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RESUME

On démontre que, pour une sous-variété minimale compléte M" immergée dans l'espace
euclidien R4, si la seconde forme fondamentale A et la fonction distance intrinséque r
mesurée a partir d’'un point fixe satisfont I'inégalité r(x)|A|(x) < & pour tous x € M, ol ¢ est
une constante positive ne dépendant que de n, alors M est un sous-espace affine de R"*¢,

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. The result

The minimal submanifold is one of the most striking subjects in the study of differential geometry, which is also very
useful in general relativity, see [3,6,13], etc. for instance. Various types of gap phenomenon of minimal submanifolds and
their generalizations have been investigated extensively, see [1,5-8,10-12,15,17-20], etc. Let M" be an n-dimensional min-
imal submanifold immersed in the (n + d)-dimensional Euclidean space R"*¢. Denote by A the second fundamental form
of M in R"™ and r(x) =d(0, x) the intrinsic distance function on M from a fixed point O € M. In this note, we prove the
following gap theorem for minimal submanifolds.

Theorem 1.1. Let M™ be an n-dimensional connected complete minimal submanifold immersed in R"*9. There is a positive constant &
depending only on n such that if r(x)| A|(x) < & for all x € M, then M is an affine subspace of R"+¢,
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We could compare Theorem 1.1 with the results of Kasue and Sugahara [8,10], where several gap theorems are proved
under similar conditions about the second fundamental form and the extrinsic distance function and additionally on the
number of ends. Notice that in Theorem 1.1 there is no assumption on the number of ends. We should mention another
theorem proved by Kasue and Sugahara [9] that for a connected complete noncompact submanifold immersed in R"9, if
the Ricci curvature is nonnegative and r(x)|A|(x) — 0 as x goes to infinity, then it is an affine subspace of R"t¢,

Let S denote the scalar curvature of M. By the Gauss equation, we can restate Theorem 1.1 as a gap theorem under an
intrinsic curvature pinching condition.

Theorem 1.2. Let M" be an n-dimensional connected complete minimal submanifold immersed in R"+4. There is a positive constant
&' depending only on n such that if S(x)r2(x) > —¢’ for all x € M, then M is an affine subspace of R"*4.

Our theorem is motivated by the e-rigidity result for critical Riemannian metrics proved in [4]. To prove our theorem,
we first give a derivative estimate for the second fundamental form on intrinsic balls, then argue by contradiction to get the
conclusion.

2. The proof

We need the following proposition.

Proposition 2.1. For a complete minimal submanifold M™ immersed in R"*4, if |A|(x) < % for x € B(xg, R), where B(xo, R) C M

is an intrinsic geodesic ball in M centered at xo with radius R, then |VA|(x) < % for x € B(xo, %), with c(n) a positive constant
depending only on n.

Proof. Firstly, we have the following inequalities.
AA? = 2|VA? = 3|A1,
AIVAP? > 2|V2A|2 — C(n)|A2 VA%

Here and in the following proof C(n) denotes a positive constant depending only on n, which may be different in different
places. The first inequality can be found, for example, in [18]. The second inequality can be derived using fundamental
equations for submanifolds, or see [2], since minimal submanifolds are steady solutions to the mean curvature flow.

Define a function f =|VA|?(15R~2 + |A|?). Then we have:

Af=A(IVAP(15R™2 +|AP))
=15R?A|VAP> + A(IVAP|AP?)
> 15R’2(2‘V2A]2 — C()|APIVAP®)
+IVAP2IVAP = 31A1%) + A (2| V2A[* = C)IAPRIVAP2)
+2(VIVA, VIA]?).
For the last term, we get by the Schwartz inequality,
2(VIVA?, VIAP®) < 8|A||VA?|V2A|
8|A|? 4

<2|V2AP(15R2 +|A]%) + sz arVA

So we obtain:
Af > 1512*2(2\v2Ay2 — C()|APIVAP)
+ VAP (2IVA? = 3|A1*) + |A|2(2|v2A|2 — C)|APIVAP?)

8lAI* i

—2|V2A[ (15R72 +|A]%) - sian VA

3

> E|VA|4 — (3+16C(m))R|VAJ?
1

> |VA[4 - SB+ 16C(n))°R~®

R* 5, 1 2,8
> —f“——(3+416C R™°.
z 5e6! 2( +16C(n))
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Define ¢(x) = (R — r(x)%)2 for x € B(xg,R) and let F =¢f. Then F >0 and F =0 on 9B(xp, R). Hence F attains
its maximum in the interior of B(xg, R). Suppose that x; is the maximum point of F. We first assume that x; is not a
conjugate point of X9, hence F is smooth in a neighborhood of x;. So we have VF(x;) =0 and AF(xq) <0.

