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Quasi-subordination is an underlying concept in the area of complex function theory. It 
is an interesting topic that unifies the concept of both subordination and majorization. 
There has been no work in this area for the past three decades except possibly a recent 
article (Haji Mohd and Darus, Fekete–Szegö problems for quasi-subordination classes, Abstr. 
Appl. Anal. 2012 (2012) 192956, 14 p.) [8]. Exploiting this article, we provide an estimate 
with k-th root transform for certain classes of analytic univalent functions using quasi-
subordination. The authors sincerely hope that this article will revive this concept and 
encourage other researchers to work in this quasi-subordination in the near-future in the 
area of complex function theory.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

La quasi-subordination est un concept sous-jacent de la théorie des fonctions complexes. 
C’est un sujet intéressant, qui unifie les concepts de subordination et de majoration. 
Il n’y a pas eu de travaux dans ce domaine au cours des trois dernières décennies, à 
part, peut-être, un article récent (Haji Mohd and Darus, Fekete–Szegö problems for quasi-
subordination classes, Abstr. Appl. Anal. 2012 (2012) 192956, 14 p.) [8]. Exploitant cet 
article, nous donnons une estimation avec les transformations racine ke pour certaines 
classes de fonctions analytiques univalentes, utilisant la quasi-subordination. Les auteurs 
forment le vœu que cet article ravive l’intérêt pour ce concept et encourage, dans un 
proche avenir, d’autres chercheurs à le considérer en théorie des fonctions complexes.
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1. Introduction

Let A denote the class of all analytic function f (z) of the form

f (z) = z +
∞∑

n=2

anzn (1.1)

in the open disk � = {z : |z| < 1} normalized by f (0) = 0 and f ′(0) = 1 and S be the subclass of A consisting of univalent 
functions in �. Let φ(z) be an analytic function with positive real part on � with φ(0) = 1, φ′(0) > 0 which maps the unit 
disk � onto the region starlike with respect to 1, which is symmetric with respect to x-axis. The bounds for the coefficients 
give information about the geometric properties of these functions. For example, the bound for the second coefficient |a2|
of normalized univalent functions readily yields the growth and distortion bounds for univalent functions. The Fekete–Szegö 
coefficient functional |a3 − μa2

2|, also arises naturally in the investigation of the univalency of analytic functions. Several 
authors have investigated the Fekete–Szegö functional for functions in various subclasses of univalent and multivalent func-
tions, see related works in Refs. [1], [2], [4], [5], [6] and [11]. A function f (z) is subordinate to a function g(z), written as 
f (z) ≺ g(z), provided that there is a function w(z), analytic �, with w(0) = 0 such that |w(z)| < 1 and f (z) = g[w(z)] for 
z ∈ �. In particular, if the function g(z) is univalent in �, then f (z) ≺ g(z) is equivalent to f (0) = g(0) and f (�) ⊂ g(�). 

A function f ∈ A is starlike iff Re

(
zf ′(z)

f (z)

)
> 0 or equivalently if 

zf ′(z)

f (z)
≺ 1 + z

1 − z
. Ma and Minda [12] have given a unified 

treatment of various subclasses consisting of starlike and convex functions for which either one of the quantities 
zf ′(z)

f (z)
or 

1 + zf ′′(z)

f ′(z)
is subordinate to a more general superordinate function. The unified class S∗(ϕ) introduced by Ma and Minda 

[12] consists of functions f ∈A satisfying 
zf ′(z)

f (z)
≺ φ(z), z ∈ � and the corresponding class C(ϕ) of convex functions f ∈A

satisfying 1 + zf ′′(z)

f ′(z)
≺ φ(z), z ∈ �. Ma and Minda [12] obtained estimates for the first few coefficients and determined 

