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1. Introduction and main result

We consider the energy critical semilinear heat equation

deu = Au+[ulP~'u, p=pc:=$3

d
u(0,X) = uo(x) € R » X)) eR xR (11)

(NLH) {

We refer to [2,15,13] for the initial value problem and a complete introduction to this kind of models. Solutions may become
unbounded in finite time T

lu®)|lpe — +o00 ast — T,

an explicit example being given by the constant in space ODE blow-up solution

K 1 p=1
u(t,x)zip], K,,:(—) , dru=uP. (1.2)
(T —t)p1 p-1
Solutions blowing up with a self similar growth
1
lim-sup ||u(t)||p (T — t)P-T < 400 (1.3)
t—>T

are called type-I blow-up solutions and have attracted considerable attention in the past twenty years [4,6-12]. It is in
particular known that in the energy subcritical range 1 < p < p¢, any blow-up is of type I and that the set of blow-up
solutions is open in any reasonable topology. We consider in this paper the energy critical case p = p., for which other
blow-up dynamics have been constructed [5,14]. The result of this paper is that type-I blow-up is however still stable and
described by the ODE blow-up (1.2).

Theorem 1.1 (Stability of type-I blow-up, p = p.). The set of solutions blowing-up in finite time with type-I blow-up (1.3) is open in
w3 (RY),

Remark 1.2. The topology W3 is not essential because of the parabolic regularizing effects. In particular, Theorem 1.1
implies the corresponding stability in LI(RY), q > %, where (1.1) is also well-posed.

Theorem 1.1 is one of the key steps in the recent result of classification of the flow near the family of ground states
(radially symmetric stationary solutions) [3]. Its proof is given in [4] in the energy subcritical range p < p. using Liou-
ville classification arguments of the constant self-similar solution. We closely follow the argument that however requires
sharpening a number of estimates, and the purpose of this note is to present a self-contained proof of these improvements.
Section 3 follows [4]. In Section 4, a local control of a solution by a local energy, given without a proof in [4], which is
Proposition 4.2 here, is more subtle due to the energy critical feature.

2
Notations. The heat kernel is denoted by K;(x) := — e‘%. We forget the dependence in p in the notation of the
constants in what follows. (4nt)2

2. Some known properties of type-I blow-up
A point x € R? is said to be a blow-up point for u blowing up at time T if there exists (tp, X,) — (T, x) such that:

|u(tn, Xn)| = +00 asn — +oo.

A fundamental fact is the rigidity for solutions satisfying the type-I blow-up estimate (1.3) that are global backward in time.

Proposition 2.1 (Liouville-type theorem for type-I blow-up [11,12]). Let u be a solution to (1.1) on (—oo, 0] x RY such that ||u||j~ <
1

C(—t)P=T for some constant C > 0, then there exists T > 0 such that u = +=—*——, where « is defined in (1.2).
(T—t) =T

We recall a precise description of type-I blow-up, with an asymptotic at a blow-up point and an ODE type characteriza-
tion.

Lemma 2.2 (Description of type-I blow-up [9,11,12]). Let u solve (1.1) with ug € W2 blowing up at T > 0. The three following
properties are equivalent:
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(i) the blow-up is of type I,
1
(i) 3K > 0, |Au| < E|u|1’+1< onRY x [0, T); (2.1)
1
(iii) ||u||po (T —t)PT —> Kk ast — T. (2.2)

Moreover, if u blows up with type I at x, then

1

(T—t)yrTu(t,x+yvT —t)—> £k ast—T (2.3)
2
in Lz(e‘%) andin C¥(|y| < R) forany R > 0 and k € N. If u,(0) — u(0) in W2, for large n, u, blows up at time T, with T, — T.

Some of the above results are stated in [4,9,11,12] in the case 1 < p < pc, but are however still valid in the energy
critical case. In particular, the only bounded solution to the self similar elliptic equation

1 1 2
Aw+ WP 'w=-Aw, A:=—— +xV, (2.4)
2 p—1
for 1 < p < pc is =k as follows from the Pohozaev type identity [7]:
_b2 p—1 _?
@-2pc-p) [ 1vwie Fay+ 22 [ypiowpeay=o. 25)
R4 Rd
3. Proof of Theorem 1.1
We argue by contradiction, following [4]. Assume the result is false. From Lemma 2.2 and from the Cauchy theory in

W22, the negation means the following. There exists ug € W3 such that the solution to (1.1) starting from ug blows up
at time 1 (without loss of generality) with:

1

lu@®llpee ~x (1 —t) PTast—1, (3.1)

and satisfies:
1

|Au|§§|u|p+K0anx[0,l). (3.2)
There exists a sequence u, of solutions to (1.1) blowing up at time T, with:

Ty — 1 and uy — uin Cpe([0, 1), W3 (RY)) (3.3)
and there exists two sequences 0 <t, < T, and x, such that:

1
|Aup| < §|un|l’ +2K onR? x [0, t), (3.4)

1
[ Aun(tn, Xn)| = §|un(tn,xn)|p +2K. (3.5)

The strategy is the following. First we centralize the problem, showing that one can take without loss of generality x, = 0.
Then we prove that u and u, become singular near 0 as (t,n) — (1, +00). In view of Lemma 2.2, the ODE type bound (3.4)
means that u, behaves approximately as a type-I blowing-up solution until t,. This intuition is made rigorous by proving
that an appropriate renormalization of u, near (t,,0) converges to the constant in space blow-up profile (1.2). We then
show that the inequality (3.5) passes to the limit, contradicting (3.2).