Firstly, we have:

IVoI? = |V(R? = 12)** = [4(R? = )rvr|* = 16912,

By [16], the Ricci curvature Ric of M satisfies Ric(x) > —%lmz(x) > —%R‘z for all x € B(xop, R). Let y(t) be the unique
minimal geodesic parameterized by arc-length connecting xo and x;. Then by the Laplacian comparison theorem (see [14]
for example), we have at x;:

Ar < g(l +n'2R7I) < -D(1 +n1/2)%.

Hence we get:

Ap=A(R? —1?)?

= —2(R? —r?)ar? +2|V(R? - %) |?
> —4¢'’rAr — 4¢'/?
> —4(n+n*? —n'2)g12,

In the following, we compute ¢ AF at xi.

0> ¢AF
=¢APf)

=¢’Af +¢fAp+2¢(Ve, V)

> R—4(¢f)2 - 1(3 + 16C(n))2¢2R_8

— 256 2

—4(n+n*? —n'2)p3 2 f +2(Ve, V(o)) - 2IV$I*

> R—4(¢f)2 —32R%p f
— 512

1 2 2
- (5(3 +16C(n))” +2048(n +n/2 —n'/?) )
R4
= ——F? —32R*F — C(n).
512
Hence we have at xq,

_cw

F < 2z

Since x; is the maximum point, we have F(x) < % for all x € B(xo, £). Also we have ¢ (x) > X R* for x € B(xo, &). So we
get for x € B(xo, %)

A < 16C0.
135R4

If x; is a conjugate point of xg, we can define a support function F of F at x; as in [14]. Let P (t) be a minimal geodesic
parameterized by arc-length connecting xo and x; and P € y a point with d(xp, P) = ¢ for € > 0 small such that P is
not a conjugate of x;. Let F = ¢ f, where ¢(x) = (R — (rp(x) + €))% and rp(x) = d(P, x). There is a neighborhood Np of
¥ = Yp.x such that F is smooth in Np. By the triangular inequality we have F(x;) = F(x;) and F(x) < F(x) for x € Np.
Hence x; is a local maximum point of F.
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Firstly, we have at x;:
V|2 =|V(R? — (rp(x1) + 6)2)2|2
= [2(R? — (rp(x1) +€)°) - V(rp(x1) +€)° |
= [4(R> = (rp(x1) +€)*) (rp(x1) + €) Vrp [’
= 16¢r2.
Here we have used the fact that rp(x1) + € =r(x1). By the Laplacian comparison theorem, we have at x:

A <" a0 2R ) < - (1 4012) L
rp rp

We choose ¢ sufficiently small such that rr; ' <2, then
Ad=A(R: = (rp(x1) +€)°)°
> 2(R? — (rp(x1) + €)°) A(R? = (rp (x1) +€)°)
> —4¢V2((rp(x1) + €) Arp + |V (rp(x1) + €)|2)
—4(n =D (1 +n"Nrrp' +1)p'2
—42m-D(1+n" ") +1)p'/2

We compute AF at x;.

=(Z>2Af+¢3fA¢”>+2a3 Vo, V)
-8
> 2—56(¢>f) - —(3+16c<n>) ¢*R™
—4(z(n—1>( n )+ 1) 2 f +2(Vh, V(@ S)) - 2|Vl f

[ 2~
> 5]2(<i>f) —32R%¢f

- (5(3 +16C(m)° +2048(2(n — 1H(1+1n7") + 1)2>

R4 . -
= —F?—32R*F —Cc(n).
512

Hence we have F(x;) < C(")

, which implies F(x1) < C(”) . So we can use similar argument to get that for x € B(xp, 2)

This completes the proof. O
Now we give the proof of Theorem 1.1.

