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In this Note, we show how the analogue of the classical space H(div, ·) can be defined
on a surface. We then establish several properties of this space, notably the existence of a
basic Green’s formula satisfied by its elements. These results are then used for identifying
Donati-like compatibility conditions on a surface.
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r é s u m é

Dans cette Note, on montre comment définir l’analogue de l’espace classique H(div, ·) sur
une surface. On établit ensuite diverses propriétés de cet espace, en particulier l’existence
d’une formule de Green fondamentale satisfaite par ses éléments. Ces résultats sont ensuite
utilisés pour identifier des conditions de compatibilité du type de Donati sur une surface.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In the Note [5], we showed how ad hoc Green’s formulas with little regularity on a surface, combined with Banach closed
range theorem, could be used for identifying Donati-like compatibility conditions on a surface. Such conditions guarantee
that the components of two symmetric matrix fields (cαβ) and (rαβ) with cαβ and rαβ in the space L2(ω), where ω is a
domain in R

2, are the covariant components of the linearized change of metric and linearized change of curvature tensors
associated with a displacement vector field of a surface θ(ω), where θ : ω →R

3 is a smooth immersion.
However, the displacement vector fields found in this approach satisfy either a homogeneous Dirichlet boundary condi-

tion, or a homogeneous Neumann boundary condition, on the entire boundary. In this Note, we use a completely different
approach, essentially based on the “surface analogue” (cf. Section 2) of the classical space H(div;Ω), where Ω is an open
subset of Rn (cf. Section 2.2 in Chapter 2 of Girault and Raviart [9] or Section 3.1 in Chapter 3 of Brezzi and Fortin [3]).

This approach is in a sense more general, as it produces displacement fields that may satisfy a homogeneous Dirichlet
boundary condition only on a portion of the boundary (Theorem 3.1).

The notations and the geometrical preliminaries are the same as in the Note [5] and, for this reason, will not be repeated
here.
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Note that, in what follows, it is implicitly understood that, given a domain ω ⊂ R
2 and an immersion θ ∈ C3(ω;R3), func-

tions such as (for instance) bα
σ , tαβ |β,Γ σ

αβ , etc., denote the mixed components of the second fundamental form, the covariant
derivatives of a doubly contravariant tensor, the Christoffel symbols, etc., associated with the immersion θ .

Complete proofs, and applications to intrinsic shell theory, will be found in [4].

2. The “surface analogue” of the space H(div;·)

Let there be given a domain ω in R
2 and an immersion θ ∈ C2(ω;R3). The “surface analogue” of the classical space

H(div; ·) is defined as:

H(d;ω) := {
(n,m) ∈ L

2(ω) ×L
2(ω); d(n,m) ∈ L2(ω)

}
, (1)

where d(n,m) := (di(n,m)) and the distributions di(n,m) are defined as:

dα(n,m) := (
nαβ + bα

σ mσβ
)∣∣

β
+ bα

σ

(
mβσ

∣∣
β

)
, d3(n,m) := −mαβ |αβ + bσ

αbσβmαβ + bαβnαβ. (2)

Naturally, the relation “d(n,m) ∈ L2(ω)” appearing in the definition of the space H(d;ω) is to be interpreted in the sense
of distributions: It means that, for each (n,m) ∈H(d;ω), there exist vector fields di(n,m) ∈ L2(ω) such that∫

ω

(
γαβ(ϕ)nαβ + ραβ(ϕ)mαβ

)√
a dy +

∫
ω

ϕid
i(n,m)

√
a dy = 0 for all ϕ = (ϕi) ∈ D(ω),

where, for any smooth enough field η = (ηi),

γαβ(η) := 1

2
(ηα|β + ηβ|α) − bαβη3,

ραβ(η) := η3|αβ − bσ
αbσβη3 + (

bσ
α

)
ησ |β + (

bτ
β

)
ητ |α + (

bτ
β|α

)
ητ ,

denote the covariant components of the linearized change of metric, and linearized change of curvature, tensors associated with
a displacement field ηiai of the surface θ(ω).

The space H(d;ω) is naturally equipped with the norm defined for each (n,m) ∈ H(d;ω) by:
∥∥(n,m)

∥∥
H(d;ω)

:= (∥∥(n,m)
∥∥2
L2(ω)×L2(ω)

+ ∥∥d(n,m)
∥∥2

L2(ω)

)1/2
,

which clearly makes it a Hilbert space. We now extend the properties established in Theorems 2.4 and 2.5 of Chapter 1 of
Girault and Raviart [9] for the “classical” space H(div; ·) to the space H(d;ω). Note that, if the principles of the proofs are
analogues to those of [9], substantial additional technical difficulties arise that are due to the “geometry” of the surface.