bounds for the associated Fekete–Szegö functional. Many other authors have also investigated the bounds for the Fekete–
Szegö coefficient functional for various classes of S (for example, see the work of [1,2,7]). In [14] Robertson introduced 
the concept of quasi-subordination. An analytic function f (z) is quasi-subordinate to an analytic function g(z), in the open 
unit disk if there exist analytic functions ϕ and w , with w(0) = 0 such that |ϕ(z)| ≤ 1, |w(z)| < 1 and f (z) = ϕ(z)g[w(z)]. 
Then we write f (z) ≺q g(z). If ϕ(z) = 1, then the quasi-subordination reduces to the subordination. Also, if w(z) = z, then 
f (z) = ϕ(z)g(z), and in this case we say that f (z) is majorized by g(z) and it is written as f (z) ≺≺ g(z) in �. Hence 
it is obvious that quasi-subordination is the generalization of subordination as well as majorization. It is unfortunate that 
the concept of quasi-subordination is so for an underlying concept in the area of complex function theory, although it de-
serves much attention as it unifies the concept of both subordination and majorization. There has been no work in this 
area for the past three decades, except possibly a recent article published in [8]. Exploiting this article, we provide an es-
timate with k-th root transform for certain classes of analytic univalent functions using quasi-subordination. The authors 
sincerely hope that this article will revive and encourage other researchers to work on this quasi-subordination in the near-
future in the area of complex function theory. Further, we refer to [3,10,13] for works related to quasi-subordination. Haji 
Mohd and Darus [8] obtained the bounds of |a2| and |a3| for the following three classes defined by quasi-subordination as 
follows.

Definition 1.1. Let the class S∗
q (φ) consist of functions f ∈A satisfying the quasi-subordination

zf ′(z)

f (z)
− 1 ≺q φ(z) − 1.

Definition 1.2. Let the class S∗
q (α, φ) consist of functions f ∈A satisfying the quasi-subordination

zf ′(z)

f (z)
+ α

z2 f ′′(z)

f (z)
− 1 ≺q φ(z) − 1.

Definition 1.3. Let the class Mq(α, φ), α ≥ 0 consist of function f ∈A satisfying the quasi-subordination

(1 − α)
zf ′(z)

f (z)
+ α

(
1 + zf ′′(z)

f ′(z)

)
− 1 ≺q φ(z) − 1.

Throughout this paper, we assume φ(z) is an analytic function with φ(0) = 1.
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Definition 1.4. Let k be a positive integer. A domain D is said to be k-fold symmetric if a rotation of D about the origin 
through an angle 2π

k carries D to itself. A function f (z) is said to be k-fold symmetric in � if for every z in �

f
(

e
2π i

k z
)

= e
2π i

k f (z) .

In 1916, Gronwall shows that if f (z) is regular and k-fold symmetric in �, then it has a power series expansion of the 
form

f (z) = b1z + bk+1zk+1 + b2k+1z2k+1 + · · · =
∞∑

n=0

bnk+1znk+1. (1.2)

Conversely, if f (z) is given by the power series (1.2), then f (z) is k-fold symmetric inside the circle of convergence of the 
series. For a univalent function f (z) of the form in (1.1), the k-th root transform is defined by

F (z) =
[

f
(

zk
)]1/k = z +

∞∑
n=1

bkn+1zkn+1. (1.3)

Let � be the class of analytic functions w , normalized by w(0) = 0, and satisfying the condition |w(z)| < 1. Many authors 
have also investigated the bounds for the Fekete–Szegö coefficient functional for various classes [1,2,7]. Let A∗ denote the 
class of all analytic functions f of the form (1.1) such that f −1 ({0}) ∩ � = {0}, that is the origin is the unique zero of f
in �.

In this paper, we obtain Fekete–Szegö estimates for the function in the classes S∗
q (φ), S∗

q (α, φ) and Mq(α, φ), if f ∈A∗ .
We need the following lemma to prove our results.

Lemma 1.1. (See [9].) If w ∈ � and w(z) = w1z + w2z2 + . . . (z ∈ �), then

|w2 − t w2
1| ≤ max{1, |t|}

for any complex number t. The result is sharp for the function w(z) = z2 or w(z) = z.

In this paper φ(z) = 1 + B1z + B2z2 + · · · and ϕ(z) = C0 + C1z + C2z2 + C3z3 + . . . , B1 ∈R, B1 > 0, and |Cn| ≤ 1.

