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Dans cette Note, nous étudions une classe de systémes elliptiques de gradient de résonance
et obtenons une infinité de solutions non triviales en utilisant la théorie des points
critiques.

© 2014 Published by Elsevier Masson SAS on behalf of Académie des sciences.

1. Introduction and main results

We consider the following elliptic system

—Au=Au+év+ f(x,u,v), ing2,
—Av=%u+yv+gkxu,v), inf, (P)
u=v=0, onds2,

where £ is a bounded smooth domain in RN (N >3) and A, §, y € R. The nonlinearities (f, g) are the gradient of some
function, that is, there exists a function F € C1(£2 x R, R) such that VF = (f, g). The system goes into resonance if the
following conditions holds:

(V) o(A*)No(=A)#9,

where
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A=<5 y), a(A)_{g,g}_{ S ( 5 )+52}

denotes the spectrum of the matrix A* and 0 (—=A) ={A\x:k=1,2,--- and 0 < A1 < Ay < ---} denotes the eigenvalues of
the Laplacian on £2 with zero boundary conditions.

A vast literature on the study of the existence and multiplicity of solutions for resonance elliptic systems via the critical
point theory has grown since Costa and Magalhdes published their paper [6]; see [5,11-15,17] and the references therein.
In [6], Costa and Magalhdes consider subquadratic perturbations of semilinear elliptic systems that are in variational form.
Later, Zou [14] presented two different theorems. If VF is not odd, is sublinear and satisfies certain assumptions at infinity
(and near the origin), classical linking theorems with the Cerami compactness condition can be used to prove the existence
of at least one (nontrivial) solution to (7). Furthermore, if the nonlinear term VF is odd and (P) is a strongly resonant
problem, one can obtain solutions under suitable hypotheses on F and by using a multiplicity theorem due to Fei [7].
In particular, this result holds for a single elliptic equation at resonance. Zou et al. [17] get the existence of one and of
two nonzero solutions in the case where the problem is resonant and F is sublinear at zero and infinity. Zou [15] considers
cooperative and noncooperative elliptic systems that are asymptotically linear at infinity. He obtains infinitely many solutions
with small energy if the potential is even. Pomponio [13] consider an asymptotically linear cooperative elliptic system at
resonance. Recently, Ma had generalized Zou’s results [14,15,17] in [11] and [12], respectively. Very recently, Chen and Ma
[5] studied a class of resonant cooperative elliptic systems with sublinear or superlinear terms and obtained infinitely many
nontrivial solutions by two variant fountain theorems developed by Zou [16]. In the present paper, we study the existence
of infinitely many non-trivial solutions to (7) under the symmetric condition. By using the minimax methods in critical
point theory, we obtain the multiplicity results for subquadratic cases, which generalizes and sharply improves the results
in [5,11,14]. Furthermore, compared with their proofs, ours are much simpler. For more general operator, we refer the reader
to the papers [3,4,9]. We cite the very recent monograph by Kristily, Ridulescu and Varga [10] as a general reference for
the basic notions used in the paper.

Let |- | and (-, -) denote respectively the usual norm and inner product in R%. We consider the subquadratic case and
make the following assumptions:

(AF1) There exist constants ¢ > 0 and 1 < p < 2*:= 2% such that
[VEx, )| <c(1+|UPTY), V(x U)e R xR
(AF2) F(x,0)=0, for all x € £2, and

F(x,U) .
im ——— =400 uniformly fora.e.x € 2.
-0 |UJ?
(AF3) F(x,U) = F(x, —U), V(x, U) € £2 x R2.
Our main results are as follows:

Theorem 1.1. Suppose that (V), (AF1)-(AF3) are hold, then problem (P) possesses infinitely many nontrivial solutions.

Remark 1.2. Zou [15] studied systems () that are asymptotically linear with resonance. Applying the minimax technique,
they obtained the following theorem.

Theorem 1.3. Assume the following conditions are satisfied:

(C1) [VE(x, U)| <c(1+|U|%) for almost all x € §2 and U € R?, where o € (0, 1) is a constant.

(C2) liminfiy|— 4oo % := a*(x) > 0 uniformly for almost all x € £2, where a*(x) > 0 indicates that a*(x) > 0 with strict

inequality holding on a set of positive measure.
(C3) There exist 81, 62 € (1,2),c1 > 0, ¢z > 0, tg > 0 such that

alU]P' < F(x,U) < ca|U|®

foralmost all x € £2 and |U| < tp.
(C4) F(x,—U)=F(x,U) fora.e.x € 2 and U € R2.

Then, (P) has infinitely many small-energy solutions.
Subsequently, Chen and Ma [5] considered the subquadratic case and proved the following theorem.

