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RESUME

Dans cette note, nous démontrons un théoréme de semi-continuité pour une classe de
seuils log-canoniques pondérés et obtenons des résultats connexes pour des restrictions de
fonctions plurisubharmoniques a des sous-espaces k-dimensionnels et pour des faisceaux
d’'idéaux multiplicateurs.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and main results

Let © be a domain in C" and let ¢ be in the set PSH(2) of plurisubharmonic functions on 2. Following Demailly and
Kollar [7], we introduce the log canonical threshold of ¢ at point 0 € Q:

(@) =sup{c>0: e *¥isL'(dV2) on aneighborhood of 0} € (0, +o0],

where dV5, denotes the Lebesgue measure in C". It is an invariant of the singularity of ¢ at 0. We refer to [1,3,4,6-8,11,12,
15,16] for further information about this number.

For every non-negative Radon measure 1 on a neighborhood of 0 € C", we introduce the weighted log canonical threshold
of ¢ with weight © at 0 to be:

cu(@) =sup{c>0: e *?isL'(u) on aneighborhood of 0} € [0, +o00].

In this note, we study the quantity
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(—n, +OO) X PSH(Q) > (t, (l)) — C”ZHthVZn ((p)

as a function of the two arguments (t, ¢). The main results are contained in the following theorems.

Theorem 1.1. Let {¢;} j>1 C PSH(2) and ¢ € PSH() be such that ¢; — ¢ in Ll (). Then

loc

lznlglfc||z“2de2n ((p]) > CHZHthVZn ((0), vt € (—n, 1].

As in [13], we denote by Z(¢) the sheaf of germs of holomorphic functions f € Ocn , such that
/|f|2e_2‘/’ <400
U

on some neighborhood U of z. This is a coherent ideal sheaf over 2 (see [13]). Moreover, Theorem 1.1 and the main result
of [10] imply as a consequence the following corollary.

Corollary 1.2. Let {¢;}j>1 C PSH(2) and ¢ € PSH(2) be such that ¢; — ¢ in LL (). Then the two following statements hold true:

loc

i) ifpj <@ forall j > 1, then for Q" € Q there exists jo > 1 such that Z(p;) = Z(p) on ' for all j > jo;
ii) if{z1, ..., zn} € Z(@)o, then there exists jo > 1 such that {z1, ..., zn} € Z(@j)o for all j = jo.

For 1 <k <n, we denote
ck (@) = sup{c(¢p) : when H runs over all k-dimensional linear subspaces through 0},
Ck (@) = sup{c(¢y) : for all germs of smooth submanifolds H of dimension k through 0},

where @y is the restriction of ¢ to H.
Theorem 1.3. Let ¢ € PSH(2). Then

k(@) = k(@) = €720 gy, (@)
Remark 1.4.

i) Consider ¢;, ¢ € PSH(R), t € R, ¢ > 0 and a holomorphic function f on Q such that ¢; <¢, ¢; — ¢ in Ll (©) and

loc
/e—26¢|f|2fdv2n < 4o0.
Q

Then e 2%i|f|?t — e=2%¢|f|2 in L] _

/e—ZC(/J—Z(m—t)log\f\|f|2de2n:fe—ZCW|f|2th2n < 400,
Q Q

(R2). Indeed, let m € N be such that m > t. We have:

By the main theorem in [10], we get that
efzc(pjfZ(mft) log | f| |f|2m - e72ap72(m7t) log | f| |f|2m,

in L} (). This implies that e 2| f|2f — e=2¢|f|2 in L] (Q).

ii) The semicontinuity theorem for the weighted log canonical thresholds is not true in the case of the measure u =
|z112dV3, without the condition ¢j < ¢. Indeed, as in Remark 1.3 of [10], we can choose ¢(z) =log|zi| and @;(z) =
log|z1 + ZT?| for j>1. One has ¢; — ¢ in L}OC(C”), however Vj > 1, we find ¢, (¢j) =1 < cy,(p) =2.

Remark 1.5. Holder’s inequality implies that the function

(—n, +OO) S5t— C”Z”thVZn ((,0)

is concave and increasing for all ¢ € PSH(2). In particular, this function is continuous and increasing in t for all ¢ € PSH(2).
Moreover, by Theorem 1.3, we obtain inequalities similar to the ones proved in [9]:

k(@) — C—1(@) < Cp—1(@) — ck—2(@), Yk=2,...n.
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2. Proof of Theorem 1.1

As we argued in Remark 1.4, we only need to prove the theorem for the case t = 1. Take ¢ < ¢;2qv,, (¢). Without loss
of generality, we can assume that ¢;, ¢ € PSH™(A") and

/ e 2 ?||z||?dV3n < +o00,
An

where A is the unit polydisc in C. By Fubini’s theorem we have

f [ / e*zw(z”zﬂdvz"fz(z’)]|zn|2dvz(zn)<+oo.