To begin with, we show that smooth fields are dense in this space.

Theorem 2.1. Let there be given a domain ω in R
2 and an immersion θ ∈ C3(ω;R3). Then the space C∞(ω)×C

∞(ω) is dense in the
space (H(d;ω),‖ · ‖H(d,ω)).

Sketch of proof. It suffices to show that any functional � ∈ (H(d;ω),‖ · ‖H(d;ω))
′ that vanishes on C

∞(ω) × C
∞(ω) also

vanishes on H(d;ω). By the Riesz representation theorem, given any functional � ∈ (H(d;ω),‖ · ‖H(d;ω))
′ , there exist (s, r) =

((sαβ), (rαβ)) ∈ L
2(ω) ×L

2(ω) and ξ = (ξi) = d(s, r) ∈ L2(ω) such that:

�(n,m) =
∫
ω

(
sαβnαβ + rαβmαβ

)√
a dy +

∫
ω

ξid
i(n,m)

√
a dy

for all (n,m) = ((nαβ), (mαβ)) ∈ H(d,ω). Then one first shows that the assumption that the functional � vanishes on
C

∞(ω) ×C
∞(ω) implies that:

(s, r) = (
γ (ξ),ρ(ξ)

)
and ξ = (

(ξα), ξ3
) ∈ H 1

0(ω) × H2
0(ω).

To this end, one combines the fundamental Green’s formula of Theorem 2.1 in the Note [5], an extension theorem of
[6], and the infinitesimal rigid displacement lemma of a surface of Bernadou and Ciarlet [1] (see also Bernadou, Ciarlet and
Miara [2]).

Given a functional � ∈ (H(d;ω),‖ · ‖H(d;ω))
′ such that � = 0 on C

∞(ω) × C∞(ω), there thus exists a vector field ξ =
((ξα), ξ3) ∈ H 1

0(ω) × H2
0(ω) such that:

�(n,m) =
∫
ω

(
γαβ(ξ)nαβ + ραβ(ξ)mαβ

)√
a dy +

∫
ω

ξid
i(n,m)

√
a dy

for all (n,m) ∈ H(d;ω). Using a simple density argument, one then shows that �(n,m) = 0 for all (n,m) ∈H(d;ω). �



P.G. Ciarlet, O. Iosifescu / C. R. Acad. Sci. Paris, Ser. I 351 (2013) 943–947 945
We next show that a specific Green’s formula holds in the space H(d;ω) defined in (1).

Theorem 2.2. Let there be given a domain ω in R
2 with a boundary γ of class C1,1 and an immersion θ ∈ C3(ω;R3).

(a) Let the boundary operator b be defined for each (n,m) ∈C
∞(ω) ×C

∞(ω) by:

b(n,m) := ((
bα(n,m)

)
,b3(n,m),bν(n,m)

)
,

where:

bα(n,m) := (
nαβ + 2bα

σ mαβ
)
νβ, b3(n,m) := −mαβ |βνα − ∂τ

(
mαβνατβ

)
, bν(n,m) := mαβνανβ. (3)

Then the linear operator

(n,m) ∈ (
C

∞(ω) ×C
∞(ω); ‖ · ‖H(d;ω)

) → b(n,m) ∈ H−1/2(γ ) × H−3/2(γ ) × H−1/2(γ )

is continuous. Consequently, there exists a unique continuous linear extension of this operator (denoted for convenience by the same
symbol):

b : (H(d;ω),‖ · ‖H(d;ω)

) → H−1/2(γ ) × H−3/2(γ ) × H−1/2(γ ).

(b) The following Greens’s formula in the space H(d;ω) holds:
∫
ω

(
nαβγαβ(η) + mαβραβ(η)

)√
a dy +

∫
ω

di(n,m)ηi
√

a dy

= H−1/2(γ )

〈
bα(n,m),

√
aηα

〉
H1/2(γ )

+ H−3/2(γ )

〈
b3(n,m),

√
aη3

〉
H3/2(γ )

+ H−1/2(γ )

〈
bν(n,m),

√
a∂νη3

〉
H1/2(γ )

(4)

for all (n,m) = ((nαβ), (mαβ)) ∈H(d;ω) and all η = (ηi) = ((ηα),η3) ∈ H 1(ω) × H2(ω).

