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In this Note we prove the L2 stability of a large class of finite-volume schemes
applied to hyperbolic systems of linear partial differential equations on multidimensional
unstructured meshes. This class includes nonlinear schemes that could be either explicit
or implicit. We also derive a bound on the condition number of the implicit version of the
schemes.
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r é s u m é

Dans cette Note, nous démontrons la stabilité L2 d’une grande classe de schémas volumes
finis pour la résolution des systèmes hyperboliques d’équations aux dérivées partielles
linéaires sur maillages non structurés. Cette classe inclut des schémas non linéaires, qui
peuvent être sous forme explicite ou implicite. On donne également une borne sur le
conditionnement de la version implicite des schémas.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Dans [7], on a étudié la stabilité spectrale des schémas volumes finis avec décentrement linéaire pour des systèmes
hyperboliques linéaires sur maillages non structurés. Par des arguments de symétrie des opérateurs centrés et de décen-
trement (A et D, équation (5)), le spectre de l’opérateur d’évolution M des schémas explicite et implicite a été borné, et
une classe S de schémas pour lesquels l’ensemble des puissances Mn , n ∈N est borné a été définie. Ce résultat de stabilité
spectrale est indépendant de la norme choisie, mais la borne supn∈N ‖Mn‖ dépend du maillage ainsi que du pas de temps,
et son contrôle est nécessaire pour les études de convergence. Par ailleurs, cette analyse ne s’applique que si la longueur
du pas de temps �t est constante, de sorte que l’opérateur M reste le même à chaque pas de temps n. De plus, même si
l’équation de départ est linéaire, l’utilisation de schémas non linéaires permet d’obtenir de meilleures précisions (voir par
exemple [6], chap. 16.1) et, dans ce cas encore, l’approche purement spectrale ne suffit plus, puisqu’alors M dépend de
l’inconnue Un et varie à chaque pas de temps n. On prolonge ici les résultats de [7] en étudiant la stabilité L2 de schémas
non linéaires à pas de temps variable.
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Dans le cas général d’un système linéaire symétrisable (1) et d’un schéma numérique de flux non linéaire (2), nous mon-

trons que les schémas de la classe S vérifient une propriété de stabilité forte ‖Un‖2 �
√

maxα vα
minα vα

‖U0‖2, où vα représente la

volume de la maille d’indice α (théorème 2.2). On utilise pour cela les estimations spectrales obtenues dans [7] (lemme 2.1)
et la décomposition en partie symétrique et partie antisymétrique de l’opérateur d’évolution M(�t,U). L’existence d’une
solution discrète dans le cas d’un schéma implicite non linéaire s’obtient grâce au théorème de Brouwer. L’unicité n’est
obtenue que pour des flux numériques C1 et des pas de temps suffisament petits par application du théorème des fonc-
tions implicites. On étend ainsi les résultats de stabilité de [9] au cas des décentrements quelconques, potentiellement non
linéaires.

On peut alors déduire, dans le cas des schémas linéaires à pas de temps constant, que, pour une norme quelconque
‖ · ‖, supn∈N ‖Mn‖ ne dépend que du nombre de mailles N , comme conséquence de l’équivalence des normes en dimension
finie. On obtient également une borne sur le conditionnement de M(�t,U) dans le cas implicite. On constate que le
conditionnement est en 1

�x et non en 1
�x2 , comme c’est le cas pour la méthode des éléments finis appliquée aux problèmes

elliptiques du second ordre [1].

1. Introduction

This Note is motivated by the use of implicit schemes to solve large multidimensional hyperbolic systems on unstructured
meshes with various types of flux upwinding (see the review article [2]). Even for linear problems, most of the existing
literature regarding stability and convergence issues focuses on the classical upwind scheme (see [4,9,5]). However, the use
of a different upwinding term can substantially increase the precision of the numerical scheme in many cases such as the
computation of low-Mach-number flows [3], the building of entropy fixes ([6], chap. 14.2.2), or high-resolution methods
that may result in nonlinear upwinding term ([6], chap. 16). In this paper, we address the question of the L2 stability in the
linear symmetrisable case for an abstract upwinding matrix that may depend on the unknown data.

