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is local and blows up in finite time.
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RESUME

Nous obtenons une solution explicite d’'une équation de croissance-fragmentation avec
mesure de dislocation constante. Dans cet exemple, la condition nécessaire sous laquelle
les résultats généraux d'existence de solutions globales sont obtenus dans [5] pour le cas
dit self-similaire n’est pas satisfaite. La solution est locale et explose en temps fini.

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The purpose of this note is to present an explicit solution that blows up in finite time to the growth fragmentation
equation

o0

d d 1

8—?(&)() + a(xlﬂ”u(t, X)) +x’u(t,x) = / ;ko (g) y u(t, y)dy, t>0,x>0 (1)
X

y >0, ko(x)=60H(1—x), 6 >1, H:Heaviside’s function, (2)

Motivated by the study of growth-fragmentation stochastic processes 6], this type of equation was considered recently
by J. Bertoin and A.R. Watson in [5], with the initial data

u(0,x) =8(x—1), (3)
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for y € R and ko a measure’s density, with support contained in [0, 1], that satisfies:

kox)dx =ko(1 — x)dx, Vxe€[1/2,1); f (1 —x)21<o(x)dx:1. (4)
[1/2,1)
These equations have proved to be interesting for mathematical reasons (cf. [5,7]) and also because of the great variety
of their applications in mathematical modeling (cf. [3,8]).

For y =0, the existence and uniqueness of a non-negative solution to (1), (3) is proved in [5] under conditions (4) only.
When y # 0, the existence of a global solution in [5] is proved with the supplementary hypothesis

inng(s) <0, where: (5)
D)= (K(S)+5—2), K(s):/x“ko(s)ds. (6)
0

After the results in [5] and [4], the importance of condition (5), (6) is well established for growth fragmentation pro-
cesses, but it remains to be better understood for the growth fragmentation equation.

We are considering in this note the simplest possible choice for kg, given in (2). It satisfies the condition (4), and is such
that:

0 0 s—o1)(s—o
K =2 and o= 45_2=EZWEZ0)
s s S
where 01 =1—+/1—-6 and 02 =1+ 4/1—6. For 6 € (0,1) the two roots of ®(s) are positive real numbers and then
condition (5) is satisfied. But, for 6 > 1, oy and o, are complex conjugated, then infs.g ®(s) = 2(+/0 — 1) and (5) is not
satisfied.
Our main result is the following Theorem, where 2 denotes the set of distributions of order one.

, Vs e C; 9e(s) >0, (7)

Theorem 1.1. For all y > 0 the measure on (0, ¥ 1) x (0, 00), defined by:

u(t,x) =ust, x) +ukt, x (8)
uSE0=0—-y07 s (x— a- yt)*%) ©
R 2 o1 (o) 1
ut(t,x)=60 (1 —yt)r tF <] + 7,1—{— 7,2,)/[(] +(yt_])xy))H(] —(1=ybt)¥ X), (10)

is non-negative and satisfies equations (1), (2) in 2; ((0,7~") x (0, 00)). It also satisfies u(t) — §(x — 1) in the weak sense of
measures ast — 0.

As a corollary we deduce the following.

Corollary 1.2. The solution u defined in (8), (10) satisfies:

limiu(t,x) = L(%)
AT )

and it blows up in finite time in the following sense:

o0 r+1 r—1
r(5)r (5

2
A+xY)"7, Vx>0 (11)

Vr>1: tli;ql(l —yt)% O/xru(t,x)dx= F(r“y_"])l"(r“y_"z)’ (12)
a7 r(;)
S 1ga-y>/ I e Y Y
( 1

¢ r
Vre,1): lim | Xu(t,x)dx=
t—y~1 r (01
0



292 M. Escobedo / C. R. Acad. Sci. Paris, Ser. I 355 (2017) 290-295

The question of the possible extension for t > ¥ ~! is beyond the scope of this note. More general dislocation measures

like km(x) = X" + (1 —x)™H(1 —x) for m=1,2,3,--- may also be considered (cf. [9]), although the solutions are not
always so explicit.

2. Mellin variables

If u were a suitable solution to (1), (3), applying the Mellin transform to both sides of (1) and (3), we would obtain for
My, the Mellin transform of u:

%Mu(t,s):(K(s)+s—2)/\/lu(t,s+y) (15)
My(0,5) =1. (16)

Solutions to (15), (16) may be obtained by a general method, based on Wiener Hopf arguments (cf. [9] for details). For a
description and applications of that method, the reader may consult [2]. However, in our case, the problem (15), (16) has a
particularly simple explicit solution.