Sketch of proof. Let

〈
b(n,m),η

〉
γ

: = H−1/2(γ )

〈
bα(n,m),

√
aηα

〉
H1/2(γ )

+ H−3/2(γ )

〈
b3(n,m),

√
aη3

〉
H3/2(γ )

+ H−1/2(γ )

〈
bν(n,m),

√
a∂νη3

〉
H1/2(γ )

, (5)

for all (n,m) ∈ H(d;ω) and all η = ((ηα),η3) ∈ H 1(ω) × H2(ω), and

H(γ ) := H1/2(γ ) × H1/2(γ ) × H3/2(γ ) × H1/2(γ ),

H(γ )′ := H−1/2(γ ) × H−1/2(γ ) × H−3/2(γ ) × H−1/2(γ ).

Using the fundamental Green’s formula of Theorem 2.1 in [5], and Theorem 1.6 in Chapter 1 of Girault and Raviart [9], one
then shows that there exists a constant C such that, for each (n,m) ∈C

∞(ω) ×C
∞(ω),

∥∥b(n,m)
∥∥

H(γ )′ = sup{μ∈H(γ )
μ	=0

|〈b(n,m),μ〉γ |
‖μ‖H(γ )

� C
∥∥(n,m)

∥∥
H(d;ω)

.

Since the space C
∞(ω)×C

∞(ω) is dense in H(d;ω) (Theorem 2.1), the space H(γ )′ is complete, and the linear operator

b : (C∞(ω) ×C
∞(ω),‖ · ‖H(d;ω)

) → H(γ )′

is continuous (as shown above), this operator has a unique continuous linear extension to the space H(d,ω). A density
argument then shows that the announced Green’s formula in the space H(d;ω) holds. �
3. Application to Donati compatibility conditions on a surface

As a corollary to Theorem 2.2, we now identify and justify Donati compatibility conditions that are necessary and sufficient
for recovering from its linearized change of metric and change of curvature tensors a displacement field that may satisfy a
homogeneous Dirichlet boundary condition only on a portion of the boundary.
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Theorem 3.1. Let there be given a domain ω in R
2 with a boundary γ of class C1,1 and an immersion θ ∈ C3(ω;R3), let γ0 be a

dγ -measurable subset of γ such that

dγ -meas γ0 > 0,

and let there be given two tensor fields c = (cαβ) ∈ L
2(ω) and r = (rαβ) ∈ L

2(ω). Then there exists a vector field:

ζ = (
(ζα), ζ3

) ∈ Hγ0(ω) := {(
(ηα),η3

) ∈ H 1(ω) × H2(ω); ηi = ∂μη3 = 0 on γ0
}

such that:

γαβ(ζ ) = cαβ and ραβ(ζ ) = rαβ in L2(ω),

if and only if :∫
ω

(
nαβcαβ + mαβrαβ

)√
a dy = 0 for all (n,m) = ((

nαβ
)
,
(
mαβ

)) ∈ Y(ω),

where:

Y(ω) := {
(n,m) ∈ L

2(ω) ×L
2(ω); d(n,m) = (

di(n,m)
) = 0 in D′(ω)

and
〈
b(n,m),η

〉
γ

= 0 for all η ∈ Hγ0(ω)
}
,

the distributions di(n,m), the boundary operator b, and the duality bracket 〈b(n,m),η〉γ being defined as in (2), (3), and (5), respec-
tively.

If this is the case, such a vector field ζ ∈ Hγ0 (ω) is unique.

Sketch of proof. The proof of the “only if” part is a straightforward application of the Green’s formula (4) in the space H(d,ω)

(Theorem 2.2).
The idea of the proof of the “if” part is the following: Define the subspace:

X(ω) := {(
γ (η),ρ(η)

) ∈ L
2(ω) ×L

2(ω); η ∈ Hγ0(ω)
}

of the space L
2(ω) × L

2(ω), considered here and subsequently as equipped with the inner product defined by (with self-
explanatory notation):

〈
(n,m), (c, r)

〉 =
∫
ω

(
nαβcαβ + mαβrαβ

)√
a dy.

