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RESUME

Dans cette note, nous utilisons la théorie des opérateurs de Toeplitz pour donner une
formule asymptotique des formes de torsion analytique holomorphe associées a une famille
de fibrés vectoriels holomorphes donnés par I'image directe de L®”, ol1 L est un fibré en
droites. Pour obtenir cette asymptotique, nous faisons une hypothése de positivité le long
des fibres sur L. Ce résultat est la version en famille des résultats de Bismut et Vasserot
sur la torsion holomorphe.
© 2015 Académie des sciences. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Version francaise abrégée

La torsion analytique holomorphe a été définie dans [17] par Ray et Singer comme I'analogue complexe de la torsion
réelle pour les fibrés vectoriels plats. Elle apparait notamment dans I'étude du déterminant de I'image directe d’'un fibré
vectoriel holomorphe par une fibration holomorphe propre menée par Bismut, Gillet et Soulé dans [4].

La torsion analytique a une extension dans le cas des familles : les formes de torsion analytique, définies d’abord par
Bismut, Gillet et Soulé [3], puis par Bismut et Koéhler [5] et Bismut [2], a divers degrés de généralité. La partie de degré zéro
de ces formes n’est autre que la torsion de Ray-Singer le long de la fibre. Les formes de torsion analytique ont eu beaucoup
d’applications, comme par exemple la contribution analytique au formalisme de I'image directe pour les fibrations Kahler
en géométrie d’Arakelov.
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Dans [7], Bismut et Vasserot ont calculé le comportement asymptotique de la torsion analytique associée a des puissances
tensorielles croissantes d’un fibré en droites positif et, dans [8], ils ont étendu leur résultat au cas ot les puissances du fibré
en droites sont remplacées par les puissances symétriques d’un fibré positif (de rang quelconque). Ces résultats ont joué un
role important dans un résultat d’amplitude arithmétique de Gillet et Soulé [12].

Dans cette note, nous donnons une version en famille, et au niveau des formes, des résultats de Bismut et Vasserot pour
les formes de torsion analytique. Soit 71: N — M et m,: M — B deux fibrations holomorphes de fibres compactes et soit
oM une forme de type (1,1) sur M induisant une métrique sur les fibres de . Soit (L, h%) un fibré en droites holomorphe
hermitien sur N, positif le long des fibres de 73 := 72 0 7r1. On pose Fp = R*71,.L®P, que I'on suppose localement libre pour
p grand. Nous calculons alors les deux termes dominants dans I'asymptotique des formes de torsion 5 (wM, hfr) quand
p — 400, ott hfr est la métrique L? naturelle sur Fp (correctement normalisée). Ces termes sont donnés par l'intégrale le
long des fibres de 73 de termes locaux définis a partir de la courbure de Chern de (L, hl). Pour obtenir ce résultat, nous
utilisons la théorie de opérateurs de Toeplitz.

Si B est un point, on retrouve [7] dans le cas oll 71 =1Id et [8] dans le cas ot N =P(E*) et L = O(1), avec E un fibré
positif sur M.

Les résultats annoncés dans cette note sont démontrés dans [16].

1. Introduction

The holomorphic analytic torsion was defined in [17] by Ray and Singer as the complex analogue of its real version
for flat vector bundles. It appears in the study by Bismut, Gillet, and Soulé of the determinant of the direct image of a
holomorphic vector bundle by a proper holomorphic fibration in [4].

Holomorphic torsion has an extension in the families setting: the holomorphic analytic torsion forms, defined in various
degrees of generality by Bismut, Gillet, and Soulé [3], Bismut and Kohler [5] and Bismut [2]. The 0-degree component of
these forms is the analytic torsion of Ray-Singer along the fiber. The analytic torsion forms have found many applications,
as for instance the analytic counterpart of the direct image for Kéhler fibrations in Arakelov geometry. Indeed, the torsion
appears in the arithmetic Riemann-Roch theorem [12], and the torsion forms in the arithmetic Riemann-Roch-Grothendieck
theorem in higher degrees [11].

