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RESUME

Eubank, Hart et Speckman (1990) [2] ont étudié I'estimation non paramétrique de la
fonction de régression par des séries trigonométriques. Ils ont supposé que les observations
x; satisfont la condition faxi Y(s)ds = “nﬁ i=1,..,n, ol ¥ eL'[a,b] est une densité
vérifiant certaines conditions de régularité. Dans un travail de Rafajlowicz (1987) [3], les
observations coincident avec les nceuds des fonctions numériques quadratiques. Ce travail
a pour objectif d'introduire un nouvel estimateur de la fonction de régression basé sur
un systéme trigonométrique. On supposera que les observations sont prises en des points
équidistants, car il est difficile de déterminer numériquement avec précision les points x;
satisfaisant aux précédentes conditions, spécialement quand le nombre d’observations est
grand.
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1. Introduction

The field of nonparametric statistics has broadened its appeal in recent years with an array of new tools for statistical
analysis. These new tools offer sophisticated alternatives to traditional parametric models for exploring large amounts of
univariate or multivariate data without making specific distributional assumption. As one of these tools, nonparametric
regression function estimation has become a prominent statistical research topic. In many areas of mathematical analysis,
the smoothness of a function is more readily determined by the behaviour of its Fourier series. Our thesis in this paper
is that the latter approach is natural and convenient when analyzing the properties of orthogonal trigonometric regression
function estimators. Consider the partition of the interval A = [a, b] C R into n subintervals A1 = [ag, a1], A; = (aj_1, ail,
i=1,..,n, where a=ap <a; < ... <ay. Suppose that the observations y1, ..., y, follow the model y; = R(x;) + n;, where
R(x) : [a,b] —> R is an unknown function satisfying certain smoothness conditions specified below, x; € A;, i =1, ...,n,
and n;, i =1, ...,n, are independent identically distributed random variables with mean zero and finite variance 02> 0. Let
the functions ey, k=0, ..., form an orthogonal system in the space L?[a, b] i.e.:

b
[ excoedx=s4.0<k.j <. (1)
a

Where §y; is the Kroncker delta. We assume that the regression function R is an element of this space and consequently it
has a representation

R(x):chek(x),kzo,...,xe[a, b]. (2)
k=0

As an estimator of R, we take

dn
Re,0 =) &er), (3)
k=0
where
n ai
G=)_vi / ex(x) dx, (4)
=1 g,

and dj it is a sequence of positive number chosen so that d;, —> oo as n —> oo.

To cite a few specific works, Rutkowski [5] investigated sufficient conditions for almost sure convergence of the above es-
timator, constructed using the trigonometric functions and Legendre polynomials. Results concerning the convergence rates
of the integrated mean-square error of the estimator constructed using the Fourier series were obtained in [2]. However, it
is assumed that the observation points satisfy the condition fax‘ Y(s)ds = “ni’) i=1,...,n, where ¥ € L'[a, b] is a density
satisfying certain smoothness conditions, and in [3] the observation points coincide with knots of numerical quadratures.
The aim of the present work is to introduce a new estimator of the regression function based on trigonometric basis in-
troduced by Saadi and Adjabi [6]. We obtain asymptotic results, in particular convergence rates for IMSE and the pointwise
mean-square error of the estimator for fixed point designs different from the ones considered so far, under milder restric-
tions on the observation points. This seems to be important, since it may be numerically difficult to determine exactly the
points x; satisfying the recent condition or the knots of appropriate numerical quadratures, especially when their number
is large.

2. Construction of the estimator

Consider the partition of the interval A = [—m, «t] into n subintervals A1 = [ag, a1], Ai = (aj_1,q;], i=1,...,n, where —t =
ap <aj < ... < ap = m. Suppose that the observations y1, ..., y, follow the model y; = R(x;) + n;, where R(x) : [-m, t] — R
is an unknown function satisfying certain smoothness conditions specified below, x; € A;, i=1,...,n, and n;, i=1,...,n,
are independent identically distributed random variables with mean zero and finite variance o2 > 0. Let the functions
{ex, k=0, ...} form an orthogonal system in the space L?[—m, ] defined by Saadi and Adjabi [6]:

ex(x) = \/% (cos(kx) + sin(kx))1[—x x(x), k=0, .... (5)

We assume that R(x) € L[—mx, ] and consequently it has a representation

R(x) = \/% ; cr(cos(kx) + sin(kx)), where ¢ = \/%l(cos(kx) + sin(kx))R(x) dx. (6)
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An estimator of R(x) is given by:

dn
ﬁdn x) = Z Cr(cos(kx) + sin(kx))(x),
k=0

1
N
where

n ai
Ck = Z Y; / (cos(kx) (x) + sin(kx)) dx,
i=1 g,
and dj it is a sequence of a positive number chosen so that d, —> oo as n —> co. As an estimator of R, we take

dn

«/%75 g Cr(cos(kx) + sin(kx))

n dp

Z Z Yi[(cos(ka;) + sin(ka;))(cos(kx) + sin(kx))
i=1 k=0
+ (cos(—ka;_1) + sin(—ka;_1))(cos(kx) + sin(kx))].