We consider a closed d-dimensional manifold Ω , and seek for a vector field U (�x, t) ∈ R
m with �x ∈ Ω , t ∈ R

+ , satisfying
the following linear system of conservation laws:

∂U

∂t
(�x, t) + ∇.F (U )(�x, t) = 0, (1)

where Ak are m × m real matrices and F (U ) = (A1U , . . . , AdU ) is a linear flux function.
If there exists a symmetric positive definite matrix E such that E Ak is symmetric for all k, then the Cauchy problem for

system (1) is well posed in L2(Ω)m (see [8]). In the following, we will make the simplifying assumption that the matrices
Ak are symmetric and thus, for any vector �ω = (ω1, . . . ,ωd) ∈ R

d , the matrix A( �ω) = ∑d
k=1 ωk Ak will be diagonalisable with

real eigenvalues.
In order to approximate numerically the solutions of the system (1), Ω is partitioned or approximated by N polyhedral

cells Cα with measure vα > 0. Two neighbouring cells Cα and Cβ are separated by an interface fαβ with an associated
unit normal vector �ωαβ ∈ R

d oriented from Cα toward Cβ ( �ωαβ = − �ωαβ ), and a measure sαβ > 0 (sαβ = sβα ). The set of
neighbours of a cell Cα is denoted by ν(α) and the mesh is assumed to have no boundary, i.e. ∀α,

∑
β∈ν(α) sαβ �ωαβ = 0.

Using the finite-volume framework (see [6]), the discrete unknown Un
α approximates the average value of the unknown U

in the cell Cα at time tn . The n-th time step is �tn = tn+1 − tn > 0, the global unknown vector is Un = t(Un
1, . . . , Un

N ), and
the outward numerical flux from cell α to cell β is taken in the form:

Fαβ = 1

2

(
F (Uα) + F (Uβ)

) �ωαβ + Dαβ(U)
Uα − Uβ

2
, (2)

where Dαβ = Dβα is a symmetric matrix defined at each interface fαβ and assumed to depend on U . Typical examples are
D = |A( �ωαβ)|, the matrix absolute value for the classical upwind scheme, and D = 0 for the centred scheme.

Assuming the initial data U 0
α , α = 1, . . . , N are known, and using the numerical flux function (2), (1) can be discretized

in conservative form with either of the implicit (3) or an explicit (4) schemes:

Un+1
α − Un

α

�tn
− 1

vα

∑
β∈ν(α)

sαβ A−
αβ

(
Un+1)(Un+1

α − Un+1
β

) = 0, (3)

Un+1
α − Un

α

�tn
− 1

vα

∑
β∈ν(α)

sαβ A−
αβ

(
Un)(Un

α − Un
β

) = 0, (4)

where A−
αβ(U) = 1

2 (A( �ωαβ) − Dαβ(U)).
In order to study the stability of schemes (3) and (4), we introduce Ik the size k identity matrix, the maximal spectral

radii ρA = max fαβ
{ρ(Aαβ)} and ρD(U) = max fαβ

{ρ(Dαβ(U))}, the characteristic length �x = minα{ vα
sα

}, V the diagonal

matrix made of the N diagonal blocks vα
�x Im , α = 1, . . . , N , and A and D(U) the block matrices made of the N2 blocks Aαβ

and Dαβ(U),
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Aαβ =
⎧⎨
⎩

0 if β /∈ ν(α) ∪ {α},
sαβ A( �ωαβ) if β ∈ ν(α),

0 if α = β,

Dαβ(U) =
⎧⎨
⎩

0 if β /∈ ν(α) ∪ {α},
−sαβ Dαβ(U) if β ∈ ν(α),∑

γ ∈ν(α) sαγ Dαγ (U) if α = β.

(5)

We define M(U) = 1
2 (A+D(U)), rewrite the explicit scheme (4) as

V
1
2 Un+1 = Mexpl

(
�tn,Un)

V
1
2 Un with Mexpl(�t,U) = ImN − �t

�x V
− 1

2 M(U)V− 1
2

and the implicit scheme (3) as

Mimpl
(
�tn,Un+1)V 1

2 Un+1 = V
1
2 Un with Mimpl(�t,U) = ImN + �t

�xV
− 1

2 M(U)V− 1
2 .

We define the class S of schemes (3) and (4) such that Dαβ(U) has positive eigenvalues, with the extra conditions for
explicit schemes that ∃r > 0 s.t. ∀ fαβ , ∀U ∈R

mN |A( �ωαβ)| � rDαβ(U) and ∀n ∈N, ρD(Un)�tn
�x � 2

1+r2 . For linear schemes (M
independent of U ) with constant time steps �t , it is proven in [7] that schemes of the class S are spectrally stable (Mn

expl,

and M−n
impl, n ∈ N are bounded sequences). The important remark is that in the general case of nonlinear fluxes (2) and

variable time steps �tn , A is antisymmetric and D(U) is symmetric. This enables us to obtain bounds on Mimpl(�t,U) and
Mexpl(�t,U) (Lemma 2.1), from which we deduce the L2 stability of schemes of the class S (Theorem 2.2). Unfortunately,
this approach does not extend to nonlinear hyperbolic systems because, in that case, A depends on U and is not necessarily
antisymmetric. We finally derive a bound on the condition number of the implicit schemes of the class S (Theorem 3.1).