Lemma 3.1. Let u, uy, be solutions to (1.1), t, and xy, satisfy (3.1), (3.2), (3.3), (3.4) and (3.5). Then

tn — 1 (3.6)

and there exist Ul and I, solutions to (1.1) satisfying (3.1), (3.2), (3.4) and (3.5) with X, = 0. In addition, Ui blows up with type I at
(1, 0), i, blows up at time T, and' {i(t,, 0) — +oo0.

1 Without loss of generality for the sign.
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Proof of Lemma 3.1. Step 1 Proof of (3.6). At time t,, u satisfies the inequality (3.2), whereas u;, does not from (3.5). As u,
converges to u in Cl’z([O, 1) x R%) from (3.3), this forces t, to tend to 1.

loc
Step 2 Centering and limit objects. Define i, (t, X) = un(t, X + X;). Then i, is a solution satisfying (3.4), (3.5) with %, =0,
and blowing up at time T, — 1 from (3.3). From parabolic regularizing effects, (t, x) — u(t, x, + x) is uniformly bounded in
3
Clé'CB([O, 1),RY), hence as n — +oco using Arzela Ascoli theorem it converges to a function i that also solves (1.1), satisfies
(3.2) and

1

la@®lle Sx (=0 7T (3.7)

110’62([0, 1) x RY), establishing (3.3).

Step 3 Conditions for boundedness. We claim two facts. 1) If & does not blow up at (1, 0), then there exists r, C > 0 such
that for all (t, y) € [0, t;] x B(0,1), |l (t, y)| < C. 2) If there exists C > 0 such that |ii,(t,, 0)| < C, then {i does not blow up
at (0, 1).

Proof of the first fact. We reason by contradiction. If i does not blow up at (1,0), there exists r,C > 0 such that for all
(t,y) €[0,1) x B(0,r), |ii(t, y)| < C. Assume that there exists (X, f,) such that X, € B(0,r) and |{in(Xn, tn)| = +00. As i,
solves (1.1), from (3.5) one then has that:

As u, converges to u in Cioc([0, 1), W3-°(RY)) from (3.3), iI,, converges to i in C

- R . 3, - R
vVt € [0, tq], Olun(t, Xn)| < §|Un(taxn)|p+2K7 [tn(Xy, tn)| — +o0.

This then implies that for any M > 0, there exists s > 0 such that for n large enough, |{i,(Xs, t)| > M on [max(0, t, — ), tx].
But this contradicts the convergence in Cjoc([0, 1) x B(0,1)) established in Step 2 to the bounded function .

Proof of the second fact. We also prove it by contradiction. Assume that & blows up at (0, 1) and |i,(t,,0)| < C. Then we
claim that

1
vt €[0,tn), |in(t, 0)] < max((4K)?,C).

Indeed, as i, is a solution to (1.1) satisfying (3.4) one has that:
N 1 x
VE€ [0, tal. Bliin(t, 0)] = S1in(t, 0)|” —2K.

So if the bound we claim is violated at some time 0 < to < 7,, then |tin(t, 0)| is non-decreasing on [to, 7,], strictly greater
than C, which at time t, is a contradiction. But now as this bound is independent of n, valid on [0, t;) with t, — 1, and as
i1y (t, 0) — 1i(t,0) on [0, 1), one obtains at the limit that &i(t, 0) is bounded on [0, 1). From (2.3), this contradicts the blow
up of u at (1, 0).

Step 4 End of the proof. It remains to prove the singular behavior near 0: that ii blows up at (1,0) and that |ii,(t,,0)] —
+00. We reason by contradiction. From Step 3 we assume that there exists C, r > 0 such that |{i|+|il,| < C on [0, 1) x B(0, ).
A standard parabolic estimate then implies that

I8 lws.00(B(0,r7y) F I (®) w30 B0.r7y) < €’ (3.8)

forall t € [%, 1) for some 0 <1’ <r. Let x be a cut-off function, y =1 on B(0, %), x =0 outside B(0, r"). The evolution of
il, = x Uy, is given by:

lin,; — Allp = X|ﬁn|p71ﬁn + Axily, —2V- (VXﬁn) =Fy
with ||Fpllyy1.0 < C from (3.8). Fix 0 < s <« 1. One has:

Afln(tn, 0) = Ks % (Adln(ta — $)(0) + X5 f5 [0x Ks—s * 8% F (ta — s +5)] (0)
= Ali(ty —5,0) + 05— 400(1) + 05-0(1)

from (3.3), the estimate on F, and (3.8). Similarly,

Uin(tn, 0) = U(tn, 0) + 0p— 400 (1) + 05 0(1).