A An—l

By well-known properties of pluripotential theory, the L' convergence of @j to ¢ implies that ¢; — ¢ almost everywhere
with respect to the Lebesgue measure. Then ¢;(.,z,) — @(.,2z;) in the topology of L}OC(A””) for almost every z; € A.
Therefore, we can find w, € A \ {0} such that

2
_ / €
/ e 2P Wy 2dVay 5(2) < —,
[wh|
An—1
and ¢;(.,wp) — @(.,wp) in the topology of L}oc(A”‘1). By the effective version of the semicontinuity theorem for

weighted log canonical thresholds (see [7] and see also [10]), we can find jo > 1 and p > 0 such that

2
o € . .
/ e 2 EI W, [PV 2(2) £ ——, V= jo.
} [whl
AL

Thanks to the L%-extension theorem of Ohsawa and Takegoshi (see [14] and see also [2,5]), there exists a holomorphic
function fj; on AT~! x A such that fj(z’, wn) = wy for all 2 € A1, and

/ | Fin(@2e 24DV (2)
ATTxA
<A / e 201 W)y, 24V, 5(2)
At
Ae?
- |Wn|2’

where A is a constant. By the mean value inequality for the plurisubharmonic function | f jn|2, we get

2 1 / 2
[ fin(2)] ETE”(,O—|Z1|)2...(,O—|Z11|)2 | finl“dV2an

Ap—iz1](21) X X D p— |z | (Zn)

- Ae?
T (p —lziD?% ... (p — |z 2 wpl?

where A, (z) is the disc of center z and radius p. Hence, for any r < p, we infer

1 finl L Tk
jn Lo° A" = .
A= 18 (o — 1wl

Since fjn(z', wp) —wp=0,VZ € A’;”. we can write fjn(2) = zn+ (zn — Wy)gjn(2) for some function g (2) = >y Ajn,a2*
on A1 x A. We have

1

r—|wp|

1 MATe
( , +1).
T =1wnl\m2 (p —r)?|wy|

(W finllecap +1)

Igjnllar = Igjnllar-1 pn, <

IA
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Thanks to the Cauchy integral formula, we find

1
il an 1 2"Aze
Gl < gl an - ( +1).

riel = — [wa D \ gz (p — 1wy

We take in any case 7 <€ < 1r. As |wy| <7 < 1, this implies
MAZe

n2(p— )"

Similarly, for €1, ...,6; > 0, we can find wq,..., wy € A%\{O}, holomorphic functions fj and gjx =Y, cnn Qjk,ez” ON A’;

2
|Wn||‘1jn,oz|r‘at| = —(

- +|wn|) < Ale.

with |wllajq| < 2/%'€, such that

2
) €
/ | fik(2) e 29D dVy,(z) < —K
An

[wi?

k(@) =z + (zk — wp) gjk(2),
for all 1 <k <n, j> jo. Now, we only need to prove that there exist §;,6; > 0 such that
> 1@ = 0jlz),
1<k<n
for all ze Ag}_, j = Jjo. First, if fj.(0) = wyg;jk(0) # 0 for some k € {1, ...,n} then there exist §;,6; > 0 such that
Y Ifx@I* =6, VzeA}.
1<k=<n

Now, we only consider the case of fj(0) = wrgjk(0) =0 for all k € {1, ...,n}. Since |willajkol < 212le,, we get

4ney
Igik(2)] < —llzl, VzeAl.
[Wg| 1

Hence

|fjk(z)| = |Zk| - 8nEk”Z”» Vze Anmin(\wﬂ,...,lwnl)'

By choosing €1, ..., €, > 0 small enough, we get

Yo k@ =65lz1?, Vze Ay, j=jo.

1<k=<n
3. Proof of Theorem 1.3

First, we will prove that

Cr(p) = Cliz|2k=m d v, ().
Indeed, take ¢ < ¢, 26-ngy,, (¢). We choose § > 0 such that

[ ezt ava, < oo,
B(0,8)

where B(0, §) is the ball with center at 0 and radius §. By Fubini’s theorem we have

f du(H) / e 2¥dVy, =0(1) / e 29z 2k dVy, < +oo,
HeGr(k,n) HNB(0,8) B(0,8)

where Gr(k,n) is the Grassmannian manifold of k-dimensional subspaces in C" and du is the Haar measure on Gr(k, n).
This implies that there exists H € Gr(k,n) such that
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e72c<pdV2k < 400.
HNB(0,6)

Hence cx(¢) > c. Second, we will prove that

() < Cliz))20=m dV, (@).

Indeed, take ¢ < cx(¢). We choose § > 0 and H € Gr(k, n) such that

e~ %9dVy, < +o0.
HNB(0.5)

Without loss of generality, we can assume that H ={z € C" : z,1 = ...z; = 0}. As in the proof of Theorem 2.5 in [7], thanks
to the L2-extension theorem of Ohsawa and Takegoshi (see [14]), we can find a holomorphic function f on B(0,8) such
that f =1 on H and

n (k—n)+e€
|f|2e—2“"< > |z,-|2) dVa < 0(1) f e 2¥dVy, < +oo,
B(,5) J=k+1 HAB(0,5)

for all € > 0. This implies that there exists 0 < §; < § such that

f e—ngO ||Z||2(k—n)+2€dvzk < +OO,
B(0,51)

for all € > 0. Hence

Cjz)|20—m+2¢ (@) >c, Ve>0.

Letting € — 0, we get

C”z”2(l<—n) ((P) > C.

Now, we will only need to show that

Cr(@) < cr(@).

We choose a smooth k-dimensional submanifold H through O such that ¢x(¢) = c(¢|y). We can find a biholomorphic
®:U — V such that ®(0) =0 and W(H) is a k-dimensional subspace in C", where U, V are neighborhoods of 0 € C".
Since ¢y (@) = Czj2k-mdy,, (), we have

Ck(p) =c(@ln) = c@o® o) < k(@ ® ™) = k(@)
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