The proof then consists in showing that:

X(ω) = Y(ω)⊥ := {
(c, r) ∈ L

2(ω) ×L
2(ω); 〈

(n,m), (c, r)
〉 = 0 for all (n,m) ∈Y

}
,

since the equality X(ω) = Y(ω)⊥ is exactly what the “if” part asserts.
To this end, one first shows that the space X(ω) is a closed subspace of the space L

2(ω) × L
2(ω), as a consequence of the

Korn’s inequality on a surface of [1] (see also [2]).
The equality Y(ω) = X(ω)⊥ then follows from the Green’s formula (4) in the space H(d,ω) (Theorem 2.2).
Since the equality Y(ω) = X(ω)⊥ holds, and since the space X(ω) is closed, the equality X(ω) = Y(ω)⊥ also holds. This

establishes the “if” part.
The announced uniqueness of the vector field ζ ∈ Hγ0 (ω) follows from the assumption that dγ -meas γ0 > 0. �
Note that the Donati compatibility conditions of Theorem 3.1 may be viewed as extensions to surfaces of the “three-

dimensional” compatibility conditions of Geymonat and Suquet [8] and Geymonat and Krasucki [7].
In the special case where γ0 = γ , the space Y(ω) reduces to the space

{
(n,m) ∈ L

2(ω) ×L
2(ω); d(n,m) = 0 in D′(ω)

}
,

since it is clear in this case that
〈
b(n,m),η

〉
γ

= 0 for all η = (
(ηα),η3

) ∈ H 1
0(ω)H2

0(ω).

Therefore, when γ0 = γ , the necessary and sufficient condition of Theorem 3.1 is the same as that already found in Theo-
rem 4.1 of [5] by means of a completely different approach.

As another corollary to Theorem 2.2, one can also identify and justify Donati compatibility conditions that are necessary
and sufficient for recovering from its linearized change of metric and change of curvature tensors a displacement field that
satisfies a homogeneous Neumann boundary condition on the entire boundary; cf. [4]. Note that the Donati conditions found in
this fashion are different from those found in this case in Theorem 3.2 of [5], however.



P.G. Ciarlet, O. Iosifescu / C. R. Acad. Sci. Paris, Ser. I 351 (2013) 943–947 947
Acknowledgements

This work was partially supported by a grant from the Research Grants Council of the Hong Kong Special Administrative
Region, China [Project No. 9041738-CityU 100612].

References

[1] M. Bernadou, P.G. Ciarlet, Sur l’ellipticité du modèle linéaire de coques de W.T. Koiter, in: R. Glowinski, J.-L. Lions (Eds.), Computing Methods in Applied
Sciences and Engineering, Springer, 1976, pp. 89–136.

[2] M. Bernadou, P.G. Ciarlet, B. Miara, Existence theorems for two-dimensional linear shell theories, J. Elast. 34 (1994) 111–138.
[3] F. Brezzi, M. Fortin, Mixed and Hybrid Finite Element Methods, Springer, 1991.
[4] P.G. Ciarlet, O. Iosifescu, Donati compatibility conditions on a surface – Application to shell theory, J. Math. Pures Appl. (2014), in press.
[5] P.G. Ciarlet, O. Iosifescu, Green’s formulas with little regularity on a surface – Application to Donati-like compatibility conditions on a surface, C. R.

Acad. Sci. Paris, Ser. I 351 (21–22) (2013) 853–858.
[6] P.G. Ciarlet, C. Mardare, Intrinsic formulation of the displacement-traction problem in linearized elasticity, Math. Models Methods Appl. Sci. (2014), in

press.
[7] G. Geymonat, F. Krasucki, Some remarks on the compatibility conditions in elasticity, Accad. Naz. Sci. XL Mem. Math. Appl. 29 (2005) 175–182.
[8] G. Geymonat, P. Suquet, Functional spaces for Norton–Hoff materials, Math. Methods Appl. Sci. 8 (1986) 206–222.
[9] V. Girault, P.A. Raviart, Finite Element Methods for Navier–Stokes Equations. Theory and Algorithms, Springer-Verlag, Berlin, 1986.

http://refhub.elsevier.com/S1631-073X(13)00267-7/bib4243s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib4243s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib42434Ds1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib42722D466Fs1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib5047432D4F49s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib5047432D4F492D43524153s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib5047432D4F492D43524153s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib5047432D434D2D7461s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib5047432D434D2D7461s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib4765792D4B7261s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib4765792D5375s1
http://refhub.elsevier.com/S1631-073X(13)00267-7/bib47692D5261s1

	The space H(div, ·) on a surface - Application to Donati-like compatibility conditions on a surface
	1 Introduction
	2 The "surface analogue" of the space H (div; ·)
	3 Application to Donati compatibility conditions on a surface
	Acknowledgements
	References


