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RESUME

Cette note présente une théorie d’existence d’ondes solitaires a I'interface entre une couche
de glace mince (modélisée par la théorie des coques hyperélastiques de Cosserat) et
un fluide parfait (de profondeur finie et irrotationnel), pour des valeurs suffisamment
grandes d’'un parameétre sans dimension y. Nous montrons I'existence d'un minimiseur de
I'énergie £ de I'onde sous la contrainte Z = 2u, ot Z représente I'impulsion horizontale
et 0 < u <« 1. Nous démontrons que les ondes solitaires trouvées par notre méthode
variationnelle convergent (aprés un changement d’échelle approprié) vers des solutions de
I'équation de Schrodinger cubique focalisante, lorsque w | 0.
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1. Introduction
1.1. The hydrodynamic problem

In this article, we consider the two-dimensional irrotational flow of a perfect fluid beneath a thin ice sheet modelled
using the Cosserat theory of hyperelastic shells (Plotnikov and Toland [7]). The fluid is bounded below by a rigid horizontal
bottom {y = 0} and above by a free surface {y = h + n(x, t)}; there is no cavitation between this surface and the ice sheet.
The mathematical problem is to find an Eulerian velocity potential ¢ which satisfies the equations

Oxx + dyy =0, O<y<1+n, (M

¢y:0’ y:O, (2)

¢y:nt+¢x77m y:1+n! (3)
1

ot @5+gp +n+yHOD=0,  y=1+7 (4)

with

1 1 1 3
H(m) = 212[ 212( nx§32>] +_< nx;32>
A+n)"2 LA+nV2 N1 +n0)32 )1, 2\ +n0)¥

(see Guyenne and Parau [4]). Here we have introduced dimensionless variables, choosing h as length scale and (h/g)!/? as
time scale; the parameter y is defined by the formula y = D/(pgh?*), where D, p and g are respectively the coefficient
of flexural rigidity for the ice sheet, the density of the fluid and the acceleration due to gravity. Solitary hydroelastic waves
are non-trivial solutions to these equations of the form 7n(x,t) = n(x 4+ vt), ¢(x, y,t) = d(x + vt,y) with n(x+ vt) = 0 as
X+ vt — +oo0.

Equations (1)-(4) admit the conserved quantities

o0 o0
1 n2
¢'€(17,<1>):5 / <¢G(n)<l>+n2+y(l_|_;’é)5/2) dx, I, ®) = / nx® dx
00 —00

(‘energy’ and ‘impulse’) associated with translation invariance in ¢ and x; the Dirichlet-Neumann operator G(n) is defined
by G()® = (1 +12)"2¢yly=14y, in which ¢ is the harmonic function in 0 <y <1+ 7 with ¢y|y—0 =0 and ¢|y—14, = P.
A hydroelastic solitary wave corresponds to a critical point of the energy under the constraint of fixed impulse (the potential
¢ is recovered from & by solving the above boundary-value problem) and therefore a critical point of the functional £ — vZ,
where the Lagrange multiplier v gives the wave speed. Proposition 1.1 (see Groves & Wahlén [3, Theorem 2.14(i)]) confirms

in particular that £, Z are analytic functions U x Hl/z (R) — R, where U = By (0) is a neighbourhood of the origin in H(R)
chosen so that U C W :={n e W1L(R) : 1 + infyer n(x) > ho} for a fixed hg € (0, 1), and Hl/z(R), H:l/Z(R) are the com-
pletions of S(R), S(R) = {n € SR) : [ n(x)dx =0} with respect to the norms [|7]l.1/2 := (/"o (1 +k*)~1/2k?|7}]2 dk)1/2,

Ille—1/2 = (/"o (1 + k2 V2k2|H? dk) /2.

Proposition 1.1. The mapping W — GL(H},/Z(]R), H:l/z(]R)) given by n+— (® — G(n)d) is analytic.

Restricting to small-amplitude waves, we seek minimisers of £ subject to the constraint Z = 2u, where p is a small
positive number, and establish the following theorem.

