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RESUME

On dit que f:[0,1] — [0, 1] est une application d'intervalle continue par morceaux s'il existe
une partition 0 =Xp < X1 < --- < X4 < X441 = 1 de [0,1] telle que f|x_,x) €st conti-
nue et telle que les limites latérales wa' = limy_, o+ f(x), Wi = limy_,1- f(x), w; =
limXﬁx; fx) et w?’ = limxﬁxr f(x) existent pour chaque i. On prouve que toute applica-
tion d'intervalle continue par morceaux sans connexion admet une mesure de probabilité
invariante. On prouve également que toute application injective d’intervalle continue par
morceaux sans connexion et sans orbite périodique est topologiquement semiconjuguée a
un échange d’intervalles.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Much information about the long-term behaviour of the iterates of a map is revealed by its invariant measures. Regard-
ing piecewise continuous interval maps, the presence of a non-atomic invariant Borel probability measure can be used to
construct topological conjugacies or semiconjugacies with interval exchange transformations (IETs).

E-mail address: benito@usp.br.
1 Partially supported by S3o Paulo Research Foundation (FAPESP) grant # 2015/20731-5.

http://dx.doi.org/10.1016/j.crma.2016.05.002
1631-073X/© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.crma.2016.05.002
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:benito@usp.br
http://dx.doi.org/10.1016/j.crma.2016.05.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2016.05.002&domain=pdf

718 B. Pires / C. R. Acad. Sci. Paris, Ser. 1 354 (2016) 717-722

Transfer operators have proved to be an important tool to obtain absolutely continuous invariant probability measures
for piecewise smooth piecewise monotone interval maps (see [1,3-5,9]). In general, these types of results assume that each
branch of the piecewise continuous map is C"-smooth (r > 1), monotone and has derivative greater than 1.

The aim of this article is to prove the existence of invariant Borel probability measures for piecewise continuous interval
maps not embraced by the transfer operator approach. In this way, our result includes gap maps, piecewise contractions
and generalised interval exchange transformations (GIETs). No monotonicity and no smoothness assumptions, beyond the
uniform continuity of each branch of the map, are assumed. Our result is the natural version of the Kryloff-Bogoliouboff
Theorem (see [8]) for piecewise continuous interval maps.

We are also interested in constructing topological semiconjugacy between injective piecewise continuous interval maps
and interval exchange transformations, possibly with flips. In this regard, it is worth mentioning the result by J. Milnor
and W. Thurston (see [12]), which states that any continuous piecewise monotone interval map of positive entropy htop
is topologically semiconjugate to a map with constant slope equal to +eM°P. This result was generalised by L. Alsed3 and
M. Misiurewicz in [2] to piecewise continuous piecewise monotone interval maps of positive entropy. Concerning count-
ably piecewise continuous piecewise monotone interval maps, a necessary and sufficient condition for the existence of a
non-decreasing semiconjugacy to a map of constant slope was provided by M. Misiurewicz and S. Roth in [13]. The author
and A. Nogueira proved in [14] that every injective piecewise contraction is topologically conjugate to a map with constant
slope equal to +1.

The proof of the Kryloff-Bogoliouboff Theorem fails for discontinuous maps. In this article, we present a variation of
this proof that overcomes such limitation. The hypothesis of no connections cannot be removed since there are examples of
piecewise continuous maps that have connections and admit no Borel invariant measure. The proof presented here does not
hold for countably piecewise continuous maps since for such maps the lateral limits might not exist at all points of [0, 1].

2. Statement of the results

Throughout this article, assume that f :[0,1] — [0, 1] is a piecewise continuous interval map. Hence, there exists a par-
tition 0 =Xg < X1 <+ <Xg < X441 =1 of [0, 1] such that f]|,_, x,) is continuous and the lateral limits Wa— =limy_, o+ f(x),

Wyiq =limy_¢- f(x), w; = limx_”(; f(x) and Wi+ = limx_)xr f(x) exist for each i. Let
_ — (wt w— wt — =
D={xo,....Xa41}, W ={wg,wi,wi,...,wg,wi,wy}

We say that f has no connections if

U Utrfwynb=an. (1)

weW k=0

We say that x € [0, 1] is a periodic point of f if there exists an integer k > 1 such that f¥(x) =x.
Our first result turns out to be a version of the Kryloff-Bogoliouboff Theorem [8] for piecewise continuous interval maps.

