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In this paper, we prove that if � is a bounded convex domain in Cn , n ≥ 2, and S is 
an affine complex hyperplane such that � ∩ S is not empty, then � \ S is not Gromov 
hyperbolic with respect to the Kobayashi distance. Next, we show that if X is a bounded 
convex domain in Cn , then � = {(z, w) ∈ X × C

∗, |w| < e−ϕ(z)} is not Gromov hyperbolic, 
where ϕ is a strictly plurisubaharmonic function on X continuous up to X .

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Nous étudions dans cette Note l’hyperbolicité au sens de Gromov de certains domaines 
de C

n . On démontre que, si � est un domaine convexe borné de Cn , n ≥ 2, et si S est un 
hyperplan affine complexe tel que � ∩ S �= ∅, alors � \ S n’est pas hyperbolique au sens 
de Gromov. Si X est un domaine convexe de Cn , alors � = {(z, w) ∈ X ×C

∗, |w| < e−ϕ(z)}
n’est pas Gromov hyperbolique, où ϕ est une fonction strictement plurisousharmonique 
sur X et continue sur X .

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

L’hyperbolicité au sens de Gromov est une propriété des espaces métriques qui peut s’exprimer par le fait que, dans tout 
triangle géodésique, un côté est à une distance bornée de l’union des deux autres. En 2000, Balogh et Bonk [1] ont montré 
que tout domaine strictement pseudoconvexe à bord de classe C2 est hyperbolique au sens de Gromov pour la distance de 
Kobayashi. En 2013, Gaussier et Seshadri [5] ont conjecturé qu’un domaine convexe était hyperbolique au sens de Gromov 
pour la distance de Kobayashi si et seulement s’il était de type fini. Ce résultat a été démontré par Andrew Zimmer [10] en 
2014. Nous étudions dans cette note l’hyperbolicité de quelques domaines de Cn : dans une prémiere étape, les domaines 
convexes de Cn privé d’un hyperplan. Nous avons le résultat suivant.
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Théorème 0.1. Soit � un ouvert convexe borné de Cn avec n ≥ 2 et S un hyperplan affine complexe tels que � ∩ S soit non vide. Alors 
� \ S n’est pas Gromov hyperbolique.

Soient X une variété complexe et ϕ : X → [−∞, ∞) une fonction semi-continue supérieurement. Le domaine de Hartogs 
�ϕ(X) est défini par

�ϕ(X) = {(z, w) ∈ X ×C : |w| < e−ϕ(z)}.
Le second objet de cette note est l’étude de l’hyperbolicité du domaine de Hartogs privé d’un hyperplan. On démontre le 

resultat suivant.

Théorème 0.2. Soit X un domaine borné de Cn et soit ϕ une fonction strictement plurisubharmonique sur X continue sur X. Alors 
� = {(z, w) ∈ X ×C

∗, |w| < e−ϕ(z)} n’est pas Gromov hyperbolique.

1. Introduction

The Kobayashi pseudodistance, introduced in 1967 by S. Kobayashi is an important invariant metric, used as a tool to 
study the holomorphic maps and function spaces in several complex variables. A systematic study of its main properties and 
applications can be found in [8]. This metric coincides with the Poincaré metric on the unit disk where the geodesics are 
well known. However, on a domain in higher dimension, it is difficult to get information on the behavior of the geodesics 
since there is no exact formula for the Kobayashi metric.

In this present note, we will study the Gromov hyperbolicity of some domains in Cn with respect to the Kobayashi 
metric. Much attention has been given to the Gromov hyperbolicity (or δ-hyperbolicity) – introduced by M. Gromov in [6]
– of certain domains in Cn endowed with the Kobayashi distance. Gromov hyperbolic metric spaces have been intensively 
studied and have many remarkable properties. We cite some results concerning convex domains in Cn: in [5], the authors 
proved that a bounded convex domain with a smooth boundary, which contains an analytic disk, can not be Gromov 
hyperbolic and, in [9], Nikolov, Thomas, and Trybula proved the result when n = 2 and � has a C1,1 boundary. Finally, we 
recall that Zimmer [10] has proved that if a C-proper open convex set in Cn is Gromov hyperbolic, then its boundary does 
not contain any non-trivial holomorphic disks.

2. Basic definitions and assumptions

– Let �r = {z ∈C, |z| < r} , �∗
r = {z ∈C, 0 < |z| < r} and � the unit disk

– For z0 ∈C
n and r > 0, let B(z0, r) = {z ∈ C

n; ‖z − z0‖ < R}
– Given an open set � ⊂ C

n , p ∈ � and v ∈ C
n , let δ�(p, v) = inf{‖p − q‖ ; q ∈ (p +C.v) ∩ (Cn \ �)}

– Given an open set � ⊂ C
n , p ∈ �, let δ�(p) = inf{‖p − q‖ ; q ∈C

n \ �}

Definition 2.1. Let � be a domain in Cn .