Ra, ) =

_1
T 2n

Using the previous calculus, the estimator kdn (x) of R(x) is given by

. 2d,+1)(a;— . Qdp+1)(E—(aj+x))
Rq (X)——1 En Yi[sm[( "+2)(a* L H—
n - s rai—X T_ (g
4n = sin[“5=] sin[ 2 (ger)]
o . .\ Ty q—
Sin[(Zdn+1)(2—a,,1 x)] sm[(Zd +1)(22+(a 1 X))]]]

sin[ =% Sin 2209

3. Proprieties of the estimator

853

(7)

(8)

(9)

(10)

(11)

To investigate the asymptotic properties of our estimator, we need the following theorem giving bounds for the variance

and squared bias of the Fourier coefficient estimators defined in (8).

Theorem 1. If R(x) € Lo[—m, ], then the Fourier coefficient estimators {Cx, k =0, 1, ...}, given by (8), satisfy

[Cx — E(&0)1* <21 (R, An), Var(&) =0y An,

where ¢ (R, 8) = supj_g<s | R(X) — R(s) |, § > 0, and Ap = maxq<ij<n(a; — aj—1).

Proof. Since [—x, ] = U?:] A; and the functions {e}x=o,1..., form an orthonormal system in Ly[—m, ].

E(y) = E[;—n Z Yi f (cos(kx) + sin(kx)) dx] = 21_75 Z R(X)) f (cos(kx) + sin(kx)) dx.
=1 ay i=1 ai—1

a

Then we deduce that

n 4 2 n 4
Eley —EC)P = ;—RE[Zl ni f (cos(kx) + sin(kx)) dx]*> = Z—;’t Z][f (cos(kx) + sin(kx)) dx]>
=1y =lai_ 4

0.2 n a; UZA n a;
_)7 .- . 2 n n 3 2
< on ;(az al1)/[(cos(kx)+sm(kx))dx] TS ;][(cos(kx)-i-sm(kx))] dx

o2 A,
< / [(cos(kx)+sin(kx))]2dx:a$An,
27

[—m, 7]

For the bias term, we easily obtain

(12)
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Ly
21

i=lg;_y

& —E@ =51 / R(x)(cos(kx) + sin(kx)) dx — > " R(X;) / (cos(kx) + sin(kx)) dx |?
i=1 ar

1 &7 ‘ . 2
< %[Z / | R(x) — R(X;) || cos(kx) + sin(kx) |]° dx

i=lg;_,

< i[Z(/ (R() —R(xi))zdx)%(/ (cos(kx) + sin(kx))?) dx) 2 1>
2n

=14, [

1 & di n % ‘
< ﬁ[z / (R(X) — R(X)?dx ) / (cos(kx) + sin(kx))?

i=lg;_, i=lg;_,

n @ n @
52 f (R(x)—R(X,-))zde / («/Lz_n(cos(kx)—i—sin(kx)))z dx

i=lg;_, =lg;_4

<> (R, An) Y (@i —ai1)

i=1

<21’ (R, Ap). O
3.1. Integrated mean-square error

In this section we examine the integrated mean-square error of the estimator and obtain convergence rates for the
estimators constructed using trigonometric polynomials.

Theorem 2. If R(x) € Ly[—mn, 7] satisfies the Lipschitz condition with exponent 0 < o < 1 in [—T, ®], Ap = 0(n~ 1), dy —> 09,
& 0,0>0asn—> ooand Y02, .12 —> 0asn — oo, then

lim IMSE(Rg, (x)) = 0. (13)
n—oo

Proof. It is easy to show the following formula for the integrated mean-square error (IMSE) of our estimator: IMSE(IA2,1n x)) =
Yo Blck — 6% 4+ Y52y, 1 o Theorem 1 yields

dn [e'S)
IMSE(Rg, (%)) = Y [(E& —c)* +EEe — )1+ Y cf (14)
k=0 k=dy 1
o0
<+ D07 A+ 210> (R, A+ D cf. (15)
k=dn+1