Theorem 1.1. The following statements hold for each sufficiently large value of v (see Remark 2).
(i) The set D, of minimisers of £ over S;, = {(n, ®) e U x HE/Z(R) 1 Z(n, ®) =2} is non-empty and lies in H*(R) x Hl/z(R).
Furthermore, the estimate ||n|l2 < £!/2 holds uniformly over D,,.
(ii) Suppose that {(nn, @)} is a minimising sequence for £. There exists a sequence {x,} C R with the property that a subsequence of

{0 (X + ), @n(x + -))} converges in H2(R) x Hl/Z(R) to a functionin D ;.

Remark 1 (Conditional energetic stability of the set of minimisers). Suppose that (n, ®) :[0,T] — U x HI/Z(R) is a solution to
(1)-(4) in the sense that £E(n(t), ®(t)) = E(M(0), ®(0)), Z(n(t), (t)) = Z(n(0), ®(0)) for all t € [0, T] (see Ambrose and
Siegel [1] for a discussion of the initial-value problem). It follows from Theorem 1.1 that for each ¢ > 0 there exists § > 0

such that dist ((n(0), ®(0)), Dy) < § implies dist ((n(t), ®(t)),D,) < & for t € [0, T], where ‘dist’ denotes the distance in

H2(R) x H?(R).
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Fig. 1. (a) Dispersion relation for linear hydroelastic waves. (b) Small-amplitude envelope solitary waves with speed v = vy + 2(vg f (ko)) ! 2 vnis (Where
UnLs < 0) predicted by nonlinear Schrodinger theory.

1.2. Heuristics

The existence of small-amplitude solitary waves is predicted by studying the dispersion relation for the linearised version
of (1)-(4). Linear waves of the form n(x, t) = cosk(x + vt) exist whenever v = v(k), where v(k)> = (1 + yk%)/f k), f(k) =
|k| coth |k|. The function k +— v(k), k > 0 has a unique global minimum v = v(kg) with ko > 0 (see Fig. 1(a)). Note also
that g(k) := 1+ yk* — vg f(k) > 0 with equality precisely when k = £kg, and solving the equation g’(kg) = 0 yields the

relationships v3 = 4(4f (ko) — ko f'(ko)))~! and y = yo(ko), where yo(ko) = f (ko) (k3 (4 f (ko) — kof’(ko)))_l, so that yp is a
strictly monotone decreasing function of ko with limy,_,o ¥ (ko) = 00 and limy,_, o ¥ (ko) = 0.

Bifurcations of nonlinear solitary waves are expected whenever the linear group and phase speeds are equal, so that
V' (k) =0 (see Dias and Kharif [2, §3]). We therefore expect the existence of small-amplitude solitary waves with speed
near vp; the waves bifurcate from a linear periodic wave train with frequency kovo (see Fig. 1(b)). The appropriate model
equation for this type of solution is the cubic nonlinear Schrédinger equation

2iA7 — 18" (ko) Axx + 3 (343 + Ag) 1APA =0, (5)
in which

N(x, ) = JU(AX, T)eM0OHD L ce) + 0(u®), X =px+wot), T=2ko(vof (ko)) ' p’t
and the abbreviation ‘c.c.’ denotes the complex conjugate of the preceding quantity; the values of the constants A3 and Ay
are A3 = —1g(2ko) ' (A})2 — 2g(0)7" (A2)? and A4 = A} — v2AZ, where

Ay =5 f(ko) f (ko) + 55 f (ko)* — 3vgkg, A3 =5 f(ko) + 35 f (ko) — 3v5ks,

Ay=—3voks, A3 =1F(ko)*(f(2ko) +2) — 3K f (ko)

(see Milewski and Wang [6, §2] for a derivation of equation (5) in the present context). Note that ko > 0; the case kg =0,
which is associated with the Korteweg-de Vries scaling limit, does not arise here.

At this level of approximation, a solution to equation (5) of the form A(X, T) = ei"™sT 7 (X) with £(X) — 0 as X — o0,
so that ¢ is a homoclinic solution to the ordinary differential equation

—};g//(ko)fxx —2Unis¢ + % (%A3 + A4) 1£1°¢ =0 (6)

2
with vns = —Jod 5 87 (ko) ™! <%A3+A4) and anis = 2(vo f (ko)™ !, corresponds to a solitary wave with speed v =
Vo + 2(vo f (ko)) ™! 42 unis.