(i) the Kobayashi infinitesimal pseudometric is defined on T � = � ×C
n by:

K�(p, v) := inf{α > 0/ ∃ f : � → �, f holomorphic, f (0) = p, f ′(0) = v/α};
(ii) the Kobayashi peudodistance d� is defined on � × � by

d�(p,q) := inf

1∫
0

K�(γ (t), γ ′(t))dt,

where the infimum is taken over all C1-paths from [0, 1] to � satisfying γ (0) = p, γ (1) = q;
(iii) the domain � is Kobayashi hyperbolic if d� is a distance on �;
(iv) the domain � is complete hyperbolic if (�, d�) is a complete metric space.

We have the following:

k�(p, v) ≤ |v|
δ�(p, v)

.

The first obvious property satisfied by the Kobayashi pseudo-metric or distance is the decreasing property under holo-
morphic maps. See [8].
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Proposition 1. Suppose f : X1 → X2 is a holomorphic map, then

dX2( f (x), f (y)) ≤ dX1(x, y).

For more details concerning the Kobayashi pseudodistance, see [8].

2.1. Gromov hyperbolicity

2.1.1. Hyperbilicity
– Let (X, d) be a metric space. Given points x, y, z ∈ X , the Gromov product is

(x, y)z = 1

2
[d(x, z) + d(z, y) − d(x, y)].

– Let δ ≥ 0, (X, d) is be δ-hyperbolic if for every x, y, z, w ∈ X

(x, y)w ≥ min((x, z)w , (y, z)w) − δ.

This is equivalent to: (see [3]) (X, d) is δ-hyperbolic if, and only if, for every x, y, z, t ∈ X ,

d(x, y) + d(z, t) ≤ max[d(x, z) + d(y, t),d(x, t) + d(y, z)] + 2δ.

– A metric space (X, d) is said to be hyperbolic in the sense of Gromov if it is δ-hyperbolic for some δ ≥ 0.
– It is easy to see that every bounded metric space is δ-hyperbolic, for δ = diam(X).
– The real line is 0-hyperbolic with respect to the Euclidean distance, but the Euclidean space Rn , n ≥ 2, is not Gromov 

hyperbolic.

The notion of Gromov hyperbolicity admits a more geometrical characterization in the case of geodesic space.

2.1.2. Geodesics and quasigeodesics
Let (X, d) be a metric space.

– A curve γ : [a, b] −→ X is a geodesic if d(γ (t1), γ (t2)) = |t1 − t2| for all t1, t2 ∈ [a, b].
– A geodesic triangle in X is an union of images of three geodesics joining three points in X .
– Let A ≥ 1, B ≥ 0, a curve γ is said to be (A, B) quasigeodesic if, for every t1, t2 ∈ [a, b], we have:

1

A
|t1 − t2| − B ≤ d(γ (t1), γ (t2)) ≤ A |t1 − t2| + B.

– A metric (X, d) is a length-space if the distance between two points of X is the infimum of the lengths of paths joining 
x and y in X .

Proposition 2. Let (X, d) be a geodesic metric space. We have an equivalence between:

(i) (X, d) is hyperbolic in the sense of Gromov;
(ii) there exists δ ≥ 0 such that every geodesic triangle is δ-thin,

i.e. every point on any of the sides is within a distance δ from the other two sides.

We recall the following.

Proposition 3. (see [2]) If (X, d) is δ-hyperbolic for some δ ≥ 0, then every (A, B) quasigeodesic triangle is M-thin for some M > 0.

Proposition 4. Suppose � ⊂ C
n is an open convex set, o ∈ � and p ∈ ∂� such that δ�(o, −→op) ≥ α ‖o − p‖ for some α > 0. If 

pt = p + e−2t(o − p), then

|t1 − t2| ≤ d�(pt1 , pt2) ≤ 2

α
|t1 − t2| , ∀t1, t2 ≥ 0.
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3. Main results

By a result given in [2] and [9], we can see that �2 \{(z1, z2) ∈ C
n, z2 = 0} = � ×�∗ is not Gromov hyperbolic. Motivated 

by this remark and by studying the Gromov hyperbolicity of convex domains in Cn , we will prove the following theorem.

Theorem 3.1. Let � be a bounded convex open set of Cn and S be a complex affine hyperplane such that � ∩ S is not empty. Then 
� \ S is not Gromov hyperbolic.

We point out the following result.

Proposition 5. Let � be a bounded convex set in Cn such that n ≥ 2 and S be a complex affine hyperplane. Then � \ S is complete 
hyperbolic.