By assumption, there exist constants g8 > 0 such that A, < % and R satisfies the Lipschitz condition in [—x, ] i.e. 3¢ > 0,
a >0, ¢(R, Ay) <¢AY. Consequently, (15) shows that

lim IMSE(Rq,(x))=0. O
n—oo

Theorem 3. Rate of the convergence of mean integrated square error. If R(x) € Ly[—m, 7] satisfies the Lipschitz condition with
exponent 0 < o < 1in [—m, ], Y32y 1 2 = 0(d;**) and Ay = O(n™"), then

A~ — C{Z 1 o
IMSE(Rdn(x))ZO(nz«fﬁ),0<a5i,dn~nzfﬁ, (16)

. i 1
IMSE(Rd"(x))ZO(nz&'ﬁ),E<a51,dn~nzﬁ. (17)

Proof. By assumption, there exist constants 8 > 0, & > 0 such that A, < g Z,fidn 1 c,% < d% and R satisfies the Lipschitz
n

condition in [—m, ] i.e. 3¢ >0, o > 0, ¢ (R, Ap) < AY. According to (15) we deduce that
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ﬂ n 27E§2 g

IMSE(Rq, (%)) < (dn + DI—= R

which can be rewritten as

F F
IMSERg, () <dl L+ 21+ 22
n

2v
Where Fq, F», F3 are constants > 0. Now, for 0 <« < 1 , dn ~n2+1 we deduce (16).

The proof of the (17) is analogous to that of (16) except that now we use inequality (15) w1th <o <1,d;~ n2a+1 O
4. Mean-square error MSE

In this section we examine the pointwise mean-square error of our estimator and obtain convergence rates for the
estimators constructed using trigonometric series. We have

MSE(Rq, (X)) = E[Rq, (x) — RX)T* (18)
dn e} dy [e%e)
=E[)_&ee®) — Y &e® PP =Y El@ —cler® — Y cer®)]? (19)
k=0 k=0 k=0 k=dnt1
dn e} dy [ele)
=E[) & —cexP +1 ) el + 2B @& — cer®] Y cren(®). (20)
k=0 k=dn41 k=0 k=dn41

Theorem 4. If R(x) satisfies the Lipschitz condition with exponent 0 < o < 1in [—-m, ], Ay = 0(n™ 1), o > 0 as and (Z,fidnJr1 |

2
agk? |17 < oo, B >0q >0, then

dl (xGB CZ

4+ — (21)

E[Rq, (%) — RT < dz(— + 2+ ot

almost everywhere in [—m, t], where G1, G, G3 > 0 are constants.

In this section, we can prove the main results concerning the convergence rates of the pointwise mean-square error of
our estimator.

Theorem 5. If R satisfies the Lipschitz condition with exponent 0 <« <1, A, = 0(n™1), then

(1) for0<a < % and d, ~naa?,wehave

A —. 0(2
E(Rg, (%) — R(x))*>=0(n = ) almost everywhere in [—m, t];

(2) for % <a<landd, ~ n2(0t1+1> , we have
}E(ﬁdn (x) — R(x))2 = O(nﬁ) almost everywhere in [—, Tt].

Proof. According to Theorem 4 and for 0 <« < 5 dn ~ na+1 we have

—a(@+D+a(@—1) —202

A = 012
E(Rg,(0) — R(X)? < HinT 4 Hon ™ w31 + Hyn'air,

almost everywhere in [—m, ], where Hq, Hy, H3 > 0. Consequently, we deduce that

A —2a2
E(Rqg, (X) — R(x))? < (H1 + Ha + H3)n o1,

almost everywhere in [—m, ], which proves (1).
1
The proof of (2) is analogous to that of (1) if we use the Theorem 4, except that % <a<1l,dy~n2@n, O
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5. Concluding remarks

In the present work, it has been shown that the estimators considered can attain, at least for regression functions sat-
isfying the Lipschitz condition with exponent 1/2 < « < 1, the same optimal IMSE convergence rate as the least squares
polynomial estimators considered in [4] and orthogonal series estimators based on Legendre polynomials and numerical
quadratures [3]. Our trigonometric series estimator attains the same IMSE convergence rate as the estimator for the equidis-
tant point design considered in [1]|, where only the case of regression functions satisfying the Lipschitz condition with
exponent o =1 was examined. Hence, the asymptotic properties of our estimator seem to be competitive in comparison to
series regression estimators based on the orthogonal polynomials considered so far. Earlier Rafajtowicz [4] obtained suffi-
cient conditions for uniform consistency of that estimator in the sense of pointwise mean-square error for other observation
point designs, but they are satisfied only by functions of higher smoothness. In the present work, we go one step further,
showing that there exist trigonometric series estimators uniformly consistent in the sense of pointwise mean-square error,
and obtained the convergence rate for that error, under the same smoothness conditions on the regression function as in
[7] and less restrictive assumptions on the observation points. The present work also shows that there exist series-type
regression function estimators with asymptotic properties comparable to or even better than those of the least-squares
polynomial estimators investigated in [4] and [7], which were examined only for special fixed point designs, when the
observation points are equidistant.