2. Main results

Theorem 2.1. If f ∈ A∗ given by (1.1) belongs to S∗
q (φ) and F is the k-th root transformation of f given by (1.3), then |bk+1| ≤ B1

k , 

|b2k+1| ≤ 1
2k

[
B1 + max

{
B1,

B2
1

k + |B2|
}]

and for any complex number μ

|b2k+1 − μb2
k+1| ≤

1

2k

[
B1 + max

{
B1,

|1 − 2μ|
k

B2
1 + |B2|

}]
.

Proof. Let f ∈ A∗ belongs to class S∗
q (φ). Then there exist analytic functions ϕ and w with |ϕ(z)| ≤ 1, w(0) = 0 and 

|w(z)| < 1 such that

zf ′(z)

f (z)
− 1 = ϕ(z)[φ(w(z)) − 1]. (2.1)

We have

zf ′(z)

f (z)
− 1 = a2z + (−a2

2 + 2a3)z2 + · · ·

and

ϕ(z)[φ(w(z)) − 1] = B1C0 w1z + [B1C1 w1 + C0(B1 w2 + B2 w2
1)]z2 + · · · . (2.2)

Therefore,

a2 = B1C0 w1 (2.3)

and

a3 = 1 [B1C1 w1 + B1 w2C0 + C0(B2 + B2
1C0)w2

1]. (2.4)

2
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For a function f given by (1.1), a computation shows that

[ f (zk)]1/k = z + 1

k
a2zk+1 +

[
1

k
a3 − 1

2

(
k − 1

k2

)
a2

2
]

z2k+1 + · · · . (2.5)

Upon equating the coefficients of zk+1 and z2k+1 in view of (1.2) and (2.5), we get

bk+1 = 1

k
a2, and b2k+1 = a3

k
− 1

2

(
k − 1

k2

)
a2

2. (2.6)

Further, from (2.3), (2.4) and (2.6), one can easily get bk+1 = 1

k
B1 w1C0, and b2k+1 = 1

2k

[
B1C1 w1 + B1 w2C0 + B2C0 w2

1 +
B2

1 w2
1C2

0

k

]
. Also, for any complex number μ,

b2k+1 − μb2
k+1 = B1

2k

{
w1C1 + w2C0 −

[
− B1C0

k
(1 − 2μ) − B2

B1

]
C0 w2

1

}
.

Using the inequalities |Cn| ≤ 1, |wn(z)| ≤ 1, we get |bk+1| ≤ B1
k , and

|b2k+1 − μb2
k+1| ≤

B1

2k

{
1 +

∣∣∣∣w2 −
[
− B1C0

k
(1 − 2μ) − B2

B1

]
w1

2
∣∣∣∣
}

.

An application of Lemma 1.1 to 
∣∣∣∣w2 −

[
− B1C0

k
(1 − 2μ) − B2

B1

]
w1

2

∣∣∣∣, yields

|b2k+1 − μb2
k+1| ≤

B1

2k

[
1 + max

{
1,

∣∣∣∣− B1C0

k
(1 − 2μ) − B2

B1

∣∣∣∣
}]

.

Since ∣∣∣∣− B1C0

k
(1 − 2μ) − B2

B1

∣∣∣∣ ≤ B1 |1 − 2μ|
k

+
∣∣∣∣ B2

B1

∣∣∣∣ ,
we conclude that

|b2k+1 − μb2
k+1| ≤

1

2k

[
B1 + max

{
B1,

|1 − 2μ|
k

B2
1 + |B2|

}]
.

For μ = 0, we get |b2k+1| ≤ 1

2k

[
B1 + max

{
B1,

B2
1

k
+ |B2|

}]
. This essentially completes the proof of Theorem 2.1. �

Theorem 2.2. If f ∈A∗ is given by (1.1) belongs to the class Mq(α, φ) and F is the k-th root transformation of f given by (1.3), then

|bk+1| ≤ B1

k(1 + α)
, |b2k+1| ≤ 1

2k(1 + 2α)

[
B1 + max{

{
B1,

∣∣∣∣kα + (1 + 2α)

k(1 + α)2

∣∣∣∣ B2
1 + |B2|

}]

and for any complex number μ

|b2k+1 − μb2
k+1| ≤

1

2k(1 + 2α)

[
B1 + max

{
B1,

∣∣∣∣kα + (1 + 2α)(1 − 2μ)

k(1 + α)2

∣∣∣∣ B2
1 + |B2|

}]
.