Theorem 1.4. Suppose that (V) and the following conditions are satisfied:
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(D1) F(x,U) >0, V(x,U) € 2 x R2, and there exist constants i € [1,2) and Ry > 0 such that
(VF(x,U),U) < uF(x,U), Vxe £ and|U|=Ry.

(D2) There exist constants a € [1, 2) and c», c/2, Ry > 0 such that
F(x,U) > c,|U|%, Vxe 2 andU e R?

and

F(x,U) <cy|U|, Vxe$2and|U|<R,.

(D3) liminfiy|— oo F(l’a‘u) > d > 0 uniformly for x € £2.

and F(x, U) is even in U. Then () possesses infinitely many nontrivial solutions.

Theorem 1.1 unifies and greatly extends Theorems 1.3 and 1.4. (C2) and (C3) in Theorem 1.3 and (D2) and (D3) in
Theorem 1.4 are completely removed. Hence, Theorem 1.1 generalizes and significantly improves upon Theorems 1.3 and 1.4.
There exist functions F satisfying our Theorem 1.1 and not satisfying Theorems 1.3 and 1.4. For example, let

2
F(x,U)=h(x)|U|?/? (— ln(#))

for all x € £2 and U € R?, where h € L1(£2; R") with infeeo h(x) > 0. A straightforward computation shows that F satisfies
the conditions of Theorem 1.1, but it does not satisfy the corresponding conditions of Theorems 1.3 and 1.4, since F(x,U) <0
for all |U| > /3, and limy|— oo [VF (X, U)| = 400 uniformly for x € £2.

2. Variational framework

In this section, we give the variational framework of our problem and some related preliminary lemmas.
In the following, we use |- || and | - ||;2 to denote the norms of L?(£2) and L?(£2) x L(£2), respectively. Let E := H} (£2)
and W := Hf)(.Q) X H})(_Q), where Hg)(_Q) is the usual Sobolev space with the norm || - || generated by the inner product

(u,v)5=/Vu«Vvdx, Vu, v e H)(£2).
2

Then for U = (uq, up) and V = (v, vy) in W, the induced inner product and norm on W are given respectively by
(U.Vw = (u1,v1)e + (U2, v2)p and Uy = [lu1llf + lluzl3.
Let &7 := (e11, e12), & := (€21, €22) € R% be the normalized eigenvectors of A* such that

A'ei=tei, A'ez=¢e;,  e1-e;=0, [eil=lez| =1

2|

For any o € R. Let H}, H, Hg be the subspaces of Ha (£2), where the quadratic form
u— fullf - erlull3
is positive definite, negative definite and zero, respectively. Let
WO:=H xH}, W":=H/ xH} and W™ :=H; xH,.
Set
Ap:=id—&(—=A)"" and Ay:=id—¢(-A)7T,
where id denotes the identity on H}) (£2). We introduce an operator:
A:W—> W, A=(A1,Ay), whichisdefinedby AU = (A1uq, Ayuy),VU = (u1,up) e W.
Then A is a bounded self-adjoint operator from W to W and ker A = W9 with dim W° < co. The space W splits as
wW=w-eowlew,

where W~ and W are invariant under A, Al - is negative, and A|y+ is positive definite. More precisely, there exists a
positive constant cg such that
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+(AU*, UF),, = co|U*]},, VUFew™,

Here and in what follows, for any U € W, we always denote by U, Ut and U~ the vectors in W with U=U%4+U~+U",
U% e W0 and U* € W*. Note that dim W? and dim W~ are finite. Furthermore, o (A*) N o (—A) # ¢ implies dim W© = 0.
For problem (7P), we consider the following functional:

cD(U):%(AU,U)W—/I:‘(x, Uydx, U=(uj,up)eWw,
2

where F (x,s,t) = F(x, sé1 +té3). In view of the assumptions of F and the definition of F, we know that the (weak) solutions
to system () are the critical points of the functional @ by the discussion of [6].
Next, we define an equivalent inner product (-, -) and the corresponding norm | - || on W given respectively by
(U, Vy=(AU*t V*), —(AU", V™), and |U|l=(U,U)"?

where U, Ve WO W@ W™ withU=U%4+U"+U" and V=V9+ V~ 4+ V*. Therefore, @ can be rewritten as

1 1 )
®(U) = 5||U+||2 - 5|}U—||2 - / Fx, U)dx.
2

Furthermore, ® € C!(W,R) and the derivatives are given by

' (U)V =(Ut v —(u-, v—)—/(vﬁ(x, U), V)dx,
Q
forany U, VeW'@W-@WT withU=U%+U-+Utand V=V04 V-4 VH
For the sublinear case, we will use the following critical point theorem established by Kajikiya [8]. We refer the readers
to [1] for the definition and proprieties of genus.