The equality (3.5) and the two above identities imply the following asymptotics: lim-inf |A(t,)]| — w > 2K, which is
in contradiction with (3.2). Hence @i blows up at (1, 0) with type-I blow-up from (3.7) and |i(t,, 0)| = +oo. O

We return to the study of u and u, introduced at the beginning of this Section to prove Theorem 1.1 by contradiction.
From Lemma 3.1, keeping the notation u and u, for @ and i, introduced there, one can assume without loss of generality
that in addition to (3.1), (3.2), (3.3) and (3.4), u and u, satisfy (3.6), and:
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1
[Aup(tn, 0)| = Elun(tn, 0)[P +2K, (3.9)
up(ty, 0) — +o0, (3.10)
K
[uct, 0 ~ ———. (3.11)
1—-t)rt
To renormalize appropriately u, near (1,0) we do the following. Define
K p-1
Mpt) = —— . (3.12)
lun(®)llL
For (fn)nen a sequence of times, 0 < f, < Tp, the renormalization near (f,, 0) is
- _ - 1
va(T,y) = IVIr{F1 (tn)un (tn + TMn(tn), My (tn)J/) (3.13)
_ En Tn—fn d 3 3
for (t,y) € [ V) Mn(fn)) x R?. One has the following asymptotics.

Lemma 3.2. Assume 0 <t, <t, and t, — 1. Then

~ K . - -
lun () llLee ~ ————, i.e. Mp(tn) ~ (Tn — tn). (3.14)
(Tn —t) P7
Moreover, up to a subsequence?:
K
Vi —> — in C2((—00, 1) x RY). (3.15)

- 1 =1
@)l \PT
|:<llm un(fn,o) ) t]

Proof of Lemma 3.2. Step 1 Upper bound for My (t,). We claim that one always has |u,(f,)||;~ > —*——, i.e.

(Tnffn) p-1
My (t) < (Tn — ). (3.16)
Indeed, if it is false, then there exists 8 > 0 such that |u,(f;)|;~ < —*———. Therefore, from a parabolic comparison
(Tn+8—tn) P~1
argument, this inequality propagates for the solutions, yielding that — K <up < K____ for all times t > f,.
(Tp+8—t) P—1 (Tp+8—t) P—T
This implies that u, stays bounded up to T, which is a contradiction.
Step 2 Proof of (3.15). Let (xp)nen € (RN and define:
i . - 1
Va(T,y) = IVIr{F1 (tn)un (tn + TMn(tn), X0 + M7 (tn)y> . (317)
7 1 En Tn—fn d En v 1
From (3.13), v, is defined on [— TR Mn(fn>) x R?. The lower bound, WG then goes to —oo from (3.16). v, is a
solution to (1.1) satisfying:
1Vr(0)[lLe <k, (3.18)
[ d . 1. .
Y(t,y)e|— — 0| xRY, |AVy| < =|Vn|P +2KMP™ (tp), 3.19
(T,y) |: Mo (i) ] |AVq| 2| nl n o (tn) ( )

from (3.4) and (3.13).

O . .33
Precompactness of the renormalized functions. We claim that v, is uniformly bounded in le)C (1—00,1) x RY). We now prove
this result. First, we claim that

1 L
|Vl smaX[(4K)5M,f“ (tn),lc}. (3.20)
Indeed, as v, is a solution to (1.1) satisfying (3.19), one has that:

- 1 . P
0| ¥nl = S |VnlP — 2KM " (E).

2 With the convention that if the limit in the denominator is 4+oco the limit function is 0.
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So if the bound we claim is violated, then || V|1 is strictly increasing, greater than «, which at time 0 is a contradiction to
1
(3.18). Moreover, as ||[Vy(0)||1~ <k, from a comparison argument, for 0 <t < 1, on has that ||V,(0)|1~ < k(1 —t)" »-T. This

and the above bound implies that for any T < 1, v, is uniformly bounded, independently of n, in LC’O((—Mt’(1E ),T] x RY).

From standard parabolic regularization, it is uniformly bounded in C%'3((—1\§,—"n +1,T) x RY), yielding the desired result.

Rigidity at the limit. From Step 2 and Arzela Ascoli theorem, up to a subsequence, v, converges in Cllo‘cz((—oo, 0] xRY) to a
function v. The equation (1.1) passes to the limit and v also solves (1.1). (3.20) and (3.16) imply that |v| < k. (1.1), (3.16)
and (3.19) imply that:

1
dlvl= ilvl".

Reintegrating this differential inequality, one obtains that |v| < € for some C, ¢ > 0. Applying the Liouville Lemma 2.1,
le—7|P=T
one has that v is constant in space. Up to a subsequence, v(0, x,) = k lim W The particular choice x, =0, v, = vy,
nitn)llLoe

gives in particular the desired identity (3.15).

