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Based on the entropy formula for the Gauss curvature flow introduced by Bennett Chow,
we define an entropy functional that is monotone along the unnormalized flow and whose
critical point is a shrinking self-similar solution.
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r é s u m é

À partir de la formule d’entropie introduite par Bennett Chow pour le flot de la courbure
de Gauss, nous définissons une entropie qui est monotone le long du flot non normalisé,
et dont le point critique est une solution auto-similaire contractante.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and the main theorem

Entropy formulas are powerful tools to study geometric flows. One famous example is Perelman’s W entropy functional
for the Ricci flow [6]. Prior to Perelman’s entropy, Hamilton had applied an entropy formula to study Ricci flow on closed
surfaces with positive curvature [4]. While there seemed to be no obvious relationship between these two entropy formulas,
recently the first author was able to define a new entropy formula relating them [3].

For the Gauss curvature flow, similar to Hamilton’s surface entropy, there is an entropy functional studied by Chow [1]
and Hamilton [5].

Let M be a hypersurface parameterized by a map F : Mn → R
n+1. The Gauss curvature flow of M is given by:{

∂ F (x, t)

∂t
= −K (x, t)ν(x, t)

F (x,0) = F0(x)
(1.1)

where K denotes the Gaussian curvature, ν denotes the outward unit normal vector field, and F0 parameterizes the initial
surface.

Throughout this paper, we assume that F0(M) is convex, and thus F (M, t) remains convex along (1.1). The volume
normalized Gauss curvature flow is:
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∂ F (x, t)

∂t
= −(

K (x, t) − u(x, t)
)
ν(x, t) (1.2)

where u(x, t) = 〈F (x, t), ν(x, t)〉 is the supporting function.
Chow studied the following entropy functional

N =
∫
M

K log K dμ (1.3)

and proved that (1.3) is monotone along the normalized Gauss curvature flow (1.2). Recently, a new entropy was defined by
Guan and Ni [2]; their entropy is monotone along the normalized flow.

On the other hand, for the unnormalized flow (1.1) which shrinks the convex hypersurface to a point, the model case is
a shrinking self-similar solution.

In view of Perelman’s W entropy, which is monotone along the unnormalized Ricci flow and whose critical point is a
shrinking soliton, we are interested in searching for an entropy that is monotone along the unnormalized flow and whose
critical point is a shrinking self-similar solution. In this paper, we define such an entropy.

We use the same notation as in [1]. Let:

Pij = ∇i∇ j K − h−1
k�

∇khij∇�K + Kh2
i j

and P be its trace with respect to the second fundamental form, namely P = h−1
i j P i j .

The main result of this short note is the following theorem.

Theorem 1.1. Let Mn be a compact evolving hypersurface of R
n+1 . Suppose that the Gauss curvature satisfies K > 0 and let τ > 0.

We define:

W �
∫
M

(
τ P − (n + 1) log K − n logτ

)
K dμ. (1.4)

If τ satisfies:

dτ

dt
= −(n + 1) (1.5)

and M is a convex hypersurface evolving according to the Gauss curvature flow (1.1), then

dW
dt

= τ

∫
M

(∣∣∣∣Pij − 1

τ
hij

∣∣∣∣
2

h
+

(
P − n

τ

)2)
K dμ. (1.6)

In particular, W is monotone increasing along (1.1), and the monotonicity is strict unless the solution satisfies:

Pij − 1

τ
hij = 0. (1.7)

2. An example and proof of the theorem

2.1. Entropy on a canonical shrinking sphere

Before proving the main theorem, we compute the entropy W on a shrinking sphere as a solution to the Gauss curva-
ture flow.

Suppose that Mn is a shrinking sphere of radius r(t). Then the Riemannian metric is given by g(t) = r2(t)g0 where g0 is
the standard sphere of radius 1. The second fundamental form is given by h(t) = r(t)g0 = g(t)/r(t), and the Gauss curvature
by K (t) = r−n . Thus, when Mn evolves along the Gauss curvature flow (1.1), we have:

dr(t)

dt
= − 1

rn(t)

and r(t) = (1 − (n + 1)t)1/(n+1) = τ 1/(n+1) . Furthermore, we have K = τ−n/(n+1) . By definition, we get Pij = τ−1hij and
P = n/τ . Thus, on a canonical shrinking sphere solution to the Gaussian curvature flow, the entropy is given by:

W = nσn

where σn denotes the volume of the sphere of radius 1.
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2.2. Proof of Theorem 1.1

Recall that in [1] it has been shown that:

dN
dt

=
∫
M

P K dμ

and

d2N
dt2

=
∫
M

(|Pij|2h + P 2)K dμ. (2.8)

Starting from (2.8), we have:

d2N
dt2

=
∫
M

(|Pij|2h + P 2)K dμ

=
∫
M

(∣∣∣∣Pij − 1

τ
hij

∣∣∣∣
2

h
+ 2

τ
〈hij, Pij〉h − 1

τ 2
|hij|2h

)
K dμ +

∫
M

((
P − n

τ

)2

+ 2n

τ
P − n2

τ 2

)
K dμ

=
∫
M

(∣∣∣∣Pij − 1

τ
hij

∣∣∣∣
2

h
+ 2

τ
P − n

τ 2

)
K dμ +

∫
M

((
P − n

τ

)2

+ 2n

τ
P − n2

τ 2

)
K dμ

=
∫
M

(∣∣∣∣Pij − 1

τ
hij

∣∣∣∣
2

h
+

(
P − n

τ

)2)
K dμ + 2(n + 1)

τ

∫
M

P K dμ − n + n2

τ 2

∫
M

K dμ

and this can be rewritten as:∫
M

(∣∣∣∣Pij − 1

τ
hij

∣∣∣∣
2

h
+

(
P − n

τ

)2)
K dμ = d2N

dt2
− 2(n + 1)

τ

dN
dt

+ n(n + 1)

τ 2

∫
M

K dμ.

Noting that
∫

M K dμ stays constant along the Gauss curvature flow, and using dτ/dt = −(n + 1), we rewrite the right-hand
side of the above equation as:

d2N
dt2

− 2(n + 1)

τ

dN
dt

+ n(n + 1)

τ 2

∫
M

K dμ = 1

τ

d

dt

(
τ

dN
dt

− (n + 1)N − n logτ

∫
M

K dμ

)

and moreover we arrive at:

d

dt

(
τ

dN
dt

− (n + 1)N − n logτ

∫
M

K dμ

)
= τ

∫
M

(∣∣∣∣Pij − 1

τ
hij

∣∣∣∣
2

h
+

(
P − n

τ

)2)
K dμ.

The above computations suggest to define:

W = τ
dN
dt

− (n + 1)N − n logτ

∫
M

K dμ

as in (1.4). Then (1.6) holds and this completes the proof of the theorem.
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