Proof. If f ∈A∗ belongs to the class Mq(α, φ), α ≥ 0, then there exist analytic functions ϕ and w with |ϕ(z)| ≤ 1, w(0) = 0
and |w(z)| < 1 such that

(1 − α)
zf ′(z)

f (z)
+ α

(
1 + zf ′′(z)

f ′(z)

)
− 1 = ϕ(z)[φ(w(z)) − 1]. (2.7)

Then we have

(1 − α)
zf ′(z)

f (z)
+ α

(
1 + zf ′′(z)

f ′(z)

)
− 1 = (1 + α)a2z + [−(1 + 3α)a2

2 + 2(1 + 2α)a3]z2 + · · · . (2.8)
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From (2.2), (2.7) and (2.8), we have

a2 = B1C0 w1

1 + α
(2.9)

and

a3 = 1

2(1 + 2α)

[
B1C1 w1 + B1 w2C0 +

(
B2C0 + (1 + 3α)B2

1C2
0

(1 + α)2

)
w2

1

]
. (2.10)

From (1.2) and (2.5), equating the coefficients of zk+1 and z2k+1, we get

bk+1 = 1

k
a2 (2.11)

and

b2k+1 = a3

k
−

(
k − 1

2k2

)
a2

2. (2.12)

From (2.9), (2.10), (2.11) and (2.12), we have bk+1 = B1 w1C0

k(1 + α)
and

b2k+1 = 1

2k(1 + 2α)

[
B1 w1C1 + B1 w2C0 + B2C0 w2

1 + (1 + 3α)B2
1C2

0 w2
1

(1 + α)2

− (1 + 2α)B2
1C2

0 w2
1

(1 + α)2
+ (1 + 2α)B2

1C2
0 w2

1

k(1 + α)2

]
.

Therefore, for any complex number μ,

b2k+1 − μb2
k+1 = B1

2k(1 + 2α)

[
w1C1 + C0

{
w2 +

(
B2

B1
+ αB1C0

(1 + α)2

+ (1 + 2α)(1 − 2μ)B1C0

k(1 + α)2

)
w2

1

}]
.

Using the inequalities |Cn| ≤ 1 and |wn(z)| ≤ 1, we get |bk+1| ≤ B1
k(1+α)

, and

|b2k+1 − μb2
k+1| ≤

B1

2k (1 + 2α)

{
1 +

∣∣∣∣w2 −
[
− B2

B1
−

(
kα + (1 + 2α) (1 − 2μ)

k(1 + α)2

)
B1

]
w1

2
∣∣∣∣
}

.

Applying Lemma 1.1 to∣∣∣∣w2 −
[
− B2

B1
−

(
kα + (1 + 2α) (1 − 2μ)

k(1 + α)2

)
B1

]
w1

2
∣∣∣∣ ,

yields

|b2k+1 − μb2
k+1| ≤

1

2k(1 + 2α)

[
B1 + max

{
B1,

∣∣∣∣kα + (1 + 2α)(1 − 2μ)

k(1 + α)2

∣∣∣∣ B2
1 + |B2|

}]
.

For μ = 0, we have

|b2k+1| ≤ 1

2k(1 + 2α)

[
B1 + max

{
B1,

∣∣∣∣kα + (1 + 2α)

k(1 + α)2

∣∣∣∣ B2
1 + |B2|

}]
,

which completes the proof of Theorem 2.2. �
Theorem 2.3. If f ∈A∗ given by (1.1) belongs to S∗

q (α, φ) and F is the k-th root transformation of f given (1.3) then

|bk+1| ≤ B1

k(1 + 2α)
, (2.13)

|b2k+1| ≤ 1

2k(1 + 3α)