Proposition 1.2. Suppose that %A3 + A4 < 0. The set of complex-valued homoclinic solutions to the ordinary differential equation (6)
is Dnis = {el“onis (- + ¥): @ € [0, 2m), y € R}, where

INLS(X) = anLs (—3g”(k0)_1 (%A3 + A4)>% sech (—305NL5 g" (ko)™ (%A3 + A4) X) .

Remark 2. Since A3 <0 and limy,_,0 Ay = —%, so that A4 < O for sufficiently small values of kg, we find that %A3 + A4 <0
for sufficiently small values of ko, or equivalently for sufficiently large values of y (corresponding to sufficiently shallow
water in physical variables). Numerics indicate that %A3 + A4 < 0 for kg < 177.33, or equivalently y > 3.37 x 1010,

Our second theorem confirms the heuristic argument given above.
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Theorem 1.2. Suppose that %A3 + A4 < 0. The set D, of minimisers of € over S, satisfies

sup inf gy —e“enis(- + X))l — 0
(n,®)eD,, @€[0,2n],xeR 7

as i | 0, where we write nf (x) = ¢, (1x)e0% and 7 = F V[ X(ky—s0.ko+80171] With 89 € (0, 3ko). Furthermore, the speed v,, of
the corresponding solitary wave satisfies v, = vg + 2(vo f (ko)) ~Tonisp? + o(u?) uniformly over (n, ) € Dy.

2. The constrained minimisation problem

We tackle the constrained minimisation problem in two steps. (i) Fix n # 0 and minimise £(7,-) over T, = {® €
Hl/z (R) : Z(n, ®) = 2}. This problem (of minimising a quadratic functional over a linear manifold) admits a unique global
minimiser ®,. (ii) Minimise J,, (1) := £, ®;) over n € U \ {0}. Because &, minimises £(n, -) over T, there exists a La-
grange multiplier v, such that G(n)®, = vynx, and straightforward calculations show that ®; = an(n)*lnx, vy = /L)
and

Tutm =+
L(n)

where

o0 oo

K( )—1/ 2y Yl Vg g )—1/ G~y dx

n =3 n (1+n§)5/2 ) n =3 nNxG(1) “nxdX.
—00 —00

This computation also shows that the dimensionless speed of the solitary wave corresponding to a constrained minimiser

of £ over S, is u/L(1).

A similar minimisation problem arises in the study of irrotational solitary water waves with weak surface tension (see
Groves and Wahlén [3], taking @ = 0 and B < fc); there K(n) is replaced by K1) = [ (317 + B((1 + nHV/2 — 1)) dx.
In this note we describe the modifications necessary to apply the theory of Groves and Wahlén to the hydroelastic prob-
lem. The presence of the second-order derivative necessitates on the one hand non-trivial modifications because the
L?(R)-gradient K'(n) is not defined on the whole of U, but leads on the other hand to a more satisfactory final result
(compare Theorem 1.1 with Theorem 1.5 of Groves & Wahlén).

Lemmata 2.1 and 2.2, in which we write W* := W N H*(R), state some basic properties of the functionals /C and L (see
Groves and Wahlén [3] for the proof of the latter), while Proposition 2.1 is a useful ‘weak-strong’ argument. Note that the
‘linear’ estimates for /Cp () and Ly(n) are used only to bound the W 1> (R) norm of a minimising sequence for 7 over
U \ {0} away from zero (see the discussion at the beginning of Section 3).

Lemma 2.1.