Definition 2.1. Let X be a Banach space and A a subset of X. A is said to be symmetric if u € A implies —u € A. For a closed
symmetric set A that does not contain the origin, we define a genus y (A) of A by the smallest integer k such that there
exists an odd continuous mapping from A to R¥\ {0}. If there does not exist such a k, we define ¥ (A) = oo. Moreover, we
set y(¥) =0. Let Iy denote the family of closed symmetric subsets A of X such that 0 ¢ A and y(A) > k.

Theorem 2.2. Let X be an infinite dimensional Banach space and I € C' (X, R) satisfy (B1) and (B2) below.

(B1) I is even, bounded from below, 1(0) = 0 and I satisfies the (PS) condition.
(B2) Foreach k € N, there exists an Ay € I such that sup,ca, [(u) <0.

Then I admits a sequence of critical points {uy} such that I(uy) <0, u # 0 and limy_, o, u = 0.

Note that dimW? and dim W~ are finite. We choose an orthonormal basis {em}:;=1 for W9, an orthonormal basis
{em}fg:kJrl for W~ and an orthonormal basis {e;;} for WT, where 1 <k < oo and k+1 <ly < co. Then {em}m is an

orthonormal basis of W.

)
m=lp+1

3. Proof of the main results
Proof of Theorem 1.1. We consider the truncated functional

1 1 i
IU) = E||U+||2 - <§||U*|}2+/F(x, U)dx)h(||U||)
2

for all U € W, where h: Rt — [0, 1] is a non-increasing C! function such that h(t)=1 for 0 <t <1 and h(t) =0 for t > 2.
Obviously, Z € C1(W,R) and Z(0) = 0. If we can prove that Z admits a sequence of critical points {Uy} such that Z(Uy) <0,
Uk #0 and Uy — 0 as k — oo, then we can apply Kajikiya’s critical point theorem (Theorem 2.2) to get the desire results.
Due to (AF3), F(x, —U) = F(x, U) for all (x,U) € 2 x R?, so Z(U) = Z(—U), that is T is even.

For ||U|| > 2, we have that

1
W) = 5 |t

which shows that
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Z(U) — +o00, as U] — oo.

This implies that Z is bounded from below and satisfies the (PS) condition. Actually, due to the coercitivity of the func-
tional Z, we can get a (PS) sequence {U;} bounded. By the fact of dim(W°% @ W) < oo, without lose of generality, we may
assume

Uy > U, uj—-u°, UF—~U* and U;j—U, asj— oo, (1)

for some U=U%4+U"+UteW =W%@® W~ @ W*. By virtue of the Riesz Representation Theorem, 7' : W — W*
and G’': W — W* can be viewed as 7/: W — W and G’ : W — W respectively, where W* is the dual space of W and
G(U) := [, F(x,U)dx. Note that
+ - .
o) =T'(WU)=UJ - (Uj +C'Up). VieN,
that is,
Uf =U; +G'(Uj)+0(1), VjeN. (2)

Note that the assumptions of F and the definition of F, the Sobolev embedding, by the standard argument (see [2]), imply
G': W — W* is compact. Therefore, G’ : W — W is also compact. Due to the compactness of G’ and (1), the right-hand side
of (2) converges strongly on W, and hence U]JF — Ut in W. Combing this with (1), we have Uj — U in W. Therefore, T

satisfies the (PS) condition.
Given any k > kq :=1Iy + 1, where Iy is defined as in Section 2, let Ey = EB’;:1 Xj, where X; = span(e;), where {e;} is an
orthogonal basis of W. There exists a constant ci > 0 such that
IUll2 > cellUll, VU € Eg, VkeN,
by the equivalence of the norms on the finite-dimensional spaces E. Using (AF2), there exists 0 <r; < 1 such that
1 2
F(x,U) > —|UJ=,
Ck

for all |U| <r; and a.e. x € £2. Therefore, for U € Ex with |[U|| =i := % min{1, Z—L}, we obtain:

1 1 .
I(U):§||U+H2—§||U’||2—/F(x, U) dx
2
||U+}|2—/F(x, U) dx
2

=

=_112
>l
which implies that
1 2
{UeE: U=} C UeW:I(U)f—Elk )

Now taking Ai = {U € W : Z(U) < — 312}, by Theorem 2.2, we get that:

Y (A =y ({U € Ex: U =1k}) =k,

so Ay € I, and

1
sup Z(U) < ——lﬁ <0.
UeAy 2

The proof is complete. O



40 L. Li, C.-L. Tang / C. R. Acad. Sci. Paris, Ser. I 353 (2015) 35-40

Acknowledgements

The authors express their gratitude to the reviewers for careful reading and helpful suggestions that led to an improve-
ment of the original manuscript.

