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RESUME

Soit (Hs(n))n>1 une suite de Halton & s dimensions. Soit Dy la discrépance de la suite
(Hs(n))nNzl. Il est connu que NDy = O(In°N) lorsque N — oo. Dans cet article, nous
montrons que cette estimation est exacte :

limy_ooNIn"S(N)Dy > 0.
© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction
Let (Bn)n>1 be a sequence in the unit cube [0, 1), y = (¥1, ..., ¥s), B(W =10, y1) x --- x [0, ¥5) € [0, 1)%,

AB®Y), Brn_y) = Z (Apy)(Bn) —y1---ys), where 1py)(X) =1, ifx € B(y), (1)
1<n<N
and 1y (x) =0, if x ¢ B(y). We define the star discrepancy of a N-point set (/3,,)”1\’=1 as

1
D*(BN_=sup  |<=ABW), B! (2)
0<y1,nys<t N
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Let (Bn)n>1 be an arbitrary sequence in [0, 1)°. In 1954, Roth proved that

limsup N(InN)~2 D*((8,)_,) > 0.
N—oo
According to the well-known conjecture (see, e.g., [1, p. 283]), this estimate can be improved
limsup N(In N)“*D*((8.)\_;) > 0. (3)
N—oo

In 1972, W. Schmidt proved this conjecture for s = 1. For s = 2, Faure and Chaix [4] proved (3) for a class of (t, s)-sequences.
For a review of research on this conjecture, see, for example, [2].

Definition. An s-dimensional sequence (B;)n>1 is of low discrepancy (abbreviated l.d.s.) if D*((ﬁn),’L]) =O0(N~1(InN)5)
for N — oc.

Let p > 2 be an integer,
n:Zep,,-(n)p", withep ;(n) € {0,1,...,p -1}, and qbp(n):Zep,i(n)p_"_l. (4)
i>0 i>0

Van der Corput (see [3, Ref. 1891]) proved that (¢, (n))n=0 is a 1-dimensional Ld.s. Let

Hs(m) = (¢p, (), ..., ¢p,(n)), n=0,1,2,.., (5)
where p1,..., ps > 2 are pairwise coprime integers. Halton (see [3, Ref. 729]) proved that (Hs(n))n>0 is an s-dimensional

l.d.s. For other examples of l.d.s. see e.g. [1,3]. In §2 we will prove the following theorem.

Theorem. Let po = p1p2 - -+ Ps, S > 2 and mg = [2pg log, po] + 2. Then

sup  ND*((Hs(m)N_) >m*8po)™" for m > po.

1<N<2™no

Remark. This result supports the conjecture (3). In [5], we received a similar result for sequences obtained from algebraic
lattices. In [6], we proved a similar result for some (t, s)-sequences (see also [7]).

2. Proof of the Theorem

Let xj = ijl x,-,jpi_], with x; j € {0,1,..., pi — 1}, [xi]; = Zlijirxi,jpi_], i=1,..sr=1,2,...By(4), we have ¢p,(n) €
[[xilr. [xilr + p; ") if and only if n = X;, (mod p}), where %;, = ZKJ-eri,jp{*l. Let r= (r1,...Ts), Pr=p}' - p¢ and
M; = (Prp; ")~! (mod p}'). Using the Chinese Remainder Theorem, we get

S
¢p; () € [[Xilr,. (Xl +p; ). for i=1,....s <= n="% (mod Pr) with&e =Y M rPep; "Xi ;. (6)
i=1

It is easy to verify that if rlf >ri, foralli=1,...,s, then
Xy =Xr (mod Pyp). (7)

We consider the case x; ,, #0 for all i =1, ..., s. We obtain from (6) that

S
¢p; (M) € [[Xilr, — p; ', [Xilr), for i=1,..,s &=n=5% — ZMf,rPrpfl (mod Py). (8)
i=1
Let po = pip2---ps, Pi = po/pi, T = min{l <k < pilp{ =1 (mod pp)}, i =1,...s. Let y = (y1,..., y5) with y; =
Z]Sjgm pi_m- [Yilzk; = Z]gjgk,v pi_]n- and let J.’i.r,-k,- = Z1S]S’<i p{r,-—1, ki>1,i=1,..,s, k= (k1,....ks), B(y) =10, y1) X
-+ x [0,ys) C[0,1)%, Bx= 1_[151‘55[[J’i]nk,- . pi—ki‘fi7 Wilek)s T=(T1, ..., Ts), U -V = (U1 V1, ..., UsVs). We have
Byw= |J Bk and 1py@-yi--ys= Y. (g @ —P;p. 9)

1<kq,....ks<m 1<kq,....ks<m

N —zik; .
Let Yok = Z?:] M; 7.k Pr»kpi K Vi ti(ki—1) and
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S
A== MiziPexp;" (modPry). with Ag€[0, Pry). (10)
i=1