In [7], Bismut and Vasserot computed the asymptotics of the analytic torsion associated with increasing tensor powers of
a positive line bundle. They also extended their result, in [8], to the case where the powers of the line bundle are replaced
by the symmetric powers of a positive bundle. These asymptotics have played an important role in a result of arithmetic
ampleness by Gillet and Soulé [12] (see also [18, Chp. VIII]).

In this paper, we give the family versions at the level of the forms of the results obtained by Bismut and Vasserot for
the analytic torsion forms, using the theory of Toeplitz operators (see [10], [9], and [14]).

2. Definition of the torsion forms

Let 7 : M — B be a holomorphic fibration with compact fiber X. Let (E, hE) be a holomorphic Hermitian bundle on M.
Let ®™ be a (1, 1)-form on M such that @M (JT2X. )|, xx1ex (with JTEX the complex structure of X) defines a metric on
TrX. Let h"X be the induced Hermitian metric on the holomorphic tangent bundle of the fibers of 7. Let TH M := Tx LM
be the orthogonal bundle to TX with respect to @™, which we will take as horizontal vector subbundle for the fibration
M — B.

Let By be the Bismut superconnection associated with w™ and (E, h), defined in [2], Definitions 3.3.1, 3.6.1 and 4.2.1.
When oV is closed, i.e., when 7 and Tg’M define a Kdhler fibration in the sense of [3], then this superconnection has been
defined in [3,5]. By [2, Thm. 3.9.3], B2 is a fiberwise elliptic second-order differential operator on €>(M,7*A*(T%B) ®
A%*(T*X) ® E) and its heat kernel exp(—B2) € Q*(B, End(C> (X, A%*(T*X) ® E|x))) is well defined.

Let T be the involution defining the Z,-grading on C®(X, A%*(T*X) ® E|x)). We define the supertrace Trs on
End(C®(X, A%*(T*X) ® E|x)) by Trs[-] = Tr[t-] and we extend it naturally to get a map Trs: Q*(B, C®(X, A%*(T*X) ®
Elx)) — Q*(B).

Let o = wM|T§'Mng'M and let Ny be the number operator defining the Z-grading on A%*(T*X). Set N, = Ny + i%.

Assume that Hi(X, E|x) =0 for j > 0. Then one can prove (see [2] Proposition 4.6.1 and Theorem 4.10.4) that the zeta
function

+00
_ 1 s—1 _p2
(©=-15 /u OTry [Nuexp( Bu)] du (21)
0

has a holomorphic extension on {|Re(s)| < 1/2}. Here T is the Euler gamma function and ®: o € AZ(T*B) — (2in) *a.
Following Bismut [2, (4.11.3)], we define the holomorphic analytic torsion forms by

7 (M, hE) :=¢'(0). (2.2)
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Let h"*(X.Elx) be the L2 metric on H*(X, E|x) defined from the volume form dvy associated with h7X by

(s,s") =

/(S(X), (%)) g (%) dvx (%). (2.3)

Xb

(Zn)di”‘ X
If oM is closed, then we have the transgression formula proved in [5, Thm. 3.9]:

99 .
ﬁ'f(w’V',hE) =ch (H'(x, Elx), h!! “*Elx)) —/Td(TX,hTX)ch(E,hE). (2.4)
X

In the general case, this equality is replaced by [2, Thm. 4.11.2]: in the right-hand side, the term [, Td(TX, hTX)ch(E, hE) is
replaced by the integral of a non-explicit local form.
From [2, Prop. 4.6.1], we know that there are cj € 2°(B) such that for u €]0,1] and k e N,

k
®Tr, [Nu exp(—Bﬁ)] 3 cjud| < gk, (2.5)

j=-m

Then the torsion is given by the formula

’ 0
'J'(a)M’hE)=—/ {<I>Trs [Nuexp(—Bﬁ)] - Z C]‘Uj}dju
0 j=—m
i du - ¢
- / @ {1 [Nuexp-BD ]| 5+ 30 7 ol (. (2.6)
1 j=—m