Proof. Suppose A is not identically zero. By the assumption, there is a maximum point xog of |A[; suppose |A|(xg) = %. Then
|A|(x) < 1 for x € B(xg, R). By Proposition 2.1, there is c(n) > 1 such that |[VA|(x) < C(”) for x € B(xo, &). Take § = 2c1(n)' For
y € dB(xp, §R), one has:

c(n) 1
"R TR
From the assumption, we have |A|(xp) <

|AI(Y) = |A](x0) —

< d(O )" hence d(O, xp) < &R. By the triangular inequality, we have:

d(0,y) = d(y,xo) —d(0,X0) = (6 — €)R.
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Hence
L agp< < °
RNV =q0 ) S G-oR

Now we pick ¢ = %5 = #(n). Then the inequality above leads to a contradiction. This completes the proof of Theo-
rem 1.1. O

We end the paper by a remark that Theorem 1.1 could be used to give another slightly different proof of the L"-gap
theorem for minimal submanifolds in Euclidean space that has been proved in [12,18], etc. In fact, by carrying out the
well-known De Giorgi-Nash-Moser iteration procedure to the Simons equation for minimal submanifolds, we can show
that if the L"-norm of the second fundamental form is small enough, then the assumption in Theorem 1.1 is satisfied. We
leave the details to readers.

References

[1] M.T. Anderson, The compactification of a minimal submanifold in Euclidean space by the Gauss map, IHES/Caltech Preprint, 1984-1986.
[2] B. Andrews, C. Baker, Mean curvature flow of pinched submanifolds to spheres, ]. Differ. Geom. 85 (2010) 357-395.
[3] H. Bray, Proof of the Riemannian Penrose inequality using the positive mass theorem, J. Differ. Geom. 59 (2001) 177-267.
[4] G. Carron, Some old and new results about rigidity of critical metric, arXiv:1012.0685.
[5] S.S. Chern, M. do Carmo, S. Kobayashi, Minimal submanifolds of a sphere with second fundamental form of constant length, in: Functional Analysis
and Related Fields, Springer-Verlag, 1970, pp. 59-75.
[6] T.H. Colding, W.P. Minicozzi, Minimal submanifolds, Bull. Lond. Math. Soc. 38 (2006) 353-395.
[7] Q. Ding, Y.L. Xin, On Chern’s problem for rigidity of minimal hypersurfaces in the spheres, Adv. Math. 227 (2011) 131-145.
[8] A. Kasue, Gap theorems for minimal submanifolds of Euclidean space, ]. Math. Soc. Jpn. 38 (1986) 473-492.
[9] A. Kasue, K. Sugahara, Gap theorems for certain submanifolds of Euclidean space and hyperbolic space form II, in: Curvature and Topology of Rieman-
nian Manifolds, Proceedings, Katata 1985, in: Lect. Notes Math., vol. 1201, Springer-Verlag, Berlin-Heidelberg-New York, 1985.
[10] A. Kasue, K. Sugahara, Gap theorems for certain submanifolds of Euclidean spaces and hyperbolic space forms, Osaka J. Math. 24 (1987) 679-704.
[11] H.B. Lawson, Local rigidity theorems for minimal hypersurfaces, Ann. Math. 89b (1969) 187-197.
[12] L. Ni, Gap theorems for minimal submanifolds in R"*!, Commun. Anal. Geom. 9 (2001) 641-656.
[13] R. Schoen, S.T. Yau, On the proof of the positive mass conjecture in general relativity, Commun. Math. Phys. 65 (1979) 45-76.
[14] R. Schoen, S.T. Yau, Lectures on Differential Geometry, International Press of Boston, 2010.
[15] R. Schoen, L. Simon, S.T. Yau, Curvature estimates for minimal hypersurfaces, Acta Math. 134 (1975) 276-288.
[16] K. Shiohama, H.W. Xu, The topological sphere theorem for complete submanifolds, Compos. Math. 107 (1997) 221-232.
[17] J. Simons, Minimal varieties in Riemannian manifolds, Ann. Math. 88 (1968) 62-105.
[18] H.W. Xu, ].R. Gu, A general gap theorem for submanifolds with parallel mean curvature in R"*?, Commun. Anal. Geom. 15 (2007) 175-193.
[19] H.W. Xu, Z.Y. Xu, The second pinching theorem for hypersurfaces with constant mean curvature in a sphere, Math. Ann. 356 (2013) 869-883.
[20] S.T. Yau, Submanifolds with constant mean curvature I, II, Amer. J. Math. 96 (1974) 346-366; Amer. J. Math. 97 (1975) 76-100.


http://refhub.elsevier.com/S1631-073X(14)00292-1/bib41s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4142s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4272s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4361s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib43646F4Bs1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib43646F4Bs1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib434Ds1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4458s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4B61s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4B5332s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4B5332s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4B53s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4C61s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib4E69s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib535931393739s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib535932303130s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib535359s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib5358s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib5369s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib5847s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib5858s1
http://refhub.elsevier.com/S1631-073X(14)00292-1/bib596175s1

	A gap theorem for minimal submanifolds in Euclidean space
	1 The result
	2 The proof
	References