Step 3 Lower bound on M,. We claim that lim — inf T:’ffn
terion from Section 4. From (3.12), and up to a subsequence, assume that there exists 0 <d < 1 and x € R? such
that u,(tn, Xn) > % and % — 1. Therefore the renormalized function v, defined by (3.17) blows up at
n?fiin) > (14 8)P~1. From Step 2, v(0, -) is uniformly bounded and converges to «. Hence, defining the self-similar renor-
malization near ((1+8)P~1,0)

1.
Wt (63 = (A + 9P =71, (65T +8)P T —ty),

one has that I(wg 114yp-1(0,-)) = 1((1 +8)P~1k) > 0 where [ is defined by (4.6). From (4.7), for n large enough, this implies
that ¥,, should have blown up before (1+ 8)?~!, which yields the desired contradiction. O

> 1. We prove it by contradiction using a blow-up cri-

To end the proof of Theorem 1.1, we now distinguish two cases for which one has to find a contradiction (which cover
all possible cases up to subsequence):

,t
Case 1: lim nmt) o (3.21)
lltn (En) | oo
,t
Case2: lim tnCn,tn) (3.22)
lltn (Ea) | oo

Proof of Theorem 1.1 in Case 1. In this case, we can renormalize at time t,. Let f; =t, and define v, and M, (t,) by (3.13)
and (3.12). (3.15) and (3.21) imply that Av;(0,0) — 0 and v,(0,0) — v(0,0) > 0. From (3.9), v, satisfies at the origin:

1 2
|AVa(0,0)] = S va(0, 0" + 2K M ' (tn).

As My(ty) — 0 from (3.14), at the limit we get 0 = %V(O, 0) > 0, which is a contradiction, ending the proof of Theorem 1.1
inCase 1. O

Proof of Theorem 1.1 in Case 2. Step 1 Suitable renormalization before t,. We claim that for any 0 < k9 < 1 one can find a
sequence of times t, such that 0 <t, <t,, t; — 1 and such that v,, defined by (3.13) satisfies up to a subsequence:

K

in C2(1 — 00, 1) x RY). (3.23)

Vp —> N
—1

() -1

We now prove this fact. On the one hand, ”‘u”((tt)"ﬁ)alc

for any 0 < T <1 u, converges to u in C([0, T], L°(R%)) from (3.3). As t, — 1, using a diagonal argument and Lemma 3.2,

’
up to a subsequence there exists a sequence of times 0 <t; <t, such that U9 9 On the other hand, from the

lu(en) oo
% =0 and t; — 1. From a continuity argument, for «¢ small enough, there exists a

—1ast— 1 (from (3.11) and (2.2) as u blow up with type I at 0) and

assumption (3.22) and (3.6), lim

- - p—1 —p1

sequence t;, <t, <t such that lim W = [(%) - 1] . From Lemma 3.2, one obtains the desired convergence
n\tn)ll o0

result (3.23).
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Tp—in

Step 2 Local boundedness. Take f;, and v, as in Step 1. From (3.13) and (3.14) v, blows up at time 7, = RS — 1. Up to
nitn
. ’__ [nffn ’ s .
time 7, = ;2 0 <1, vy satisfies:
1 P
[Avy| < §|Vn|p +2KM;™ (tn) (3.24)

and we recall that M, (t;) — 0 from (3.14). Let R > 0 and a € B(0, R). Define

1
W (v, ) 1= (Ta = P T Vn(t, @+ /T — 1Y),

Then as vp(—1) — ko from (3.23), one has that for n large enough
E[wd, (—1,)] = 0 (k)

where the energy is defined by (4.4). One can then apply the result (4.15) of Proposition 4.2: there exists r > 0 such that
for x¢ small enough and n large enough one has:

Step 3 End of the proof. Let x be a cut-off function, x =1 on B(0, %) and x = 0 outside B(0, r). The evolution of v, = y v,
is given by

Vnr —AVp =Y |Vn|p_]Vn +AYVy =2V (VxVvp) =Fy
with ||Fplly1.0 < C from (3.25). Fix 0 < s <« 1. One has:

Avy(T),0) = Ks % (Ain(T), — $))(0) + Y4 Jo [8xKs—s * 3, F(z; — s + 5] (0)
= Op—+o0(1) +0s—0(1)

from (3.23) and the estimate on F,. Hence Avy(t,,0) — 0 as n — +o0. On the other hand, lim v,(z,,0) = v(z;.0) >0
from (3.23) and the fact that 0 < 7, < 1. We recall that at time 7, v, satisfies:

_P_

’ 1 / p P13
[AVn(Ty, O = 5 |Va(Ty, 01 + 2K My~ (tn).