If F(a, b, c,z) denotes the Gauss hypergeometric function »F1(a, b, c, z) (see for example [1]), it follows from the identi-
ties 15.2.1 and 15.3.3 in [1], that the function:

S—01 S—03 S 2-s o1 03 S
Q(t,s)=F s Lyt =A—-y) v F| —, —, -, yt (17)
14 vy v Yy v v
satisfies (15), (16) for t and s in the domain of analyticity of F (%, 5}”2, %, yt) such that t £ y~1,

Our purpose is to define the function u as the inverse Mellin transform of €2, to prove that the Mellin transform of u is
€ and then to prove that u solves (1), (3).

3. The inverse Mellin transform of 2 (t, s)

We first show the following Proposition, where .# (0, co) denotes the space of non-negative locally bounded measures
on (0, c0).

Proposition 3.1. For all t € (O, yfl) the function Q(t, s) defined in (17) has an inverse Mellin transform that belongs to .# (0, co),
that we denote u(t, x) = M~1(Q), and that satisfies

My(t,s) =Q(t,s), ¥seC: Re(s) >0, t e (O,y_]). (18)

a1

Proof. For 0 <t < ! fixed, the hypergeometric function F (7,

and by 15.7.1 in [1]
oy 02 S 2t o
F| — —,—,yt)—1——|<C(A+|s])"%, VseD,
vy vV S
for some constant C = C(t, 01, 02, ). Then, by Theorem 11.10.1 in [10], for all t € (0, y”), the function € (t) has an inverse
Mellin transform u(t) € .# (0, c©), given by

%, % yt) is analytic in the domain D = {s € C; fRe(s) > 0}

1
U(t,X)zﬂ / X SQ(t, s)ds,

JNe(s)=so
for an arbitrary sg > 0, and such that for all s € D, My (s) = Q(t,s). O
We may obtain now the explicit expression of u. Let us prove first the following Proposition.
Proposition 3.2. Suppose 61 € C,02 € C, y > 0andt € (0, y‘l) and define the function
v(t,x) = F (1 + % 1+ % 2.yt (14 (yt — 1)xy)) H(1-a- yt)%x) (19)
for x> 0. Then, for all t € (0, y "), the Mellin transform of v is:

(35500

My(t,5)=1—yt)7 o

, VseC; Re(s) > 0. (20)
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Proof. Since y >0 and 1— yt > 0, it follows that for all x>0, (1+ (yt — 1)x”) < 1. Then:

B 00 F(l+%+n)r(1+%+n)r(2)(yt)”
F<1+7 1+ y 2yt Hyt_])xy))_,; ri+2)r(1+2)re+mra+n

1

1+ (yt—Dx")",

n >~ I'(1 + L4n)T(14+ 2 4n)TC Q) (yt)" (a-yt) 7
My, = [ vt o tax= 3 ( )05 )T (14 (vt — D).
J n=oF( + ) (l+"72)1"(2+n)1“(n+1)

(21)
A straightforward calculation gives, using y > 0:

1

=yt 7 . T+1Dr (;)
A+ yt—=Dx")"% ldx=1—-yt) ¥ —— "2,
. y[‘(l—}-%#—n)

and then, for all s € C such that —s/y ¢ N:

Myt ==y P 3 P(1+%+0)r (142 +0)r@ 0" ra+Hr(3)

nzor(1+%)r(1+%)r(z+n)r(n+1) yr(1+§+n)

(55570
-3 v’ V Y
1-yt) pp—

The next Corollary follows from Proposition 3.2 and Theorem 11.10.1 in [10] on the uniqueness of the inverse Mellin
transform:

Corollary 3.1. For all o1 € C, 03 € C, suppose that y > 0,0 < yt < 1 and let w be the measure:
W, =1—y07s (x —a- yt)‘%) F0t(1 — y0) 7 v(t, ).
Then, forallt € (0, y~1):
My(t,s) =Q(t,s) forall seC, Re(s)s>0
and u(t) = w(t) forallt € (0, y~1).
We may prove now our main result.

Proof of Theorem 1.1. It is easy to check that u(t) — 8(x — 1) as t — 0 in the weak sense of measures. We already know
that Q(t, s) = My(t,s) solves the problem (15), (16). Applying the inverse Mellin transform to both sides of the equation
(15), we deduce the following equation in 2’ ((0,y 1) x (0, 00)):

a_”(t _ <€+ —1)—1) My(t,s+y)x>d (22)
at 7X) - 2]7'(: / s (S ) ) Ll( S V)X S.