[
B1 + max

{
B1,

∣∣∣∣kα − (1 + 3α)

k(1 + 2α)2

∣∣∣∣ B2
1 + |B2|

}]
, (2.14)

and for any complex number μ

|b2k+1 − μb2
k+1| ≤

1

2k(1 + 3α)

[
B1 + max

{
B1,

∣∣∣∣kα − (1 − 2μ)(1 + 3α)

k(1 + 2α)2

∣∣∣∣ B2
1 + |B2|

}]
. (2.15)
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Proof. If f ∈ A∗ belongs to class S∗
q (α, φ), α ≥ 0, then there exist analytic functions ϕ and w with |ϕ(z)| ≤ 1, w(0) = 0

and |w(z)| < 1 such that

zf ′(z)

f (z)
+ αz2 f ′′(z)

f (z)
− 1 = ϕ(z)[φ(w) − 1].

Further, we have

zf ′(z)

f (z)
+ αz2 f ′′(z)

f (z)
− 1 = a2(1 + 2α)z + [2(1 + 3α)a3 − (1 + 2α)a2

2]z2 + · · · .
By applying a similar technique as in Theorem 2.1 and Theorem 2.2, one can obtain the inequality (2.13), (2.14) and (2.15)
which essentially proves Theorem 2.3. �
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[3] O. Altintaş, S. Owa, Majorizations and quasi-subordinations for certain analytic functions, Proc. Jpn. Acad., Ser. A, Math. Sci. 68 (7) (1992) 181–185.
[4] N.E. Cho, S. Owa, On the Fekete–Szegö problem for strongly α-logarithmic quasiconvex functions, Southeast Asian Bull. Math. 28 (3) (2004) 421–430.
[5] J.H. Choi, Y.C. Kim, T. Sugawa, A general approach to the Fekete–Szegö problem, J. Math. Soc. Jpn. 59 (3) (2007) 707–727.
[6] M. Darus, D.K. Thomas, α-Logarithmically convex functions, Indian J. Pure Appl. Math. 29 (10) (1998) 1049–1059.
[7] M. Darus, N. Tuneski, On the Fekete–Szegö problem for generalized close-to-convex functions, Int. Math. J. 4 (6) (2003) 561–568.
[8] M. Haji Mohd, M. Darus, Fekete–Szegö problems for quasi-subordination classes, Abstr. Appl. Anal. 2012 (2012) 192956, 14 p.
[9] F.R. Keogh, E.P. Merkes, A coefficient inequality for certain classes of analytic functions, Proc. Amer. Math. Soc. 20 (1969) 8–12.

[10] S.Y. Lee, Quasi-subordinate functions and coefficient conjectures, J. Korean Math. Soc. 12 (1) (1975) 43–50.
[11] Z. Lewandowski, S. Miller, E. Złotkiewicz, γ -Starlike functions, Ann. Univ. Mariae Curie-Skłodowska, Sect. A 28 (1976) 53–58.
[12] W. Ma, D. Minda, A unified treatment of some special classes of univalent functions, in: Proceedings of the Conference on Complex Analysis, Tianjin, 

China, 1992, in: Conf. Proc. Lecture Notes Anal., I, Int. Press, Cambridge, MA, USA, 1994, pp. 157–169.
[13] F.Y. Ren, S. Owa, S. Fukui, Some inequalities on quasi-subordinate functions, Bull. Aust. Math. Soc. 43 (2) (1991) 317–324.
[14] M.S. Robertson, Quasi-subordination and coefficient conjectures, Bull. Amer. Math. Soc. 76 (1970) 1–9.

http://refhub.elsevier.com/S1631-073X(15)00091-6/bib61623030s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib616A3937s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib616F3932s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib636F3034s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib636B3037s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib64743938s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib64743033s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib6D6169s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib6B6D3639s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib6C653735s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib6C6D3736s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib6D6D3934s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib6D6D3934s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib726F3931s1
http://refhub.elsevier.com/S1631-073X(15)00091-6/bib726F3730s1

	The Fekete-Szegö functional associated with k-th root transformation using quasi-subordination
	1 Introduction
	2 Main results
	Acknowledgements
	References