L2 ~
As M} '(£,) — 0 from (3.14) at the limit, one has 0 = %|v(r,;,0)|f’ > 0 which is a contradiction. This ends the proof of
Theorem 1.1 in Case 2. O

4. Alocal smallness result

This section is devoted to the proof of (3.25).
4.1. Self-similar variables

We follow the method introduced in [7-9] to study type-I blow-up locally. The results and the ideas of their proof are
either contained in [8] or similar to the results there. A sharp blow-up criterion and other preliminary bounds are given by

Lemma 4.1 and a condition for local boundedness is given in Proposition 4.2. For u defined on [0, Ty,) x R?, aeR? and
T > 0, we define the self-similar renormalization of u at (T, a):

_1
Wa (¥, 1) =T — )P Tut,a+ T —ty) (41)
for (¢, y) € [0, min(Ty,, T)) x RY. Introducing the self-similar renormalized time:
s:=—log(T —1t) (4.2)
one sees that if u solves (1.1) then w, 1 solves:
_ 1
OsWa,T — AWq T — |Wa,T|p 1Wa,T + EAWa,T =0. (4.3)

Equation (4.3) admits a natural Lyapunov functional,

1 1 1
E(w) :/ <§|VW(y)|2 + mwmz - mm(y)v’“) p(y)dy, (44)
Rd
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2
where p(y) ;== — i e‘% from the fact that for its solutions there holds:
(4m) 2
d 2
GEw = [ wipdy<o. (4.5)
Rd

Another quantity that will prove to be helpful is the following:

p+1
2

L p—1 2
I(w) = 2E(w)+—p+1 /W pdy . (4.6)

Rd

Lemma 4.1 ([7,11]). Let w be a global solution to (4.3) with E(w(0)) = Eg, then> for s > 0:

I(w(s)) <0, Eg>0 (4.7)
+00
//wf,odydsto. (4.8)
0 Rd

If moreover Eq := E(w(0)) < 1, then® for any s > 0:

2
/wzpdy§CE(’j“, (4.9)
Rd
s+1 2
p+3
f /(|Vw|2+w2+|w|1’+1)pdy ds < CEF™. (4.10)
N ]Rd

Proof of Lemma 4.1. Step 1 Proof of (4.7). We argue by contradiction and assume that I(w(sp)) > 0 for some sg > 0. The set
S:={s>sg, I(s) > 1(sp)} is closed by continuity. For any solution to (4.3), one has:

d 2(p—1)
& /w2pdy :2/wws,ody:—4E(W)+;T/|w|p“pdy. (411)
Rd

Rd Rd
Therefore, for any s € S, from (4.6) and Jensen inequality this gives:

pt1

2

i 2 _ 2(p—1) 2 _
s /w pdy | > 4E(w(s))+7p+1 /w pdy =I(w(s)) >0 (412)
Rd

Rd

as I(w(s)) > I(w(sp)), which with (4.5) and (4.6) imply %I(w(s)) > 0. Hence S is open and therefore S = [sg, +00). From
+1

P
(4.12) and (4.5), there exists s; such that E(w(s)) < % (fra w?pdy) 2 for all s> sq, implying from (4.12):
bl
2

2 p—1 / 2
w?pod >2— w?od
/ Py = p+1 Py
Rd Rd

ds
This quantity must then tend to +oo in finite time, which is a contradiction.

3 From the definition (4.6) of I and (4.7) one has that for all s >0, E(w(s)) > 0. Hence the right hand side in (4.8) is nonnegative.
4 Idem for the right hand side of (4.9) and (4.10).
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Step 2 End of the proof. (4.8) and (4.9) are consequences of (4.5), (4.6) and (4.7). To prove (4.10), from (4.11), (4.5), (4.9)
and Holder, one obtains:

s+1 2 541

P43
/ /|w|p+1pdy dsf/ CE%+C/Wfpdyfw2pdy ds < CE}™
N Rd N Rd Rd

as Eg < 1. This identity, using (4.4), (4.5) and as Eg <1 implies (4.10). O

Proposition 4.2 (Condition for local boundedness). Let R > 0,0 < T_ < T4 and § > 0. There exists n > 0 and 0 < r < R such that,
forany T € [T_, T4+] and u solution to (1.1) on [0, T) x RY with ug € W2 satisfying:

Vae B(0,R), E(wgr(0,")) <n, (413)
1
V(t,x) €[0,T) x RY, |Au(t,x)| < Elu(t, )P +n, (4.14)
there holds
T_
vVt e > T), ||U(f)||w2.00(3(o,r)) <$. (415)

The proof of Proposition 4.2 is done at the end of this subsection. We need intermediate results: Proposition 4.3 gives
local smallness in self-similar variables, Lemma 4.7 and its Corollary 4.8 give local boundedness in L in original vari-
ables.