Theorem 2.1. Let f : [0, 1] — [0, 1] be a piecewise continuous map with no connections, then f admits an invariant Borel probability
measure [L. Moreover, if f has no periodic points, then the measure (. is non-atomic.

The hypothesis of no connections in the statement of Theorem 2.1, although more readily checkable, may sound a bit
restrictive because, for instance, it prohibits that a left-continuous map f takes one discontinuity into another. Indeed, what
needs to be avoided for the existence of the invariant measure is the presence of closed connections, a more technical notion
given in Section 3.

In the world of generalised interval exchange transformations, the hypothesis of no connections corresponds to the notion
of having an co-complete path. As remarked in [11, p. 1586], every GIET with such property is topologically semiconjugate
to an IET. The next result extends this claim to piecewise continuous maps. It can also be considered a generalisation of the
item (a) of the Structure Theorem by Gutierrez [6, p. 18].

Corollary 2.2. Let f : [0, 1] — [0, 1] be an injective piecewise continuous map with no connections and no periodic points, then f is
topologically semiconjugate to an interval exchange transformation, possibly with flips.

Now we present a class of piecewise continuous interval maps for which having no connections is a generic (in the
measure-theoretical sense) property. We recall that an irrationality criterion for the absence of connections in IETs without
flips was provided by M. Keane in [7].

Theorem 2.3. Let ¢1, ..., ¢g+1 : [0, 1] — (0, 1) be continuous maps and let 2 C RY be the open set Q = {(x1,...,xq) e RY|0 <
X1 < -+ < Xg < 1}, then for Lebesgue almost every (x1,...,Xq) € S, the piecewise continuous map f : [0, 1] — (0, 1) defined by
f(x) = ¢i(x) if x € I;, where I1 =[0,x1), I2 = [x1,X2), ..., Iad = [Xd—1, X4), la+1 = [Xq, 1], has no connections and hence admits an
invariant Borel probability measure.
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3. Proof of Theorem 2.1
Henceforth, assume that the map f has no connections and no periodic orbits.

Lemma 3.1. Given x € [0, 1] and an integer r > 1, there exists an open subinterval Jx of [0, 1] containing x such that
(W), . fTOINJx=0 forevery ye ] (2)

Proof. First let us prove the result for x = x;, where 1 <i <d. Let

.
y = JU T w), ffeo. FHwhHl
k=1
By the uniform continuity of f|x;_ ,x;), 1 <j <d+ 1, together with the hypothesis of no connections, we have that for
every € > 0, there exist 0 < § < € and an interval Jy, = (x; — 8, x; +8) C [0, 1] such that

d(fk(y),y><e forevery ye Jy and 1<k<r, 3)

where d (f*(y). y) = minzey | f*(y) — zI.

Let € = %d(xi, y), then € > 0, otherwise f would have a connection or a periodic orbit. This together with (3) implies
that |f¥(y) —xj|>e> 68 forall y e Jx and 1 <k <r. Hence, (2) holds for every x=x; € D.

The cases in which x =xp =0 or x =Xx441 = 1 follows likewise, by considering intervals of the form Jy, =[0,4) and
Jxq = (1 =8, 1], respectively.