(i) The functional K : H2(R) — R is analytic and satisfies K(0) = 0.
(i) There exists a constant D > 0 such that K(n) > D~||n||3 for all n € U.
(iii) The L?(R)-gradient K'(n) exists for each n € H*(R) and is given by the formula

/ nXX 5 nxnfx
K=ty || ady [ S
PENTY (a2 Lavnpin],

This formula defines an analytic function K’ : H*(R) — H~2(R) which satisfies }C'(0) = 0.
(iv) The estimates |KCa(m)| < 1m131013 o DI S 131717 o0 Kat(D] S 101,00 hold for all n € U, where Kn() =

1,00’

LATKI01Am™), Ke () = Yon2s Kn () and Ky() = K () — K2 ().
(v) The estimates

IF7A = xs kg2 FI,m o S Imll2(In 1,00 + 11w + k3nllo)?,
IF7A = xs k) g~ 2FUC,p 1o, 104, Mol 1TCH), mol SIMIZUINI1,00 + 17w + k31ll0)?
hold for all n € H%(R), where S = [—ko — 80, —ko + 80] U [ko — 80, ko + 80] and 8o € (0, 1ko).

Proof. Assertions (i)-(iv) follow by straightforward estimates. Turning to (v), note that

Ky = 3v ((xigox + (Minads) = 3¥ ((nx(nxx +k3m? — 2kgnn (nax + kg + kgnxn?) , + (nfnxx)xx)
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so that

17711 = xs k)™ 2 FUC, Nl S e+ kgm)? -1 + mxn (e + kgmllo + Imxn*llo + I3 mxello
S e + kg llolImex + kgnllo + 1711207117 o
S I l2l1.00 + 172 + k3171l0)%.
where we have used the inequalities (1 — xs(k)g(k)~1/? < (1 + [k[*)~! and |Jujuzll—1 < llu1llolluzllo (see Hérmander
[5, Theorem 8.3.1]); the remaining estimates are obtained in a similar fashion. O

Lemma 2.2.

(i) Suppose s > 0. The functional £ : WS+3/2 — R is analytic and satisfies £(0) = 0.
(ii) The estimates ||n||§/2 < LM, La() < ||n||$/2, where L3(17) = 5,dL[0]({}?), hold for all n € U.

(iii) Suppose s > 0. The L?>(R)-gradient L' (1) exists for each n € W*+3/2 and defines an analytic function £’ : W5T3/2 — Ht1/2(R)
which satisfies £'(0) = 0.
(iv) Suppose that {M,(f)}, {M,(f)} CRand {n,ﬁl)}, {n,(,z)} C U are sequences with M,(ll), M,(f) — 00, M,(,l)/M,(lz) — 0, {n,(,l) + n,(f)} cu
and supp n,(f) - (—2M,(11), ZM,(11)), supp n,(f) CR\ (—M,(f), M,ﬂz)). The functional £ has the ‘pseudolocal’ properties
ca? +u?) — oy —ca?y = 0. 1L + a0 — Lo — £ @P)o— 0
and (L’(n,ﬂz)), ¢)o — 0 foreach ¢ € C°(R).
(v) The estimates
1L3D] S 153001100 + I +Konll0), — 1£aD] S 0151 00 + I + kgnll0)?,
1L S BN 1,00 + M0+ k301002 1L (] S 171,005
where L () = Hd"LI0]({(n}"), Lc() = Yns La(n) and Ly () = L(n) — L2(n), and
L5 llo S Imll2(nli,ee + 117 + kgnllo + K7 llo0),
L5 llo S Imll2 (11,00 + IMxx + K&1llo + 1K°nll00)?,
1Ly llo S 13U 1,00 + I7xx + kg0 l10)2,
where Ko := F~1[f k)1, hold for all n € U.
Proposition 2.1. Suppose that {n,} € U and n € U have the properties that 1, — 1 in H*(R) and n, — 1 in L*(R) (and hence

in H¥(R) for all s € [0, 2)). The inequality K(n) < limp_, » KC(175) holds whenever {}C(1,)} is convergent, and equality implies that
N — nin H2(R).

Proof. Note that (1 + 12,) ™4 — (1 + 12) ™49y in L2(R), and it follows from the weak lower semicontinuity of
|- 113 (and n, — 1 in L2(R)) that () < limy_e0 K (7). Moreover, K(1z) — K(17) implies that [[(1 + n2,) > *nnullo —
11+ 77)%)_5/477)0(”0» so that (1 + n;%x)_s/‘lnnxx —- 1+ 77)%)_5/477“ in LZ(R) and hence Npxx — Nxx i LZ(R)- O

Next we establish some basic properties of ;. The following proposition (cf. Groves and Wahlén [3, Appendix A.2])
shows in particular that ¢, := infycy\(0) Jp(7) < 2vou, while Lemma 2.3 shows that its critical points have additional
regularity.