Proof of Proposition 5. The Kobayashi distance from a point in � to S is infinite (see, for instance, [7]).
Now, we consider a point p ∈ ∂�; let H be a supporting hyperplane of � at p. Using a complex affine transformation, we 

may assume that H is given by H = {Z = (z1, ..., zn) ∈C
n; Im(zn) = 0} and that � ⊂ H+ = {Z = (z1, ..., zn) ∈C

n; Im(zn) > 0}. 
We consider two points p0 and p1 in � \ S such that p1 is sufficiently close to p. Then, we have:

d�\S(p0, p1) ≥ d�(p0, p1) ≥ dH+(p0, p1) −→ ∞ as p1 −→ p. �
Proof of Theorem 3.1. Suppose that S := {Z = (z1, ..., zn) ∈ C

n; zn = 0} and that the origin o is contained in �. Then, there 
exists r > 0 such that B(o, r) ⊂ �.

Consider the real line L =R
+.e2n−1 and p = (0, pn) ∈ C

n−1 ×C such that r > pn > 0. Then we have:

Claim 1. The real line segment [p, o) is (A, B) quasigeodesic in � \ S.

Proof. Since � is a bounded convex domain, then there exists R > 0 such that � \ S ⊂ C
n−1 × �∗

R . We parameterize the 
real segment [p, o) with respect to its arc length parameterization in {0} × �∗

R .
Let p1 = (0, ..., 0, p1

n) and p2 = (0, ..., 0, p2
n) in [p, o) such that p2

n > p1
n > 0. From the distance decreasing property, we 

have d�\S(p1, p2) ≥ d�∗
R
(p1

n, p2
n) = d{0}×�∗

R
(p1, p2).

On the other hand, we have d�\S (p1, p2) ≤ d�∗
r
(p1

n, p2
n). Since

d�∗
r
(p1

n, p2
n) = 1

2
log

⎛
⎝

∣∣∣∣∣∣
log p1

n
r

log p2
n

r

∣∣∣∣∣∣
⎞
⎠ = d�∗

R
(p1

n, p2
n) + 1

2
log

⎛
⎜⎜⎝

∣∣∣∣∣∣∣∣
1 − log r

R

log
p1

n
R

1 − log r
R

log
p2

n
R

∣∣∣∣∣∣∣∣

⎞
⎟⎟⎠ ≤ d�∗

R
(p1

n, p2
n) − 1

2
log

(
1 − log r

R

log pn
R

)
,

then there exists a constant B > 0 that depends on p, r and R such that

d�\S(p1, p2) ≤ d{0}×�∗
R
(p1, p2) + B. �

Now, we consider a point y ∈ S ∩ ∂�. We have:

Claim 2. [p, y) can be parameterized to be (A, B) quasigeodesic in (� \ S, d�\S).

Proof. Let 	+ = {z ∈ �; Re(zn) > 0}. If we consider the parameterization of [p, y) given by yt = y + e−2t(p − y) then, by 
Proposition 4, we have, for every t1, t2 ≥ 0:

|t1 − t2| ≤ d�(yt1 , yt2) ≤ d�\S(yt1 , yt2) ≤ d	+(yt1 , yt2) ≤ A |t1 − t2| , for some A > 1. �
Now, for T > 0, we consider the point pT ∈ L such that pT

n = yT
n , where yT = y + e−2T (p − y).

Let bT ∈ ∂� ∩ pT yT with the ordering pT , yT , bT . See the figure below.
Since yT − pT ∈ S and B(o, r) ⊂ �, there exists ε > 0 such that

δ�(pT ,
−−−−−−−−→
yT − pT ) = δ	+(pT ,

−−−−−−−−→
yT − pT ) = δ�\S(pT ,

−−−−−−−−→
yT − pT ) ≥ ε.

Hence, from Proposition 4 and since � is bounded, the segment [pT , yT ] can be parameterized to be (A, B) quasigeodesic 
(after possibly increasing A).

Claim 3. For any M > 0, there exists T > 0 such that [p, yT ], [yT , pT ], [pT , p] is not M-thin.
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Proof. Let M > 0. Since � is complete hyperbolic, there exists t0 > 0 such that:

d�\S(yt0 , [p,o)) ≥ d�(yt0 , [p,o]) > M.

Now, we consider the holomorphic map πn : Cn −→ C given by πn((z1, ..., zn)) = zn . By the decreasing distance prop-
erty, we have d�\S(yt0 , [pT , yT ]) ≥ d�∗

R
(pT

n , yt0
n ), which goes to infinity as T −→ ∞. Then, there exists t1 > t0 such that 

d�\S(yt0 , [pt1 , yt1 ]) > M .
So, the (A, B)quasigeodesic triangle is not M − thin for every M > 0 and we conclude the proof. �

Corollary 6. Let Bn be the unit ball in Cn such that n ≥ 2. Then Bn \ {Z = (z1, ..., zn); zn = 0} is not Gromov hyperbolic.