Proposition 4.3. For any R, s, § > 0, there exists n > 0 such that for any w global solution to (4.3), with w(0) € W2 satisfying

1
E(w(0)) <7 and ¥(s, y) € [0, +00) x RY, |Aw(s, y)| < EIW(s, P+, (4.16)
there holds:
Y(s,y) € [0, +00) x B(0,R), |w(s,y)| <é. (4.17)

Proof of Proposition 4.3. It is a direct consequence of Lemma 4.4 and Lemma 4.5. O

Lemma 4.4. For any R, s, 1’ > 0, there exists > 0 such that for w a global solution to (4.3), with w(0) € W2.20(RY), satisfying
(4.16), there holds

Vs € [sg, +00), / (w)? +|Vw?)dy <7'. (4.18)

B(0,R)

Lemma 4.5. For any R,§ > 0, 0 < sg < sq there exists n,n’ > 0 and 0 < r < R such that for w a global solution to (4.3) with
w(0) € W2, satisfying (4.16) and (4.18), there holds:

V(s,y) €[s1,+00) x B(0,r), |w(s,y)| <é. (419)

We now prove the two above lemmas. In what follows we will often have to localize the function w. Let x be a smooth
cut-off function, x =1 on B(0,1) and x =0 outside B(0, 2). For R > 0 we define xp(x) = x (%) and:

Vi= XRW (4.20)

(we will forget the dependence in R in the notations to ease writing, and will write x instead of xg). From (4.3) the
evolution of v is then given by:

- 1 d 1 1
vs —Av=x|wlP"lw+ 12 x—EVx-y—i-AX w+V. EXJ/—ZVX w). (4.21)

Proof of Lemma 4.4. We will prove that (4.18) holds at time sg, which will imply (4.18) at any time s € [sg, +00) because
of time invariance. We take d > 5 for the sake of simplicity.
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Step 1 An estimate for Aw. First one notices that the results of Lemma 4.1 apply. From (4.16) and (4.3), there exists a
constant C > 0 such that:

WP < C(wlP~'w + Aw)? + Ci? < Clws[? + ClyPIVw? + Cw? + Crp.

We integrate this in time, using (4.8), (4.9), (4.10) and (4.16), yielding for s > 0:
s+1
|w|21“dyds<Cn—i—C77P+1 +C77L1+Cn2§07% (4.22)
s B(0,2R)
Injecting the above estimate in (416) using (4.9) and (4.10), we obtain for s > 0:

1
5T W12 50,28 95 =< fs(o 2m [AWP + [Vw|? + w?)dy ds (4.23)

1 L
< [ fB(OZR)C(|w|2P+|Vw|2+w2)dyds+C17 < CypH

Step 2 Localization. We localize at scale R and define v by (4.20). From (4.20), (4.10) and (4.9), one obtains that there exists
S0 € [max(0, so — 1), so] such that:

w

p+ 2

~ L
1V G2 gy S / (wGo)? + [VW(Eo)P) dy < Cp#t 4 et < Cyoer, (424)
B(0,2R)

We apply Duhamel’s formula to (4.21) to find that v(sg) is given by:
v(s0) = [ Kepos {X|w|P Ty + ([— - %]x - %Vx.y—f-Ax) w}ds
(4.25)
+ 0V Ky % ([jxy - 2vx] w) ds + K, s, * v o)-

We now estimate the H! norm of each term in the previous identity, using (4.24), (4.10), (A.2), Young and Hélder inequali-
ties:

1
1Kso—30 * VSl g1 may < VS0l g1 gay < CPHT (4.26)
2 Ksoms # (L5 = §1x = T4+ 20 w) + V-Ksp—s + (1%
So S0 1
< C Ji) Wiy go,2r)ds + C [, - Wl 1 (B(0,28))dS (4.27)
3
=

e +1 ds ([ so 3 %
Cp#piD +C( fo) —%r (f ||W”H1(B(02R))ds> = Cn#reD.

515|273
For the non-linear term in (4.25), one first compute from (4.20) that:

Vix|wP'w) = px|wlP IVvw + Vx|wP~Tw. (4.28)
For the first term in the previous identity, using Sobolev embedding, one obtains:

HwP='Vwll a0 < Clw|P IVWI 21
Ld=2+@=9®-D (B(0,2R)) Ld-4 (B(0,2R)) Ld-2(B(0,2R))

< Cllwll}

H2(B(0,2R))"
Therefore, from (4.23) this force term satisfies:
2

2
llwP~1vw]? ds</||w|| ) ds < Cnpit,
/ Ld= 2+(d2d4>(17 D (B(0,2R)) HZ(B(0.2B))

We let (q,r) be the Lebesgue conjugated exponents of

2 2, 1 2d 2
= — > , = >
d 2—-p d+2—-d-4(p—-1)

(d 2)+(d D1

They satisfy the Strichartz relation % + g = 4. Therefore, using (A.3), one obtains:

NS

S0

2 p
/Kso_s*(pXIW(5)|p_]VW(5))d5 <C /|||W|p—1vwllp 2 ds| =<Cn®+D.
~ Ld-2+d-4(-1) (B(0,2R))

So 2 So
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For the second term in (4.28) using (4.22), (A.2) and Hoélder, one has:

S0

So
/Kso_s*(VX|w|p_1w)ds §C/ W1 }2p 5 0.2ry) < C7T-
§0 L2 §0

The two above estimates and the identity (4.28) imply the following bound:

S0
1
/Kso_s*(mwv’*lw)ds <y,
S0 28
We come back to (4.25) where we found estimates for each term in the right-hand side in (4.26), (4.27) and the above

1
identity, yielding ||v(so)|l1 < Cn?+T. From (4.20), as v is compactly supported in B(0, 2R), the above estimate implies the
desired estimate (4.18) at time sg. O

To prove Lemma 4.5, we need the following parabolic regularization result. Its proof uses standard parabolic tools and
we do not give it here.