Proposition 2.2. The continuous mapping o — voL(ny,), where
M (%) = adnis(aex) coskox — Sor” g(2ko) ™! Adenis(ax)? cos 2kox — Jar? g(0) 1 ASnis(ax)?,

is invertible, and its (continuous) inverse W — o (J4) satisfies Jﬂ(n;(u)) =2vou + cnisit® + o (), where
2
3 (1
CNLS = —Z(X%Lsg”(ko) 1<§A3 + A4> .

Remark 3. Each n € U \ {0} satisfies

o0

1 .
+2vou > 3 / g(k) 71> dk + 2vop > 2vopt.

—00

u? 2 (1t — voL2(n))?
= Ka() — v3La () + 02200
L 2(n) —vgLa(n) 500

Ka(n) +
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Lemma 2.3. Any critical point n € U \ {0} of J,, belongs to H*(R).

Proof. Write u = (1 4 12) /214, so that n(1 4+ n2)>?u? e L'(R) € H~3/4(R), and observe that

K
L(m)?

in the sense of distributions since 7 is a critical point of 7. It follows from (7) and the fact that £'(n) € L2(R)
that yuy € H-7/4(R), that is u € H/4(R). We conclude that u®> € L>(R) (see Hérmander [5, Theorem 8.3.1]), so that
nx(1+12)32u? € [>(R) and hence yuy, € H™!(R), that is u € H'(R).

Observing that nx(1+n2)>?u? € H'(R), one finds from (7) that yux € L>(R), u € H*(R) and finally n € H*(R) (because
N = (1+ 773)5/2“)- O

YUxx = L' —n— %J/(ﬂx(l + ’7)%)3/21’[2);( (7)

Theorem 1.1 is a consequence of the following result (cf. Groves & Wahlén [3, Theorem 5.2]).
Theorem 2.4. Suppose that 1 A3 + A4 <0.

(i) The set B, of minimisers of J,, over U \ {0} is nonempty and lies in H*(R). Moreover, each 1 € By, satisfies ||r]||% <2Dvou.
(ii) Suppose that {n,} is a minimising sequence for [J,, over U \ {0}. There exists a sequence {x,} C R with the property that there
exists a subsequence of {1, (x, + -)} which converges in H*(R) to a function n € B u-

Any function n € U with J,, (1) < 2vppu satisfies ||r]||% <2Dvou, L(n) > u/(2vp) and L(n) 2 1 (see Lemmata 2.1(ii) and
2.2(ii)). These properties are enjoyed in particular by a minimising sequence {7,} for J,, over U \ {0}, which also satisfies
My () S —p, where My, () = T (n) — Ka(n) — 42 / L2(17) (Proposition 2.2), and hence [|1n]l1,00 2 1> (because [Kyi (1)1,
[ La1(Mn)] S 1Mnll1,00)- Furthermore, we may without loss of generality assume that {,} is a Palais-Smale sequence, so that
dJu[nn] — 0 in (H?(R))*, and the calculation

1T () | =2 = Sup{(T' (1n). )0 : ¢ € H2(R), lIpll2 = 1} = 11dTpu [l 112y

shows that 7’(17,) — 0 in H=2(R). Theorem 2.4 is proved by applying the concentration-compactness principle to the
sequence {n,%x + nﬁ} C L'(R) under the additional hypothesis that Cp is a strictly sub-additive function of , which is
verified in Section 3 below.
‘Vanishing’ is excluded since it implies that ||7,]/1,.0 — O, which contradicts the estimate |[7,(l1,00 2 3 (see above).
‘Dichotomy’ leads to the existence of sequences {n,ﬁl)}, {77,(12)} of the kind described in Lemma 2.2(iv) with

limy— 00 170 — 77,(11) - 77;52) l2 =0 (up to subsequences and translations), so that in particular

P I (1) ; (2)
nlggo T () = n]Lngo jpﬂ) () + nILngo j,u(Z) (M),
where 1@ = p1limps 00 L)/ limMps 00 L) (so that u + 1@ = u). We thus obtain the contradiction
Cu <Cuo +cye = lim Fy0) ) + Jim 7@ ) = Jim Fy () = s

which excludes ‘dichotomy’.