3. Statement of the result

Let m1: N— M and m,: M — B be holomorphic fibrations with compact fibers Y and X respectively. Then w3 :=
myomy: N — B is a holomorphic fibration, whose compact fiber is denoted by Z. This is summarized in the following
diagram:

Y——-Z7Z——=N

T

X—>M——>B
2

Let @M and hX be defined as in Section 2 for the fibration 7>. We denote by THM := TXL@" the associated horizontal
subbundle.
Let (L, h!) be a holomorphic Hermitian line bundle on N, with Chern curvature RL.

Assumption 3.1. The (1, 1)-form «/—1R" is positive along the fibers of 73, that is for any 0 # U € T Z, we have
RLWU,0) > 0. (3.1)

In particular, (;r1, —/—1R%) and (773, —«/—1R%) are Kihler fibrations and we denote by g"®Z and g'®Y the correspond-
ing metrics on TgZ, and TRrY.

We denote by LP the pth tensor power of L. Assume temporarily that B is compact, then Assumption 3.1 and Kodaira
vanishing theorem imply the existence of po such that for p > po, the direct images R®m14(LP), R®m2.(R®m14(LP)) and
R®m3,(LP) are locally free and they vanish in positive degree. Thus for p > po,

Fp:=HO(Y,LP|y) (3.2)

is a holomorphic vector bundle on M. Let dvy be the volume form on Y associated with g'®Y, we endowed Fp with the
L? metric hfr induced by h! and dvy as in (2.3). Finally, an easy spectral sequence argument shows that Rinz*(Fp) ~
Rims.(LP), so that

H*(X, Fplx) = H(X, Fplx) ~ H%(Z, LP 7). (3.3)

We now turn back to the case of an arbitrary B. Then we assume that a number pg as above can be chosen uniformly
on the compact subsets of B. In the sequel, we take p > po.
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From these data, we can define, as above, the holomorphic analytic torsion form 7 (oM, hfr) associated with w™ and
(Fp, hfp).

Remark 3.2. In our situation, one can always choose a closed w™. Indeed, let Ap =detF, be equipped with the Quillen
metric associated with a fibrewise Kihler metric hY along the fibers Y and with the metric h! on L. By the curvature

theorem for Quillen metrics [4], we get c1(Ap, || - ) =[ [, TA(TY, gT¥)ePct (L’hL)](z), where ¢® denotes the component of
degree k of «. Thus, as p — 400, we have
o (L hL)dim Y+1

m +0(pdimy+1), (3.4)
Y

c1(hp, |l - Ilp) = paim¥+1

the 2-form of the right-hand side being positive along the fibers X for p large enough because ci(L, hl) is positive along
the fibers Z.
In the sequel, we choose a non-necessarily closed form oM.

Let T#Z be the orthogonal complement with respect to g"Z of TY in TZ. Then T{Z ~ 7} TX. Let R*! € 7;End(TX) be
the Hermitian matrix such that for any U, V € TX, then

REQUH, V™Y = (RELU, V), (3.5)

where U, V# € THZ denotes the horizontal lifts of U, V. By Assumption 3.1, RX'L is positive definite.

Theorem 3.3. etk € {0, ..., dim B}. Then the component of degree 2k of the torsion form 7 (wM, hfr) have the following asymptotics
as p — +oo:

(2k)
1 RX:L Na <
T (M, hfry@R — 5 /log [det(pzn )} e PR! +o(pdimZ+hy, (3.6)
zZ

in the topology of C*° convergence on compact subsets of B.
Remark 3.4.

1. We can also obtain the asymptotics of the torsion if we replace the bundle F, = HO(Y, LP) by a twisted bundle E ®
HO(Y, E’ ® LP), where E — M and E’ — N are holomorphic bundles endowed with Hermitian metrics: the factor % in

K(E) rk(E")
(3.6) only has to be replaced by ===,

2. If B is a point, we reobtain the main result of [7] in the case where 71 =1Id and [8] in the case where N =P(E*) and
L =0O(1), with E a positive bundle on M.