2. Stability theorem

Lemma 2.1. Assume ∀k = 1, . . . ,d, Ak is symmetric and ∀ fαβ , ∀U ∈ R
mN , Dαβ(U) is symmetric semi-definite positive. For any time

step �t ∈ R+ and vector U ∈R
mN , we have:

1 �
∣∣∣∣∣∣Mimpl(�t,U)

∣∣∣∣∣∣
2 � 1 + �t

�x

(
ρD(U) + 1

2
ρA

)
. (6)

Assume further that ∃r > 0 s.t. ∀ fαβ , ∀U ∈ R
mN , |A( �ωαβ)| � rDαβ(U) and ρD(U) �t

�x � ( 2
r+1 )2 , then:

∣∣∣∣∣∣Mexpl(�t,U)
∣∣∣∣∣∣

2 � 1. (7)

Proof. Let �t ∈R+ and U ∈ R
mN be fixed. In the following proof, for the sake of readability, we skip the dependency of the

matrices M, D, ρD , Dαβ , A−
αβ , Mimpl and Mexpl on U and possibly �t .

V− 1
2 tMVMV− 1

2 is a symmetric positive matrix and as ∀ fαβ , Dαβ � 0, V− 1
2 DV− 1

2 is also symmetric semi-definite
positive (Lemma 2.1 in [7]). Hence, from:

t
(
ImN + �t

�x
V− 1

2 MV− 1
2

)(
ImN + �t

�x
V− 1

2 MV− 1
2

)
= ImN + 2

�t

�x
V− 1

2 DV− 1
2 +

(
�t

�x

)2

V− 1
2 tMVMV− 1

2 ,

we obtain |||Mimpl|||2 � 1. Now |||Mimpl|||2 � |||ImN |||2 + �t
�x (|||V− 1

2 DV− 1
2 |||2 + |||V− 1

2 AV− 1
2 |||2) and from |||V− 1

2 DV− 1
2 |||2 = ρD

and |||V− 1
2 AV− 1

2 |||2 = 1
2 ρA (Lemma 2.2 in [7]), we obtain the upper bound in (6). In order to obtain (7), we compute:

t
(
ImN − �t

�x
V− 1

2 MV− 1
2

)(
ImN − �t

�x
V− 1

2 MV− 1
2

)
= ImN − 2

�t

�x
V− 1

2 DV− 1
2 +

(
�t

�x

)2

V− 1
2 tMV−1MV− 1

2 .

In order to bound the right-hand side, given a vector W = (W1, . . . , W N ) ∈R
mN , we compute:

tWtMV−1MW =
∑
α

�x

vα

∥∥∥∥ ∑
β∈ν(α)

sαβ A−
αβ(Wα − Wβ)

∥∥∥∥
2

2
,

= �x
∑
α

s2
α

vα

∥∥∥∥ ∑
β∈ν(α)

sαβ

sα
A−

αβ(Wα − Wβ)

∥∥∥∥
2

2
.

From the convexity of U → ‖U‖2, we obtain:
2



710 M. Ndjinga / C. R. Acad. Sci. Paris, Ser. I 351 (2013) 707–711
tWtMV−1MW � �x
∑
α

s2
α

vα

∑
β∈ν(α)

sαβ

sα

∥∥A−
αβ(Wα − Wβ)

∥∥2
2

�
(

r + 1

2

)2

ρD�x
∑
α

sα
vα

∑
β∈ν(α)

sαβ
t(Wα − Wβ)Dαβ(Wα − Wβ)

=
(

r + 1

2

)2

ρD�x
∑
fαβ

sαβ

(
sα
vα

+ sβ

vβ

)
t(Wα − Wβ)Dαβ(Wα − Wβ)

� 2

(
r + 1

2

)2

ρD
tWDW,

where we used the bounds |A−
αβ | � r+1

2 Dαβ , Dαβ � ρDIm , and sα
vα

+ sβ
vβ

� 2
�x . We conclude that the second inequality is

true, provided ρD
�t
�x � ( 2

r+1 )2. �
Theorem 2.2 (L2 stability). Assume ∀k = 1, . . . ,d, Ak is symmetric and ∀ fαβ , ∀U ∈R

mN , Dαβ(U) is symmetric semi-definite positive.
For any initial data U0 ∈ R

mN and any sequence (�tn)n∈N of positive time steps, there exists a discrete solution to both the implicit

(3) and the explicit (4) schemes that satisfies ‖V 1
2 Un+1‖2 � ‖V 1

2 Un‖2 , provided in the explicit case that ∀n ∈ N, ρD(Un)�tn
�x �

( 2
r+1 )2 , for r > 0 such that ∀ fαβ , ∀U ∈ R

mN , |A( �ωαβ)| � rDαβ(U). Consequently,

∥∥Un
∥∥

2 �
√

maxα vα

minα vα

∥∥U0
∥∥

2.