We point out that the proof of the last theorem can be adapted to show that if � is a bounded convex domain of Cn

with n ≥ 2 and S is a complex affine subspace such that � ∩ S is not empty, then � \ S is not Gromov hyperbolic.
The second result is an observation that certain Hartogs type Domain minus an affine complex hyperplane is not Gromov 

hyperbolic.
Let X be a bounded convex domain in Cn and ϕ be a strictly plurisubharmonic function on X continuous up to X .
Let �ϕ(X) = {(z, w) ∈ X ×C, |w| < e−ϕ(z)} and S = X × {0}, we put

� = {(z, w) ∈ X ×C
∗, |w| < e−ϕ(z)} = �ϕ(X) \ S.

Theorem 3.2. � = {(z, w) ∈ X ×C
∗, |w| < e−ϕ(z)} is not Gromov hyperbolic with respect to the Kobayashi distance.

We point out the following Proposition.

Proposition 7. � = {(z, w) ∈ X ×C
∗, |w| < e−ϕ(z)} is complete hyperbolic.

Proof of Proposition 7. By a result of [7], the Kobayashi distance to S is infinite. Now, by a result of Nguyen Quang Dieu 
and Do Duc Thai (see, for instance, [4]), �ϕ(X) is complete hyperbolic. Consider a point p0 ∈ ∂�ϕ(X) and two points p and 
q in �. Since �ϕ(X) is complete hyperbolic and, by the distance decreasing property, we have:

d�(p,q) ≥ d�ϕ(X)(p,q) −→p→p0 ∞.

Hence, � is complete hyperbolic. �
Proof of Theorem 3.2. Assume that X contains the origin o. Let R = e− infX ϕ , r = e− supX ϕ and p = (0, ..., 0, pn) ∈ � such 
that 0 < pn < r.

Let x ∈ ∂�ϕ(X) such that xn = 0 and consider the parameterization xt = x + e−2t(p − x). From Proposition 4, there exists 
A > 0 such that:

|t1 − t2| ≤ dX×�R (xt1 , xt2) ≤ d�(xt1 , xt2) ≤ d	+(xt1 , xt2) ≤ A |t1 − t2| , ∀t1, t2 ≥ 0,

where 	+ = {(z, w) ∈ X × �r, Re(w) > 0}. Hence, [p, x) is a quasigeodesic.
Now, we parameterize [p, o) with respect to its arc length parameterization in {0} × �∗

R . Let p1 = (0, ..., 0, p1
n) and 

p2 = (0, ..., 0, p2
n) in [p, o) such that p2

n > p1
n > 0. By the distance decreasing property, we have

d�(p1, p2) ≥ d�∗
R
(p1

n, p2
n) = d{0}×�∗

R
(p1, p2).

On the other hand, we have:
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d�(p1, p2) ≤ d�∗
r
(p1

n, p2
n) = 1

2
log

⎛
⎝

∣∣∣∣∣∣
log p1

n
r

log p2
n

r

∣∣∣∣∣∣
⎞
⎠ = d�∗

R
(p1

n, p2
n) + 1

2
log

⎛
⎜⎜⎝

∣∣∣∣∣∣∣∣
1 − log r

R

log
p1

n
R

1 − log r
R

log
p2

n
R

∣∣∣∣∣∣∣∣

⎞
⎟⎟⎠ .

Then, there exists a constant B > 0 that depends only on p, r and R such that

d�(p1, p2) ≤ d{0}×�∗
R
(p1, p2) + B.

We conclude that the segment [p, o) is (A, B) quasigeodesic (after possibly increasing A).
Now, for T > 0, we consider a point pT ∈ [p, o) such that pT

n = xT
n ; let � be a geodesic joining pT to xT in X × {xT

n }. It is 
easy to see that � is a geodesic joining pT to xT in �.

Let M > 0, since �ϕ(X) is complete hyperbolic, there exists t0 > 0 such that

d�(xt0 , [p,o)) ≥ d�ϕ(X)(xt0 , [p,o)) > M.

On the other hand, for T > 0, we have d�(xt0 , [xT , pT ]) ≥ d�∗
R
(xt0

n , xT
n ), which goes to infinity as T −→ ∞. Hence, there 

would exist t1 > 0 such that d�(xt0 , [pt1 , xt1 ]) > M .
So, the (A, B)quasigeodesic triangle is not M-thin for every M > 0 and � is not Gromov hyperbolic. �
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