparison principle, we get φ j ↘ φ on Ω with (ddcφ)n = 1Ω�{0}(ddcu)n . Using the
comparison principle for ũ j + φ j, u on the set Ω �Ω j+1, it follows that ũ j + φ j � u on Ω �Ω j+1. Hence ũ + φ � u. On the
other hand, from Corollary 5.7 in [1] and from

∫
{0}(ddcφ)n = 0, we get cφ(0) = 0. Thus by the Hölder inequality, we obtain

cu(0) = cũ(0).
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Similarly, we set:

ṽ j = sup
{
ϕ ∈ PSH−(Ω): ϕ � v on Ω j

}
,

and

ṽ =
(

lim
j→∞

ṽ j

)∗
.

We will prove that ũ � ṽ . Indeed, set w j = ũ j if z ∈ Ω j and w j = max(ũ j, ṽ j) if z ∈ Ω � Ω j . We have w j ∈ PSH−(Ω)

and w j = u on Ω j . By the definition of ũ j we get ũ j � w j . Hence ũ j � ṽ j on Ω � Ω j . Letting j → ∞, we get ũ � ṽ . This
implies that cu(0) � cv(0).
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