There exist such bounded discrete solutions with tn → +∞ provided in the explicit case that ∀ fαβ , Dαβ(U) is bounded on any compact
subset of RmN .

If furthermore the matrices Dαβ(U) are C1 functions of U and �tn is sufficiently small, then the implicit solution Un+1 to (3) is
unique.

Proof. The explicit case. Given a sequence (�tn)n∈N of positive time steps, the existence of a discrete solution to (4) is

obvious as V 1
2 Un+1 = Mexpl(�tn,Un)V 1

2 Un involves a finite number of algebraic operations. With the assumption that
∀n ∈ N, ρD(Un)�tn

�x � ( 2
r+1 )2 we have, from Lemma 2.1:

∥∥V 1
2 Un

∥∥
2 =

∥∥∥∥∥
(

n−1∏
k=0

V− 1
2 Mexpl

(
�tk,Uk))V

1
2 U0

∥∥∥∥∥
2

�
(

n−1∏
k=0

∣∣∣∣∣∣Mexpl
(
�tk,Uk)∣∣∣∣∣∣

2

)∥∥V 1
2 U0

∥∥
2

�
∥∥V 1

2 U0
∥∥

2.

Now as Un is bounded, if Dαβ(U) is bounded on any compact set, then ρD is bounded, and thus the maximal time step
�x

ρD (Un)
( 2

r+1 )2 has a non-zero lower bound. It is therefore possible to construct a bounded discrete explicit solution such that
tn → +∞.

The implicit case. In the implicit case, we need to prove for any Un ∈ R
mN and �tn > 0 the existence of Un+1 such that

V 1
2 Un+1 = Mimpl(�tn,Un+1)−1V 1

2 Un . Consider B(0,‖V 1
2 Un‖) the ball of centre 0 and radius ‖V 1

2 Un‖. From Brouwer’s
fixed point theorem, the continuous function:

B
(
0,

∥∥V 1
2 Un

∥∥
2

) → B
(
0,

∥∥V 1
2 Un

∥∥
2

)
U → V− 1

2 Mimpl(�tn,U)−1V
1
2 Un (8)

has a fixed point that defines Un+1. For the stability of the scheme, we use again Lemma 2.1:

∥∥V 1
2 Un

∥∥
2 =

∥∥∥∥∥
(

n∏
k=1

Mimpl
(
�tk,Uk)−1

)
V

1
2 U0

∥∥∥∥∥
2

�
(

n−1∏
k=0

∣∣∣∣∣∣Mimpl
(
�tk,Uk)−1∣∣∣∣∣∣

2

)∥∥V 1
2 U0

∥∥
2

�
∥∥V 1

2 U0
∥∥ .
2
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As there is no restriction on the size of the time step, it is possible to construct a bounded discrete implicit solution such
that tn → +∞.

Finally, assuming that the matrices Dαβ(U) are C1 functions, for a given Un the C1 function:

f : (�t,U) → Mimpl(�t,U)V
1
2 U − V

1
2 Un

satisfies f (0,Un) = 0 and its derivative with regard to U at (0,Un) is the identity matrix. From the implicit function
theorem, there is a time T > 0 and an open neighbourhood O of Un such that, for any �t < T , f (�t,U) = 0 has a unique
solution in O. Hence the uniqueness of Un+1 for �tn small enough. �
Remark 1. If the mesh is structured, the schemes (3) and (4) are consistent with the original system (1). Besides, if the
numerical flux (1) is taken linear (Dαβ independent of U ), then under the hypothesis of Theorem 2.2, the schemes (3) and
(4) are stable and therefore convergent (Lax equivalence theorem) for differentiable initial data.

3. Condition number of the implicit matrix

Picard iterations are often used to solve the implicit system of Eqs. (3) (see for instance [3]). For a fast resolution of each
linear system, an iterative solver can be used and the calculation time and precision depend on the condition number of

the matrices V− 1
2 Mimpl(�t,U)V 1

2 . Finite-element methods applied to a second-order elliptic problem are known to have
a condition number in O ( 1

�x2 ) [1]. However, from Lemma 2.1 we deduce that implicit finite-volume methods for first-order

hyperbolic problems have a conditioning in O ( 1
�x ), as stated in the following theorem.

Theorem 3.1 (Condition number of the implicit schemes). Assume ∀k = 1, . . . ,d, Ak is symmetric and ∀U ∈ R
mN , ∀ fαβ , Dαβ(U) is

symmetric semi-definite positive.

The condition number K of the matrix V− 1
2 Mimpl(�t,U)V 1

2 associated with the implicit scheme (3) can be bounded in the
following way:

K�
(

1 + �t

�x

(
ρD(U) + 1

2
ρA

))
maxα vα

minα vα
.
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