Appendix A

Calculation of the
dn

1
§=)_ 5-lcosk(y =) +sin(k(y +x)]
k=0

1 1
S= [% + ﬁ[cos(y —X) +sin(y + x) + ... + cos(dn (y — x)) + sin(d, (y + x))1]
1
= %[1 +cos(y —x) +sin(y +x) + - - - + cos(dn(y — X)) + sin(dn (y + x))1
11
=—[=+cos(y —x) +cos2(y —x) +... + cos(dp(y — X))
21 2
+ % +sin(y +x) +sin2(y +x) + - - - + sin(dp (y + x))]
= i[1 4+ cos(y — X) +cos2(y — x) + - - - + cos(dp (y — X))
2n 2

1 T T T
+ - +cos(5 —(y+Xx) +c052(§ —(y+x)+... +cosdn(5 —(y+x)]

2
11 & 1 n
S5 D cosk(y =x0) + 5+ 3 cos(k(5 = (v +20))]
k=1 k=1
_ 1 Sin[(zdﬁlz)(yfx)] Sin[(ZdnH)(gf(yH))]
2n | 2sin[5F] 2sin[ 20,
1 Sin[(Zdn+12)(yfx)] Sin[<2dn+1)(2%—(y+x))]
4n sin[ 45~ sin[—%_(g”rx)]
Proof of Theorem 4. We have
MSE(Rq, (X)) = E[Rq, (x) — R
dn e} dy [e’e}
=E) & —cexP +1 Y el + 2B @& — cer®] Y cren(®). (22)
k=0 k=dp11 k=0 k=dp11

From the Cauchy-Schwarz inequality it further follows that

dn dy 00
MSE(Rg, (%) <> [(ckomz)” + E(Cege)*1 Y e +1 Y crex())? (23)
k=0 k=0 k=dy 41
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dn 00
+2E[Z<ck Ee,) ]Z[Zek(xnu > e |
k= k=0 k=dn11

and according to Theorem 1, we finally obtain the inequality

dn
MSE(Rq, (X)) < (dn + V[0 A + 21¢? (R, An)]zek(x)+[ Z crer()1? (24)
k= k= dnJr]
dn . 00
+2V20(Vdn + 1¢(R, A O _ep ()2 | Y cker®) |
k=0 k=dp 41
o o o0
| Y aa® < Y lalle®|< sup le@® | Y |l (25)
k=dy+1 k=dq+1 xel-mml k=dn+1
In addition,
> pJ— 2 = 1
sup e | Y lal=—= > lal=—= Y lakl|—. (26)
o o B
xe[-m.m] k=dy+1 21 a1 21 | a1 k
However,
2 = 1 2 > I e 1.1 1
— > lakf = —=( ) lakf Hi Y] w8’ = M Z )7,
o P = Jan ] pﬂ
21 k 2n kedy+1 k kedp+1 k
with
> 1 1 1
M=( Y lakf|hi,p>0—+-=1 (27)
k=dn+1 p q
We have
o
1 4
(—)PP~ (28)
—1d,
k= d,,+]
It follows that:
o
2 1 1 _2
| D0 e P SMP () (29)
k=dy+1 Bp—1r "1
putting
2 1 2
c= "M [——]>. (30)
T Bp—1
Then, we deduce that
o
Y aer®) <c< a—ﬂ—— (31)
k=dp+1

By assumption, there exist constants @, 7 > 0 such that A, < & 2 and ¢(R,y) <ny* for y >0, so by (24), and according to
(31), we have

5 2,007 U ne® ¢
MSE(Rg4, (%)) < (dn + 1)“(—— +2x 5 ) sup ek *) + — +24/2n(d, + 1) sup | ex =
n n xe[—m, 7] d xe[—m dy dy
which can be rewritten as
R Gy di- “G c?
ElRg, (%) = RO <dy (- Sy, 24— (32)

d20[

almost everywhere in [—m, ], where G1, G2, G3 > 0 are constants. O
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