‘Concentration’ implies the existence of n € U with n, — n in H*(R) and 1, — 1 in L>(R) (up to subsequences and
translations). Since K(7,) < Ju(Mn) < 2vou the sequence {(1,)} is bounded and hence admits a convergent subsequence
(still denoted by {KC(175)}) which satisfies (1) < limy_, o K (1) (Proposition 2.1). Lemma 2.2(i) asserts that £(n,) — L(n),
so that J, (n) <limp_. 00 J (M) = ¢y, which therefore holds with equality; it follows that X(17,) — () and hence n; — 7
in H2(R) (Proposition 2.1), so that 7 minimises Jyu over U\ {0}

3. Strict sub-additivity
We begin by deriving sharper estimates for a ‘near minimiser’ of 7, over U \ {0}, that is a function 7 € U \ {0} with
17, (@)l —2 < uN for some N € N and 7, (7]) < 2vopu (and hence |72 < p'/2, L), L2(7)) = w); these estimates apply in

particular to a minimising sequence {n,} for 7, over U \ {0}.
We write the equation j/t(n) =IK'() — (/LML () for n e U in the form

1 I %
glon=F |:-.7,L(77) — Ky (m + (m + U0> (?’7) - Vo) L) + (@) ﬁnl(ﬂ):|

and decompose it into two coupled equations by defining 1, € H?(R) by the formula
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| xsto | M “Y
n=r [Wf[j“(m ‘("H(z(n)”(’) (Tn)_ °> 2(")+<£< >> E“'(U)H

(recall that (1 — xs(k)gk)~/2 < (1 + [k|>)~1) and 1y € H2(R) by 71 =1 — 12, so that supp7j; € S and xsL5(n1) =0 (see
Groves and Wahlén [3, Proposition 4.15]). We accordingly write these equations as

~ / — 1- k /
g = xsMFIRG) — Ky, 03 =10 + Hp) = F~! [g%)m}'m(n) - icm(n)]] ,

where

ey I “
o= 57 [ ~(2) ww] |

/ I"L / ’
R(M) := — — L L - L :
(m =7, + (C(n) + 0) (ﬂ(n) ) 50 + (c( )> (Lyy (M) — L3(m1))

The next step is to study 71 using the scaled norm
1/2

o
Ml := / (1 + =% (k| = ko) D171 (o)1 dk
—00
for H2(R); we choose « > 0 as large as possible so that |7l < w!/?

Lemma 3.1. Each near minimiser 7j of 7, over U \ {0} satisfies [ H()ll2 < w271l IR -2 S /> 1711115 + N and
IFL = xs k) g~ V2 FIC (Mllo S w2712 + w732

Proof. The results for H(#}) and R(7}) were derived by Groves & Wahlén [3, §4.3.1], while that for X’ () follows from

Lemma 2.1(v) and the estimates ||71]1.c0 < %/ /I71llle and [|71xx +kém llo < cu®|Inllle (Groves and Wahlén [3, Proposi-
tion 4.1]). O

Square integrating the equation g(k)i1 = x (k) F[R(n) — K[ ,(m], multiplying by 1% and adding ||ﬁ1||% < p yields
711G < s 271y + pe, which implies that [[171 I3 < i for each o < 1; it follows that [|773]|3 < 12 and [H@)II5 <
w>t® for each @ < 1. These estimates are used to establish the following proposition (see Groves & Wahlén [3, §4.3.2]).

Proposition 3.1. Suppose that 7} is a near minimiser of J,, over U \ {0}. The estimates

Mz, (a7]) = —av5 L3(7) — a*vg La() + @),

(M, (@i)), aif)o +4a’ LMz, (ai) = =30 V3 L3 (1) — 4a* Vg La(i]) + o),
where Mﬂ(n) =u/L(m) — wn/L2(n), hold uniformly overa € [1, 2].