NRes=oy

We consider now each of the terms in the right and side separately. Since og > 0, ¥ > 0, using that M, (t,s) = Q(t, s) for
all Re(s) > 0 we write y > 0:

o0
1
/ My(t,s+y)xds = in / fu(t,y)ys+”_1dyx_sds
2in

Nes=oy Nes=op 0O

:/u(t,}/)yyfl ZlTrc f (%)7 ds | =x"u(t,x). (23)

0 NRes=o0yp

2in

The second term in the right-hand side of (22) is given by the classical formula:
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1 54 O 1 1—s
in / (s =DMy, s+y)x ds_ax in / My, s+y)x —ds (24)

NRes=oy Nes=oy

In the last term in the right-hand side of (22), we write as above:

1
2in 2in S
NRes=oy 0 NRes=o0y

o0
0 1 0
/ ;Mu(t,s+y)x_sds:/u(t, | =— / —ystr=lx=sds | dy.

Using that for og > 0:

L 1ys+y-1x-sds={°’ ity <x

2im s yr 1 ify>x
NRes=oy
we deduce
o0
1 0 —s -1
— —My(t,s+y)x°ds=0 | u(t,y)y’ dy. (25)
2in S
NRes=09 X

Since u € C ([0, y71); .#(0,00)) NCT ((0,y71); 2,(0, 0)) it follows from (22)-(25) that both sides of the equation (1) are
equal in C ((0 y*l) ; 240, oo)) and then, for all ¢ € C! ((0 %) x (0, oo)):

<ut(t) + % (X”“u(t)) +x¥u(t), (o(t)> =0 <f vy luce, yydy, <p(t)> (26)

where (-, -) is the duality bracket between Z; ((0, ) x (0, 00)) and C} ((0,¥) x (0, 00)).
Since 01 =037, I’ (1 + % +n) =T (1 + % + n) for all n € N, and the positivity of u follows. O

Proof of Corollary 1.2. Properties (12)-(14) follow from the explicit expressions of Q(t, s) and u® in (10), (17) and formulas
154 (ii) in [11]. O

Remark 1. Due to the particular form of the measure u, it is easy to check that (26) is satisfied for all ¢ €
cl ([0 %) x (0, oo)). We also deduce from (26) that u® and uR satisfy:

us 9

=T (xV+1u5) +x'uS =0, in Z,(0, 00) 27)
and for all t € (0, ~1) and x € (0, (1 — yt)~1/7):
o0
du® 9 ( y+1, R ¥R -1 R y—1
W(LX) + s (X u )(LX) +X'ut () =0(1—yt)" +0 [ u (t,y)y" dy. (28)
X
Acknowledgements

The author acknowledges support from DGES Grant MTM2014-52347-C2-1-R and Basque Government Grant [T641-13.

References

[1] M. Abramowitz, L.A. Stegun, Handbook of Mathematical Functions, Dover, New York, 1965.

[2] A.M. Balk, V.E. Zakharov, Stability of weak-turbulence Kolmogorov spectra, in: V.E. Zakharov (Ed.), Nonlinear Waves and Weak Turbulence, in: AMS
Translations Series 2, vol. 182, 1998, pp. 1-81.

[3] J. Banasiak, L. Arlotti, Perturbations of Positive Semigroups with Applications, Springer Monographs in Mathematics, Springer-Verlag London Limited,
2006.

[4] J. Bertoin, R. Stephenson, Local explosion in self-similar growth-fragmentation processes, Electron. Commun. Probab. 21 (2016) 21-66.

[5] J. Bertoin, A.R. Watson, Probabilistic aspects of critical growth-fragmentation equations, Adv. Appl. Probab. 48 (2016) 37-61.

[6] J. Bertoin, N. Curien, I. Kortchemski, Random planar maps & growth-fragmentations, Preprint, available at: arXiv:1507.02265v1 [math.PR].

[7] M. Doumic, M. Escobedo, Time asymptotics for a critical case in fragmentation and growth-fragmentation equations, Kinet. Relat. Models 9 (2016)
251-297.


http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4153s1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib425As1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib425As1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib424Cs1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib424Cs1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4253s1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4257s1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib42434Bs1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4445s1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4445s1

M. Escobedo / C. R. Acad. Sci. Paris, Ser. I 355 (2017) 290-295 295

[8] M. Doumic, P. Gabriel, Eigenelements of a general aggregation-fragmentation model, Math. Models Methods Appl. Sci. 20 (2010) 757-783.
[9] M. Escobedo, In preparation.
[10] O.P. Misra, ].L. Lavoine, Transform Analysis of Generalized Functions, North-Holland Mathematics Studies, Elsevier Science, Amsterdam, New York,
Oxford, 1986.
[11] EW. Olver, D.W. Lozier, R.E. Boisvert, C.W. Clark, NIST Handbook of Mathematical Functions, Cambridge University Press, New York, 2010.


http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4447s1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4D4Cs1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4D4Cs1
http://refhub.elsevier.com/S1631-073X(17)30016-X/bib4Fs1

	A short remark on a growth-fragmentation equation
	1 Introduction
	2 Mellin variables
	3 The inverse Mellin transform of Ω(t, s)
	Acknowledgements
	References