It remains to consider the case in which x ¢ {xo, ..., x411}. Due to the hypothesis of no connections, there are only two
possibilities: either {f¥(x) : k> 0}N{xo, ..., Xd+1} =¥ or there exist k > 1 (take the least value) and 0 <i <d + 1 such that
f¥(x) = x;. As for the first possibility, take y ={f(),..., fT(x)}, then f is continuous on {x} U y. Moreover, since f has
no periodic points, we have that x ¢ y. Therefore, for every € > 0, there exist 0 < < € and an interval Jy = (x —3§,x+8)
such that (3) holds for Jx in the place of Jy. To conclude the proof, proceed as before. Concerning the second possibility,
let Jx, = (x; —8,x; +6) be as in the beginning of the proof, then, as already proved,

{(f),....ffMINJy =9 forevery ye Jy. (4)

Moreover, since k is the least value, f is locally continuous around {x, f(X),..., f¥~1(x)}, thus there exists an interval
Jx = (x—mn,x+n) such that Jy, f(Jx),..., fX(Jx) are pairwise disjoint intervals and f¥(J,) C Jx;- Now (4) implies that (2)
holds for every y € Jx, which concludes the proof. O

Let g € [0, 1] be given. Since f has no periodic orbits, there exists ¢ > 0 such that {f" Q) k> E} N D = @. Hereafter, set
p=f“(q), then

{p, f(®). f*),..}ND=0. (5)
Denote by (un)p2, the sequence of Borel probability measures on [0, 1] defined by

1 n—1
=D 8k
k=0

where S k(p) 18 the Dirac probability measure on [0, 1] concentrated at f¥(p).

By the Banach-Alaoglu Theorem, the space of Borel probability measures on a compact metric space is compact with
respect to the weak* topology. Hence, there exist a Borel probability measure on [0, 1], denoted henceforth by u, and a
subsequence of {i,}, denoted henceforth by {/in; ;‘;1, that converges to 4 in the weak* topology.

The next result is going to be used twice, in Lemma 3.3 as well as in Lemma 3.5.

Lemma 3.2. Let x € [0, 1]. Given € > 0, there exist an open subinterval | of [0, 1] containing x, and an integer jo > 1 such that

Mn;(Jx) <€ forevery j= jo. (6)

. 2 . . S
Proof. Let r > 1 be an integer so great that - < €. Since {nj}]?i] is a subsequence of {1, 2, ...}, there exists jo > 1 such that

nj>r for every j > jo. Let Jx be as in the statement of Lemma 3.1. Let j> jo and £ =#{0<k<n; — 1| f¥(p) € J}, where
# denotes cardinality. By (2), we have that (¢ — 1)r <nj, thus

nj—l

1 #0<k<n;i—1]f g2
()= — D S Un) = 0=k=n; '|f(P)€]}S_
" o nj r

< € forevery j > jp. O
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Lemma 3.3. The measure (. is non-atomic.

Proof. Let x € (0,1). Given € > 0, let Jx be an open subinterval of [0, 1] containing x as in the statement of Lemma 3.2.
Since the set S ={z€[0,1]: u({z}) > 0} is at most countable, there exists a subinterval J} C Jx containing x such that
n (8])/() =0, where 9 J, denotes the endpoints of the interval J. By [15, Theorem 6.1, p. 40] and by (6),

pr(xh < n(Jy) = Jim pn; (J3) < limsup pn;(Jx) < €.

j—o0o
The fact that € is arbitrary yields u({x}) =0.
Now let A; C Ay C --- be a sequence of subsets of [0, 1] such that Ukz] Ar=(0,1) and 0A, NS =@ for every k > 1.
By (5), we have that un; (Ax) =1 for every j,k > 1. By [15, Theorem 6.1, p. 40] once more, we have that
H(Ak) = lim pn,(Ay) =1 forevery k=>1.
j—o0

In this way,

w (0, 1)) =kl_i>rf,lo“(A’<) =1, thus p({Oh=pn({1h=0. O

The convergence of {anj}j?‘;1 to u in the weak™ topology implies that limjﬂoofqbdun]. = [¢du for every continuous
function ¢ : [0, 1] — R. The next lemma extends this claim for the piecewise continuous map ¢ =¢ o f.

Remark 3.4. As pointed out by C. Liverani in [10, p. 4], the point where the proof of the Kryloff-Bogoliouboff Theorem fails
is Lemma 3.5, which is automatic for continuous functions.