Lemma 3.2. Each near minimiser 1 of J,, over U \ {0} satisfies the estimate

o0

Katin =4} [ 7ant oy

—0o0

Proof. We expand the right-hand side of the formula

Ka@@) = —%y / (i1 + H@) + 71320 (71 + H(@) + 713))? dx;
—00
terms with zero, one or two occurrences of 7 are O (([71ll2+ IH@ 2 + 1731202 (IH@ |2 + [173112)%) = 0 (uu?T%) = o(u>),
while terms with three occurrences of 7j; are estimated by O (([71ll1,00 + ll1xx + k371 ll) 171 IZUH@ 12 + 173112)%) =
O (U 17 ll) = O (u3/*7%) = 0(u?), so that Ka(ij) = -3y [0y ﬁ%xnm +o(u?).
Writing 71 = 7] +7j; , where 7] = F [ x10,00)F[711], I} = F [ X(=00,00F 7111, we find that

o0
. o - 1 _ - ~
Il Gk F iko) 715 112 = Il (Ik| — ko) FLi1 111§ < 3 / (W2 2 (k| — ko)) FIA 12 dk < 2|17 )12 < 2
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so that (ﬁf)x = +ikg + O (u!'+2%) in H5(R) for each s > 0. Using this estimate, one concludes that

[o¢] e.¢]
[ = [ (020?020 + 40T 05
—00 —00
[o.¢]
=2 [ PP et og)
—00
1 [o.¢]
=§k5/ﬁ§*dx+o(u). O
—00

The corresponding estimates for £3(7)) and L4(7)) are derived similarly by Groves and Wahlén [3, §4.3.2].

Lemma 3.3. Each near minimiser 7] of J,, over U \ {0} satisfies the estimates

o0 o0
—V3L5(7)) = As / it dx +o(u?), £4(ﬁ1)=Aifﬁ§‘dX+0(u3).
—00 —00

Corollary 3.4. Suppose that 7} is a near minimiser of 7, over U \ {0}. The estimates

o0
Mazﬂ(aﬁ)z(a3A3+a4A4)/ﬁ;‘dx+a3o(u3),

—0o0

o0
(Mg, (@), ai)o + 40® UM, (aij) = (3a> Az + 4a* Ay) / it dx +a*o(u?)

—0o0

hold uniformly over a € [1,2], and [°_ 71 dx > u3.

Lemma 3.5. Suppose that 1) is a near minimiser of J, over U \ {0} and %A3 + A4 < 0. There exist ag € (1, 2] and q > 2 such that
ar a*q./\/lazu(af]), a € [1, ap), is decreasing and strictly negative.

Proof. Observe that
d

o (07 Mgz @) =@ (= Mgz, i) + (M, @), aiio + 40’ Nz, ai))

=a> 9| 3-q)As +a(4—q)A4)/ﬁ§‘dX+o(M3)
R

<= +o(u?)

<0
for ae (1,ap), q € (2,qo); here agp > 1 and qp > 2 are chosen so that (3 —q)A3 + a(4 — q) A4, which is negative for a =1 and
q =2, is also negative for a € (1,a0] and q € (2,qp]. O

Corollary 3.6. Suppose that %Ag + A4 < 0. The strict sub-homogeneity criterion cqy, < ac,, holds for each a > 1 (so that in particular
Cy is a strictly sub-additive function of ).

Proof. It suffices to prove this inequality for a € (1, ag]. Let {n,} be a minimising sequence for 7, over U \ {0}. Replacing a
by a'/2, we find from Lemma 3.5 that Mgy, (a'/?nn) < a'/2q M, (17n) and therefore that

Cap < Jap(im) <a (/c2<nn> + ) +a' 2qMy (mn) = a T, () + @'2q — ) M, (1)

m
L2(1n)

forae (l,a(z)]. In the limit n — oo this inequality yields cq; < acy, since limsup,_, o, M, (n,) <0. O
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Remark 4. Theorem 1.2 is proved by Groves & Wahlén [3, §5.2.2]; the proof additionally confirms a posteriori that the
estimates 171112 < i, 173113 < w32% and |[H(@)|I3 < u?™ also hold for o = 1.
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