This work was done when Lin Li visited The University of California at Irvine in 2014. He would like to thank the
Department of Mathematics, University of California at Irvine, for warm hospitality, especially Professor Martin Schechter
for constant encouragement and helpful discussions.

References

[1] A. Ambrosetti, A. Malchiodi, Nonlinear Analysis and Semilinear Elliptic Problems, Cambridge Studies in Advanced Mathematics, vol. 104, Cambridge
University Press, Cambridge, 2007.
[2] V. Benci, PH. Rabinowitz, Critical point theorems for indefinite functionals, Invent. Math. 52 (3) (1979) 241-273.
[3] G. Bonanno, G. Molica Bisci, D. O'Regan, Infinitely many weak solutions for a class of quasilinear elliptic systems, Math. Comput. Model. 52 (1-2)
(2010) 152-160.
[4] G. Bonanno, G. Molica Bisci, V. Radulescu, Qualitative analysis of gradient-type systems with oscillatory nonlinearities on the Sierpifski gasket, Chin.
Ann. Math,, Ser. B 34 (3) (2013) 381-398.
[5] G. Chen, S. Ma, Infinitely many solutions for resonant cooperative elliptic systems with sublinear or superlinear terms, Calc. Var. Partial Differ. Equ.
49 (1-2) (2014) 271-286.
[6] D.G. Costa, C.A. Magalhdes, A variational approach to subquadratic perturbations of elliptic systems, J. Differ. Equ. 111 (1) (1994) 103-122.
[7] G.H. Fei, Multiple solutions of some nonlinear strongly resonant elliptic equations without the (PS) condition, ]. Math. Anal. Appl. 193 (2) (1995)
659-670.
[8] R. Kajikiya, A critical point theorem related to the symmetric mountain pass lemma and its applications to elliptic equations, J. Funct. Anal. 225 (2)
(2005) 352-370.
[9] A. Kristaly, On a new class of elliptic systems with nonlinearities of arbitrary growth, J. Differ. Equ. 249 (8) (2010) 1917-1928.
[10] A. Kristaly, V.D. Radulescu, C.G. Varga, Variational principles in mathematical physics, geometry, and economics, in: Qualitative Analysis of Nonlinear
Equations and Unilateral Problems, in: Encyclopedia of Mathematics and Its Applications, vol. 136, Cambridge University Press, Cambridge, 2010, with
a foreword by Jean Mawhin.
[11] S. Ma, Infinitely many solutions for cooperative elliptic systems with odd nonlinearity, Nonlinear Anal. 71 (5-6) (2009) 1445-1461.
[12] S. Ma, Nontrivial solutions for resonant cooperative elliptic systems via computations of the critical groups, Nonlinear Anal. 73 (12) (2010) 3856-3872.
[13] A. Pomponio, Asymptotically linear cooperative elliptic system: existence and multiplicity, Nonlinear Anal. 52 (3) (2003) 989-1003.
[14] W. Zou, Solutions for resonant elliptic systems with nonodd or odd nonlinearities, J. Math. Anal. Appl. 223 (2) (1998) 397-417.
[15] W. Zou, Multiple solutions for asymptotically linear elliptic systems, J. Math. Anal. Appl. 255 (1) (2001) 213-229.
[16] W. Zou, Variant fountain theorems and their applications, Manuscr. Math. 104 (3) (2001) 343-358.
[17] W. Zou, S. Li, J.Q. Liu, Nontrivial solutions for resonant cooperative elliptic systems via computations of critical groups, Nonlinear Anal. Ser. A 38 (2)
(1999) 229-247.


http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232323932333434s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232323932333434s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D52353337303631s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232363435393237s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232363435393237s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5233303438363637s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5233303438363637s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5233313438313135s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5233313438313135s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231323830363137s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231333338373238s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231333338373238s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232313532353033s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232313532353033s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232363739303039s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232363833343034s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232363833343034s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232363833343034s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232353234333630s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5232373238353630s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231393337383738s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231363239323835s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231383133383139s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231383238383830s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231363937303532s1
http://refhub.elsevier.com/S1631-073X(14)00254-4/bib4D5231363937303532s1

	Inﬁnitely many solutions for resonance elliptic systems
	1 Introduction and main results
	2 Variational framework
	3 Proof of the main results
	Acknowledgements
	References