4. Heat kernel and Toeplitz operators

Let us point out that, when compared with the results of Bismut and Vasserot, and besides the difficulties caused by the
family situation in itself, a major difference is that the dimension of F, grows to infinity. Thus the method they used to
prove the convergence of the heat kernel is not directly applicable here because, even locally, we have a family of operators
acting on different spaces. To overcome this issue, we draw our inspiration from [6] and use the theory of Toeplitz operators.

Note that when (2, M) is a Kahler fibration, one can use [5] and [13] to reduce the problem to the case of powers
of a line bundle (i.e., Y = {pt}) and thereby handle the direct image without using Toeplitz operators, but the convergence
is then modulo 8 and § exact forms on B and not at the level of forms. Thus, unless B is compact and Kihler, we are
considering a convergence result modulo a non-closed space, which is irrelevant. However, for the degree zero component
of the torsion forms, i.e., for the torsion, as there is no quotient to take, the result of [1] (which is [13] in degree zero)
indeed enables to avoid Toeplitz operators.

We now give here the main steps of the proof of Theorem 3.3. The idea is to compute the asymptotics of the differ-
ent terms appearing in the formula (2.6) applied to Fp, and then to get dominations in order to apply the dominated
convergence theorem.

We now recall the definition given in [14, Def. 7.2.1] of a Toeplitz operator. Let b € B. For x € X}, := 7{2_1 (b), let Yy :=

n]”(x) and, for any holomorphic Hermitian bundle E on Yy, let Pp, x be the orthogonal projection

Ppx: L*(Ya, E®LP) — HO(Yy, E® LP). (4.1)

Definition 4.1. A Toeplitz operator on Yy is a family of operators Tj, € End(L2(Yx, E @ LP)) satisfying the following two
properties:
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(i) for any p € N, we have
Tp=PpxTpPpx; (4.2)
(ii) there exist sections f; € @"O(Y, End(E)) such that for k € N there is C, > 0 such that for the operator norm,

k

Tp— Zp_rpp,xfrpp,x
r=0

<Cp* L (4.3)

From [14, (4.1.84), Lem. 7.2.4], we can prove the important property of Toeplitz operators:

o) (L, hL)dimY

S o™, (44)

Tt |12y, poir) [Ppaf Ppd = P8 / Tr|g[f]
Yx
Let By, be the Bismut superconnection associated with (wM, hfr) as defined in Section 2 and the references therein.

Let exp(—Bi’u/p)(x, X') be the Schwartz kernel of exp(—Bﬁ,u/p) with respect to dvy, (x'). Then for b € B,

exp(—Blzw/p)(x, x) € End (A'(Tﬁ‘i’bB) QAL(T*Xp) ® Fp) . (4.5)

In the sequel, we endow End (A'(Tﬂ’g »B)® A% (T*Xp) ® Fp> with the operator norm. As in Definition 4.1, we will denote

this norm by || - || even if it is defined on spaces depending on p. Similarly, for £ € N, the G’-norm for the parameters
(b, x) € M induced by this norm on each bundle End (A'(TH’E »B) ® A% (T*Xp) ® Fp) will be simply denoted by | - || .
For a > 0, set Vq: o € A(T*B) — a%«. The asymptotics of this heat kernel is given by a Toeplitz operator as follows:

Theorem 4.2. Let £ € N and b € B. As p — +o0, uniformly as u varies in a compact subset of R and as (x, b) varies in a compact
subset of M, we have the following estimate:

dim X det(R*'L) .
p -Q *.) dim X
Y1, /5€XP(—B2 /) (X, %) — —————P xe ) - , =o(p ). (4.6)
/\/5 p.u/p (Zﬁ)dlmx p.x det (-l _ exp(—uRi;”l_'))) p.x ot

Here the dot symbolizes the variable in Yy and @, € GOO(N, T3 A% (TgB) ® nl*End(AO"(T*Xb))) is explicit.