Lemma 4.6 (Parabolic regularization). Let R, M > 0, 0 < so < 1 and w be a global solution to (4.3) satisfying:

V(s,y) €[0,+00) x RY, [w(s, Y)lly2(0.xy) <M. (4.29)

Then there exists 0 < r < R, a constant C = C(R, sg) and o > 1 such that:
Y(s,y) € [S0. +00) x B(0,1), |w(s,y)| < C(M+ M?*). (4.30)

Proof of Lemma 4.5. Without loss of generality we take n’ =1, sp = 0, localize at scale % by defining v by (4.20). The
assumption (4.18) implies that for s > 0:

/(|v(s)|2 +|Vv(s)|*)dy < Cn. (4.31)
]Rd

We claim that for all s > 571

Ivllg2 < Cn.

This will give the desired result (4.19) by applying Lemma 4.6 from (4.20). We now prove the above bound. By time
invariance, we just have to prove it at time 571

Step 1 First estimate on v;. Since w is a global solution starting in W2 (R%) with E(w(0)) < n, from (4.8), one obtains:

+o00
f/|vs|2dde§Cn. (432)
0 Rd

Step 2 Second estimate on v;. Let u = vs. From (4.3) and (4.20), the evolution of u is given by:

d

1 1 1
us — Au=plwlP lu+ ([pj - 5} X — EV)(-y—i- A)(> ws+ V. <[§Xy —ZVX} WS>. (4.33)

We first state a non-linear estimate. Using Sobolev embedding, Holder inequality and (4.18), one obtains:

— -1 p-1
/|u|2|w|P Yy <llul®,  IwlP <Cnz /|Vu|2dy.
Ld=2 (Rd) Ld-2 (B(0,R)) g
R

Rd

We now perform an energy estimate. We multiply (4.33) by u and integrate in space using Young inequality for any « > 0
and the above inequality:
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— [ IVUAY + [ ([;;171 — %] X—3vxy+ Ax) wsudy
+f([%xy—2VX] ws) Vudy + [gau?|w2P=Ddy

— Jga IVulPdy + CfB(o R)(W2 +u?)dy + %fB(O,R) widy
+Ci foa IVuPPdy +Cn" T [rq [Vul2dy

— Jpa IVul?dy + C) f3 0.5y Wi dy

if k and n have been chosen small enough. Now because of the integrability (4.32), there exists at least one § €
[max(0, 3 — 1), 3] such that:

& [ u2dy]

=
IA

IA

/ vs®)[*dy < Cs)n.
Rd
One then obtains from the two previous inequalities and (4.8):

1
2
[ vs(s)Pdy < / vs@)2dy +C f / w2dyds < Cn. (4.34)

Rd Rd 5 B(O,R)

2d N\’ 2d_
Step 3 Estimate on Av. Applying Sobolev embedding and Hdlder inequality, using the fact that (dT> = % =42 one
gets that for any s > 0:

f VwPP Dy < VA 2 WPV g
R L"Z (RY) L2(=1 (B(0,R))
2(p 1) 2(p—-1)
—||v|| Iwll < ClIVIE, g W
Pamsy 8% (BO.RY) H2@H T IH(BO,R)
<CpP~! / |Av[*dy, (4.35)
Rd

where we injected the estimate (4.18). We inject the above estimate in (4.21), using (4.20), yielding for all s > 0:
Jra lAVdy < C(fga(lvs|® + |w[* + [VwW]? + v |w 2P~ D) dy)

C [galvsPPdy +Cn +CnP~1 [ra|AvPdy,

where we used (4.29). Injecting (4.34), for n small enough:

[lv()far=c

R R4

IA

2
vs(%]>‘ dy +Cn <Cn. (436)

Step 4 Conclusion. From (4.31) and (4.36) we infer ||v(57')||1L12 < Cn, which is exactly the bound we had to prove. 0O

We now go from boundedness in L°° in self-similar variables provided by Proposition 4.3 to boundedness in L*° in
original variables.

Lemma4.7 ([9]). Let 0 <a < -~ and R, €y > 0. Let 0 < € < €g and u be a solution to (1.1) on [—1, 0) x RY satisfying

p—1
V(t,x) € [—1,0) x B(O,R), |u(t,x)| < — (4.37)
e[p=T"
For €g small enough, the following holds for all (t,x) € [~1,0) x B (0, %).
1 1
If — —a<z, |ut x|=<Ce, (4.38)
p—1 2
1
If 1 —a=s, [u(t, x)| < Ce(1+ |In(@®)|), (4.39)
1 1 €
If — —a> -, |u(t,x)|§Ll. (4.40)
p—1 2 |t|pj7afi



C. Collot et al. / C. R. Acad. Sci. Paris, Ser. 1 355 (2017) 65-79 77

Corollary4.8.Let R > 0and 0 < T_ < T. Thereexists g > 0,0 < r < R and C > 0 such that the following holds. For any 0 < € < €o,
T € [T_, T4 ] and u solution to (1.1) on [0, T) x RY satisfying

V(t,x) €[0,T) x B(O, R), [u(t,x)| < > (4.41)
(T —t)r-1

one has:

V(t,x) €[0,T) x B(0,r), |u(t,x)| <Ce. (4.42)

To prove Lemma 4.7, we need two technical Lemmas taken from [9], whose proof can be found there.