. —Tik; - A .
From (6) we get ;.= Zf:] M; 7., Pz.xDb; K Vi,tiki = Yrk — Ak (mod Py). By (5) and (8), we obtain

. — iki . . — %
Hs(n) € By <= ¢p;(n) € [Vi,5ik; — Py W Yick), for i=1,..,s¢=n=Jrk (mod Pry). (11)

Let
VYm = Yrm+1) (mod Prmi1y), With ¥ € [0, Prnt1)), Where T(m+ 1) = (t1(m+ 1), ..., Ts(m + 1)). (12)

Using (7), we get J7.k — Ak = Jr.k = Vemr1) = Yrma1) — Arenet) = Ym (mod Poy), with ky, ..., ks € [1,m]. Applying (11),
we have

Hs(n) € Bk <= N = ym + Ax (mod P ).
By (11), we get

Ym+(N1+1)Prx—1 Ym+N1Pyx+Ny—1
> (A (Hsm)—P;)=0, and > (g (Hsm) — P70
n=ym+N1Pyk n=ym-+N1Prk
= > (g Hm)—P; = > 1-=NaP; i =1n,)(A) — NaP, L (13)
ne[Ym,ym+N2) nEU’mJ}M/m‘f‘NZ)
n=ym+Agk

with Ny >0 and N; € [0, Py k), N1, Ny € Z. From (1) and (9), we get

ABQY). (H@™ = 3" g (Hsm) = y1--ys)
Yom=<n<yom+N
= Z pk,N), with p(k N)= Z (1, (Hs(n)) — p;}() (14)
1=ky,....ks=<m Yom=n<yom+N
Let
Pzm - 1 Pzm
o = —— 3 ABEY), Hsm))" " = 3" g, with api=5—>" p,N). (15)
Pem (5 " 1<kq,....ks<m Pem 3

Bearing in mind (13) and (14), we derive

1 Pzm/Prk—1 Prx }-/m+N1P't-k_1 _
Zr I eliD DD Dl (D DR PXCRCIRY =
Ni=0 No=1 n="¥m
Ym+N1Prx+N2—1 1 Pem/Prx—1 Prk

+ Y (1Bk<Hs<n>>—P;_}())=m > (om0 = N2P7Y)

n=ym+N1Prk Ni=0 Ny=1
Pr»k
1 _ Prx—Ax  Prx(Prx+1) 1 Ag 1
- 3 (1[0,N2)(Ak) - szr‘}() _ b _ PeudPe 1 A |
P'r~k Ny=1 Pr-l( 2Pr~k 2 Pr~k 2Pr»k

Using (15), we have

om= ) (%_A—l,(_zpl,,k)' (16)

1<kq,....ks<m

Taking into account that M; ;. = (P,Akpi_r"k")*l = [Ti<jes ji pj_fjkj (mod pf"k"), and that p? =1 (mod p;) (i # j), we
obtain M; ;x =1 (mod p;), i=1,...,s. From (10), we get

Ak
Pt-k

_ 1
[0,1)3 =— Y MirxPrkp; 1/19,.1(5—13—1 ————— — (mod 1).

1<i<s

Applying (16), we derive
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2P;.
Tkpoke<m <0 T k P1 Ds

where {x} is the fractional part of x. Let 8 =1/2 (mod 1). Hence po = p1p2---ps =0 (mod 2). Let p, =0 (mod 2) for some
v €[1,s]. Then

by :=po(pv/2—1)/py=po(B—1/pv)=po Y 1/pi(mod1)andb; = by(mod po), withby = po/pi.
1<i<s,i#v i#v

Let je[1,s] and j # v. We see that by =0 (mod p;) and b, # 0 (mod pj). We get a contradiction. Hence g # 1/2 (mod 1).
We have

a
075‘ { ﬂH—‘ { ( +--+ )H—u with some integer a.
P1 Ds
Thus |1/2 — {—B}| = 1/(2po). Bearing in mind that P, > 2ki+ka++ks wwe obtain from (17)
m& 1 m’ m’
|otm| > — ——:—(1—@)>— for m>po>4. (18)

2po 2 2po mS~ ~ 4pg

It is easy to see that 7; < pg,i=1,...,s, and 2P,(m+1) = 2pT1 (m+1) ~-p§5(m“) < 21+po(m+1)logy po < pm(1+2polog; po) < pmmo
with mg = [2pg log, pol + 2. Using (12) we have that y; + Pem < 2Prgne1y < 2™, By (18), (15) and (2), we get

m5(4p0)7] < |(Xm| < sup ND ((Hs(n))J/m+N 1)
1<N<Pim

< sup ND*((Hsm)rfY ™"y <2 sup  ND*((Hs(m))_;) for m> po.
1<L,L+N=<2Pz(m+1) lgNme’”O

Hence, the Theorem is proved.
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