Lemma 3.5. For every continuous function ¢ : [0, 1] - R,

lim (pofd,u,nj:/(pofdw

]—=>00

Proof. Let € > 0 be arbitrarily small. By Lemma 3.3, we have that p({x;}) =0 for every 1 <i <d. Hence, there exists an
open interval ])/q containing x; such that /L(])/([,) < € for every 1 <i <d. By Lemma 3.2, there exist an open interval ];’i
containing x;, and an integer jo > 1 such that

tn; (Jy) <€ forevery j>jo and 1<i<d.

Set Jx = j;x_ Al ];" The function ¢ o f is bounded by some constant M and continuous on each interval (x;_1, x;) for every
1 <i<d+ 1. In this way, there exists a continuous function h : [0, 1] — [—M, M] such that h(x) = ¢ o f(x) for every

xe€[0,1]\ U?;l Jx;. Putting it all together yields

f<ﬂ0fdun,~—/hdunj

/goofdﬂ—/hdﬂ‘fZMde. (8)

§/|<P°f—h|dﬂnj§2Md€ forevery j=> jo, (7)

and

Finally, since h is continuous on [0, 1] and fp; converges to p in the weak  topology, there exists j; > jo such that

/hduni —/hdp,

It follows from the equations (7), (8) and (9) that

<e forevery j> jjp. (9)

< (4Md + 1)e forevery j> ji,

/wofdunj—/wofdu

which concludes the proof. O

Lemma 3.6 ([16, Theorem 6.2, p. 147]). Let m; and m; be two Borel probability measures on [0, 1]. If/ pdmy = / @ dm; for every

continuous function ¢ : [0, 1] — R, then m; =m,.
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Given a Borel probability measure m on [0, 1] and an integer k > 1, let m o f % denote the Borel measure defined by
(mo f~%)(B)=m (f~*(B)) for any Borel set B. In particular, for m = 8, we have that §, o f % = 8 fe(py-

Lemma 3.7 ([16, Lemma 6.6, p. 150]). Let ¢ : [0, 1] — R be a Borel-measurable function, k > 1 an integer, and m a Borel probability
measure on [0, 1], then

/wof"dm:/tpd(mof_k).
Lemma 3.8. The measure ( is invariant by f.

Proof. By Lemma 3.6 and Lemma 3.7 (taking ¥ = ¢, k=1 and m = ), it suffices to show that

/<pofdu=/<pdu (10)

for every continuous function ¢ : [0, 1] — R. By Lemma 3.5, for every continuous function ¢ : [0, 1] - R,

’/wofdu—/wdu‘=jlingo‘/wofdunj—/¢dunj. (11)
By Lemma 3.7 once more (now taking ¢ = ¢ o f and m =4, ), we reach
1 nj—1 1 nj—1
[oorau =% [oosdsor=23 [oor+ias. (12)
J k=0 k=0
Likewise,
1 nj—1 1 nj—1
[oti =23 [oaeporti=L ¥ [oor e, (13
I k=0 1 k=0
It follows from (11), (12) and (13) that
d dul = tim |2 = k+1 K\ ds
V(pof M—f<ﬂ /A‘—jggo n]-/k;(q)"f —go ") ds,
= lim l/((,ziof”f—go) dsp
j—oo | Nj
< lim 2| fll —o.
j—oo Mj

Hence, (10) holds, which concludes the proof. O
Remark 3.9. The proof of Theorem 2.1 follows from Lemmas 3.3 and 3.8.

4. Proof of the other results

Corollary 2.2. Let f : [0, 1] — [0, 1] be an injective piecewise continuous map with no connections and no periodic orbits, then f is
topologically semiconjugate to an interval exchange transformation, possibly with flips.