Lemma 4.9 (/9]). Define for 0 <o < 1and 0 < 6 < h < 1 the integral I1(h) = fhl (s — h)~%s?ds. It satisfies:

fa+6>1, Ih) < ! + ! hl-o—¢ (4.43)

’ “\l—a a+6-1 ’ )
Ifa+6=1, I)< 1 a—l—llog(h)l, (4.44)
1
Ifa+60<1, Ith)<——. (4.45)
1—a—-0
Lemma 4.10 (/9]). If y, r and q are continuous functions defined on [to, t1] with
t t
y0 <0+ [yoreds+ [qeds
to to
fortg <t <ty thenforallty <t <ty:
t
t T
y© =ho |yt e o ar | (4.46)

to

Proof of Lemma 4.7. We only treat the case (i), as the proof is the same for the other cases. We first localize the problem,
with x a smooth cut-off function, with x =1 on B (O, %), X = 0 outside B(0, R) and |x| < 1. We define

vVi=xu (4.47)

whose evolution, from (1.1), is given by:

Ve=AvV+ [ulP"v 4+ Axu —2V-(Vxu). (4.48)
We apply Duhamel’s formula to (4.48) to find that for t € [—1, 0):
¢
v(t) =Kip1 xv(—=1) + / Kees * (lulP~1v + Axu—2V-(Vxu))ds. (4.49)
-1

From (4.37) and (4.47), one has for free evolution term:

IKer1 % v(=D 1= <€. (4.50)

We now find an upper bound for the other terms in the previous equation.

Step 1 Case (i). For the linear terms, as ﬁ —a+ % <1, from (4.45) one has:

I, Kees % (Axu — 2V-(Vxu)ds|e < C fil( 1)% [l (B (0.R))
t—s
Ce [\, 1+ —1 _ <C@e.

-1 T 1
(t=5)2 |s|p=1" "

(4.51)

: 1 1 1 d—2 ; .
For the nonlinear term, as 1 0<3<35-1 = 5§ because d > 7, we compute, using (4.37):
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IA

t -1
f_1 ”u”ﬂx:(g(o’R)) [[VilLods

Pt [1 Ariiviiieds.
Is|2
Gathering (4.50), (4.51) and (4.52), from (4.49), one has:
t

_ 1
Iv®)llie < Cla)e +€P 1/W”V“L°°-
s|2
-1

IS Kees % (x[ulP~1v)ds]
(4.52)

IA

Applying (4.46) one obtains:

_1
VOl < Cla), e, e/ 15128 < caye

which from (4.47) implies the bound (4.38) we had to prove. O
We can now end the proof of Proposition 4.2.
Proof of Proposition 4.2. For any a € B(0, R), from (4.1), (4.13) and (4.14), wq,r satisfies E(wq,r(0,-)) <71 and:
1 p 721
[Awg | < §|Wa,T| +nTy .
Applying Proposition 4.3 to wq r, one obtains that for any 1’ > 0 if 1 is small enough:
T_ I
Vs>s T , Iwer(s,0)| <7

In original variables, this means:

!/

_n
—-
(T —t)r-T
Applying Corollary 4.8 for ’ small enough, there exists r > 0 such that

V(t,x) € B(O,R) x [%, T), |u x| =<

V(t,x) € B(O,R) x [%, T), lu(t,x)|<Cn'.

Then, a standard parabolic estimate propagates this bound for higher derivatives, yielding the result (4.15). O
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Appendix A. Parabolic estimates

We recall here some parabolic estimates. We refer to the proof of Theorem 8.18 in [1] for a proof of the Strichartz-type
estimate. Let d > 2. We say that a couple of real numbers (g, r) is admissible if they satisfy:
d

2 d
q.r>2, (q,r,d)¢(2,+oo,2)anda+;=5. (A1)

For any exponent p > 1, we denote by p’ = ijl its Lebesgue conjugated exponent.

Lemma 4.11 (Strichartz type estimates for solutions to the heat equation). Let d > 2 be an integer. The two following inequalities hold.
Foranyt >0,

; cd,j 1 1
VjieN, Vgell,+oo], |IV/Kelle < (d Jj) where — + — =1. (A2)
t27 T2 a q

Fo/r any (q1,11), (q2,2) satisfying (A.1), there exists a constant C = C(d, q1, q2) such that for any source term f € Lq’z([O, +00),
L2 (RY)):
t

r.—>/1<t_t/ x f(t)dt' <Clfl

0 L91([0,+00),L" (RY))

1% ([0, 4-00), L2 (Rd))” (A3)
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