The fact that Toeplitz operators arise in the asymptotics of the heat kernel ultimately comes from a result of Ma and
Zhang [15, Thm 2.1], asserting that the curvature of the Chern connection of F, is itself a Toeplitz operator. This result is
the cornerstone of our approach.

Remark 4.3. In the proof of Theorem 4.2, we do not need the assumption that L is positive along the fiber Z, but only along
the fiber Y.

We next get the uniform short-time expansion of the heat kernel, and the fact that the coefficients are asymptotic to
Toeplitz operators.

Theorem 4.4. There exist {A j} € @OO(M, Ty A (TEB) ® End(A%*(T*X) ® Fp)) such that for any k,¢ € N and b in a compact
subset of B, there exists C > 0 such that forany u €10, 1] and p > 1,

k
pIm Xy sexp (—Bf,‘u/p) - Y Apjeoul| <cuttl. (4.7)
j=—dimM et

Moreover, as p — +oo, uniformly over compact subsets of B, for any j > —dim M
|Ap.j®) = P X Py cAj(x, I Pp x| e = 0(pU™X). (4.8)
Here Aj € @ (N, A*(T};B) ® ;End(A%*(T*Xy))) is explicit.

Remark 4.5. The operator convergences in Theorems 4.2 and 4.4 imply the convergence of the corresponding supertraces
divided by p%imZ_ Indeed, it is classical that dim Fp < CpdimY for some constant C, and thus for D End(A*(T% ,B) ®

AP (T*Xp) ® Fp) and f € End(A*(T}; ,B) ® A%*(T*Xp)), we know that

ID — pimXp, fPpll =o(piMX) — [p~9MZTr (D) — p~ MY Tr (P, fPp)| = 0(1). (4.9)

Thus, we can conclude using (4.4).
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Finally, we get the following large time domination, for which a key ingredient is to obtain a spectral gap theorem for the
Dirac operator of Fj via the Lichnerowicz formula and the expression of the Chern curvature of Fj, as a Toeplitz operator
[15, Thm. 2.1].

Theorem 4.6. For ¢ € N, there exists C > 0, uniform over compact subsets of B, such that foru>1and p > 1,

d c
p-dim? W”ﬁm [Nu/p exp (—Bf,’u/p)]‘el =7 (4.10)

Using the formula (2.6) for F, and applying the dominated convergence theorem using Theorems 4.2, 4.4 and 4.6, we
compute explicitly the derivative at zero of the limiting zeta function. This appears to be more difficult than in the result of
Bismut and Vasserot. We then get the asymptotics of the torsion, i.e., Theorem 3.3.

For more details and the proofs of the results announced here, we refer the reader to [16].

Acknowledgements

The author wants to thank Professor Xiaonan Ma for helpful discussions about the topic covered here, and more generally
for his kind and constant support. The author also thanks the anonymous referee for his valuable comments, which allowed
him to improve the manuscript.