Proof. By Theorem 2.1, f admits a non-atomic Borel probability measure p invariant by f. Let h: [0, 1] — [0, 1] be defined
by h(x) = i ([0, x]), then h is a continuous non-decreasing surjective map. Let 1 <i<d+1 and x, y € (x;—1, X;) be such that
h(x) = h(y). We claim that h (f(x)) =h (f(y)). Assume that x <y and f(x) < f(y), then, the injectivity of f together with
the continuity of f|x,_,,x) yields [x, y]= F=Y{f ), f(»)]). Hence, since y is non-atomic,

W) =h (T =w (@ FD = (57160, F3ID ) = 1 ([x D) = |h(y) = hol. (14)

As for the other cases, to proceed likewise to show that (14) still holds. Hence, the claim is true.

Let T : [0, 1] — [0, 1] be defined by T (h(x)) =h (f(x)). By the claim, T is well defined. Let to,tq,...,ts+1 be defined by
to=0, ty+1 =1 and t; = h(x;) for every 1 <i <d. By (14), we have that for every t, s € (tj_1, t;), there exist x, y € (xj_1, Xi)
such that t = h(x), s=h(y) and
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IT&)—=TE)|=Ih(f®)—-h(fy)|=Ihx) —h(y)=|t—s| forevery t,se (ti_1,t;).

This proves that T|, , ) is an isometry; therefore, T is an interval exchange transformation, possibly with flips. By defini-
tion, Toh=ho f, thus f is topologically semiconjugate to T. O

Theorem 2.3. Let ¢1, ..., ¢pg41 : [0, 11 — (0, 1) be continuous maps and let 2 C RY be the open set Q = {(x1,...,xq) e RY| 0 <
X1 < --- < Xg < 1}, then for Lebesgue almost every (x1,...,Xq) € 2, the piecewise continuous map f :[0,1] — (0, 1) defined by
f(x) = ¢i(x) if x € I;, where Iy =[0,x1), I2 = [X1,%2), ..., lgd = [Xqd—1, Xq), la+1 = [X4, 1], has no connections and hence admits an
invariant Borel probability measure.

Proof. Denote by Id the identity map on [0, 1]. Set 6y = {Id}. Let
Gk=1{pioh|1<i<d+1,heC_}, k=1

Foreach 0<i<d+1,1<j<d, wje {w;, wi+} and h € Ukzo‘ﬁk, the set {(x1,...,xq) € Q| xj =h(w;)} is the graph of a
continuous function defined on [0, 1], thus it is a Lebesgue null set. This together with the fact that xo =0 and x;,1 =1
do not belong to the range of any h € | ;. 6, implies that the set of parameters (x1, ..., xq) €  for which the map f has
connections is a Lebesgue null set, denoted by N. Let (x1,...,xy) € Q\ N, then either f has a periodic point or f has no
periodic points and no connections. In the first case, f has an invariant Borel probability measure supported on its periodic
orbits, while in the second case, by Theorem 2.1, f admits an invariant non-atomic Borel probability measure. O

3. Final remarks

The claim of Theorem 2.1 keeps true if in its statement the term “no connections” is replaced by the term “no closed

connections” defined below. Let f :[0,1] — [0,1] be as in (1) and let f: £ ([0,1]) - £ ([0, 1]) be the map defined on
each set A C [0, 1] by

fm=J { Jim fx—e). lim f(X+6)} ,
xeA
where lim¢_, o+ f(—€) := f(0) and lim._, o+ f(1 4 €) := f(1). We say that the map f has a closed connection if there exist
0<i<d+1and k> 1 such that x; € | ;- R,
The existence of connections neither implies nor is implied by the existence of periodic points. In fact, let f1, f>:[0,1] —
[0, 1] be the piecewise continuous maps defined by

x 1 . 1 x 1 . 1

-+ - if 0<x< = —+- if 0<x< =

2 8 2 2 4 2
fi) = 3 1 . = N 1

-+ - if —<x<1 = if —<x<1

2 8 2 2 2

The map f1 has two periodic points and no connections. The map f, has a closed connection but no periodic points.
Moreover, it does not admit any invariant Borel probability measure.
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