References

[1] A. Berthomieu, J.-M. Bismut, Quillen metrics and higher analytic torsion forms, J. Reine Angew. Math. 457 (1994) 85-184.
[2] J.-M. Bismut, Hypoelliptic Laplacian and Bott-Chern Cohomology: A Theorem of Riemann-Roch-Grothendieck in Complex Geometry, Progress in Math-
ematics, vol. 305, Birkhduser/Springer, Cham, 2013.
[3] J-M. Bismut, H. Gillet, C. Soulé, Analytic torsion and holomorphic determinant bundles. II. Direct images and Bott-Chern forms, Commun. Math. Phys.
115 (1) (1988) 79-126.
[4] J.-M. Bismut, H. Gillet, C. Soulé, Analytic torsion and holomorphic determinant bundles. Ill. Quillen metrics on holomorphic determinants, Commun.
Math. Phys. 115 (2) (1988) 301-351.
[5] J-M. Bismut, K. Kohler, Higher analytic torsion forms and anomaly formulas, J. Algebraic Geom. 1 (1992) 647-684.
[6] J.-M. Bismut, X. Ma, W. Zhang, Opérateurs de Toeplitz et torsion analytique asymptotique, C. R. Acad. Sci. Paris, Ser. I 349 (17-18) (2011) 977-981.
[7] J.-M. Bismut, E. Vasserot, The asymptotics of the Ray-Singer analytic torsion associated with high powers of a positive line bundle, Commun. Math.
Phys. 125 (1889) 355-367.
[8] J.-M. Bismut, E. Vasserot, The asymptotics of the Ray-Singer analytic torsion of the symmetric powers of a positive vector bundle, Ann. Inst. Fourier
(Grenoble) 40 (4) (1990) 835-848.
[9] M. Bordemann, E. Meinrenken, M. Schlichenmaier, Toeplitz quantization of Kdhler manifolds and gl(N), N — oo limits, Commun. Math. Phys. 165 (2)
(1994) 281-296.
[10] L. Boutet de Monvel, V. Guillemin, The Spectral Theory of Toeplitz Operators, Annals of Mathematics Studies, vol. 99, Princeton University Press,
Princeton, NJ, USA, 1981.
[11] H. Gillet, D. Réssler, C. Soulé, An arithmetic Riemann-Roch theorem in higher degrees, Ann. Inst. Fourier (Grenoble) 58 (6) (2008) 2169-2189.
[12] H. Gillet, C. Soulé, An arithmetic Riemann-Roch theorem, Invent. Math. 110 (3) (1992) 473-543.
[13] X. Ma, Formes de torsion analytique et familles de submersions. I, Bull. Soc. Math. Fr. 127 (4) (1999) 541-621.
[14] X. Ma, G. Marinescu, Holomorphic Morse Inequalities and Bergman Kernels, Progress in Mathematics, vol. 254, Birkhduser Verlag, Basel, 2007.
[15] X. Ma, W. Zhang, Superconnection and family Bergman kernels, C. R. Math. Acad. Sci. Paris, Ser. I 344 (1) (2007) 41-44 (full version forthcoming).
[16] M. Puchol, The asymptotics of the holomorphic analytic torsion forms, arXiv:1511.04694, 2015, forthcoming.
[17] D.B. Ray, .M. Singer, Analytic torsion for complex manifolds, Ann. Math. (2) 98 (1973) 154-177.
[18] C. Soulé, Lectures on Arakelov Geometry, Cambridge Studies in Advanced Mathematics, vol. 33, Cambridge University Press, Cambridge, 1992. With the
collaboration of D. Abramovich, ].-F. Burnol and J. Kramer.


http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5231333035323830s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5233303939303938s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5233303939303938s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D52393239313437s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D52393239313437s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib6269736D75742D67696C6C65742D736F756C65s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib6269736D75742D67696C6C65742D736F756C65s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib6269736D75742D6B6F686C6572s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5232383338323438s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib6269736D75742D7661737365726F742D3839s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib6269736D75742D7661737365726F742D3839s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib6269736D75742D7661737365726F742D3930s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib6269736D75742D7661737365726F742D3930s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5231333031383439s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5231333031383439s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D52363230373934s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D52363230373934s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5232343733363333s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5231313839343839s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5231373635353533s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib6D612D6D6172696E65736375s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5232323836353836s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4173796D70742D746F7273696F6E2D666F726D73s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5230333833343633s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5231323038373331s1
http://refhub.elsevier.com/S1631-073X(15)00324-6/bib4D5231323038373331s1

	The asymptotics of the holomorphic torsion forms
	Version française abrégée
	1 Introduction
	2 Deﬁnition of the torsion forms
	3 Statement of the result
	4 Heat kernel and Toeplitz operators
	Acknowledgements
	References


