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Many extensions and variants of the so-called Apostol-type polynomials have recently 
been investigated. Motivated mainly by those works and their usefulness, we aim to 
introduce a new class of Apostol-type Laguerre–Genocchi polynomials associated with the 
modified Milne–Thomson’s polynomials introduced by Derre and Simsek and investigate 
its properties, including, for example, various implicit formulas and symmetric identities in 
a systematic manner. The new family of polynomials introduced here, being very general, 
contains, as its special cases, many known polynomials. So the properties and identities 
presented here reduce to yield those results of the corresponding known polynomials.
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r é s u m é

Plusieurs extensions et variantes des polynômes dits de type Apostol ont été récemment 
étudiées. Motivés par ces travaux et leur utilité, notre but est d’introduire une nouvelle 
classe de polynômes de type Apostol généralisant les polynômes de Laguerre–Genochi 
associés aux polynômes de Milne–Thompson modifiés, introduits par Derre et Simsek, et 
d’en étudier de façon systématique les propriétés. Par exemple, nous donnons diverses 
formules implicites et des identités de symétrie. La nouvelle famille de polynômes 
introduite ici est très générale et contient comme cas particuliers beaucoup de polynômes 
connus. Les résultats présentés ici redonnent des propriétés et identités de ces polynômes 
connus.
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1. Introduction and preliminaries

Two variable Laguerre polynomials Ln(x, y) are defined by the following generating function (see [4])

∞∑
n=0

Ln(x, y)
tn

n! = eyt C0(xt), (1.1)

where C0(x) is the 0-th order Tricomi function defined by (see [23])

C0(x) =
∞∑

r=0

(−1)r xr

(r!)2
. (1.2)

The Ln(x, y) are represented by the series

Ln(x, y) =
n∑

s=0

n!(−1)s yn−sxs

(n − s)!(s!)2
. (1.3)

Recently, various generalizations of Apostol–Bernoulli, Apostol–Euler and Apostol–Genocchi polynomials have been ex-
tensively investigated (see, e.g., [6,9,10,12,13,15,19–21]). The generalized Apostol–Bernoulli polynomials B(α)

n (x; λ) of order 
α ∈ C, the generalized Apostol–Euler polynomials E(α)

n (x; λ) of order α ∈ C and generalized Apostol–Genocchi polynomials 
G(α)

n (x; λ) of order α ∈ C are defined, respectively, by the following generating functions (see [24, Section 1.8])(
t

λet − 1

)α

· ext =
∞∑

n=0

B(α)
n (x;λ)

tn

n! (1.4)

(|t| < 2π when λ = 1; |t| < |logλ| when λ �= 1; 1α := 1
) ;(

2

λet + 1

)α

· ext =
∞∑

n=0

E(α)
n (x;λ)

tn

n!
( |t| < |log(−λ)| ; 1α := 1

); (1.5)

(
2t

λet + 1

)α

· ext =
∞∑

n=0

G(α)
n (x;λ)

tn

n!
( |t| < |log(−λ)| ; 1α := 1

)
. (1.6)

Setting x = 0 in (1.4), (1.5), and (1.6), we have

B(α)
n (0;λ) := B(α)

n (λ), E(α)
n (0;λ) := E(α)

n (λ), G(α)
n (0;λ) = G(α)

n (λ), (1.7)

which are called Apostol–Bernoulli numbers of order α, Apostol–Euler numbers of order α, and Apostol–Genocchi numbers 
of order α, respectively. Also

B(α)
n (x) := B(α)

n (x;1), E(α)
n (x) := E(α)

n (x;1), G(α)
n (x) = G(α)

n (x;1), (1.8)

which are called Apostol–Bernoulli polynomials of order α, Apostol–Euler polynomials of order α, and Apostol–Genocchi 
polynomials of order α, respectively. Here and in the following, let C, R, R+ , and N be the sets of complex numbers, real 
numbers, positive real numbers, positive integers, respectively, and let N0 := N ∪ {0}.

For systematic works about the Apostol-type polynomials, one may be referred, for example, to [6,9,10,15,19–21].
Derre and Simsek [5] modified the Milne–Thomson’s polynomials �(α)

n (x) as �(α)
n (x, y) of degree n and order α by 

means of the following generating function:

∞∑
n=0

�
(α)
n (x, y)

tn

n! = f (t,α)ext+h(t,y), (1.9)

where f (t, α) is a function of t and integer α. Observe that �(α)
n (x, 0) = �

(α)
n (x) (for details, see [22]). Setting f (t, α) =(

2t
λet+1

)α
in (1.9) gives

∞∑
n=0

G(α)
n (x, y;λ)

tn

n! =
(

2t

λet + 1

)α

ext+h(t,y), (1.10)

where G(α)
n (x, y; λ) denote the Apostol–Genocchi polynomials of higher order α based on Milne–Thomson’s polynomials.

It immediately follows from (1.6) and (1.10) that

G(α)
n (0,0;λ) = G(α)

n (λ).
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Taking h(t, y) = yt2 in (1.10) gives

∞∑
n=0

H G(α)
n (x, y;λ)

tn

n! =
(

2t

λet + 1

)α

ext+yt2
, (1.11)

where H G(α)
n (x, y; λ) are called generalized Apostol–Hermite Genocchi polynomials (see [7]). The case α = 1 in (1.11) re-

duces to the Apostol–Hermite Genocchi polynomials defined by Dattoli et al. [3] in the following form:

∞∑
n=0

H Gn(x, y;λ)
tn

n! = 2t

λet + 1
· ext+yt2

. (1.12)

Guo and Qi [8] and Luo et al. [17,18] gave the following generalizations of Bernoulli and Euler polynomials with a and b
parameters, respectively:

∞∑
n=0

Bn(a,b)
tn

n! = t

bt − at

(∣∣∣t log
b

a

∣∣∣ < 2π
)

(1.13)

and

∞∑
n=0

En(a,b)
tn

n! = 2

bt + at

(∣∣∣t log
b

a

∣∣∣ < π
)

. (1.14)

The generalized Apostol–Genocchi polynomials with the parameters a and b are given by means of the following generating 
function (see [10]):

∞∑
n=0

Gn(x;a,b, e;λ)
tn

n! = 2t

λbt + at
· ext . (1.15)

For a real or complex α, the Apostol–Genocchi polynomials G(α)
n (x; a, b, e; λ) of order α with parameters a and b are defined 

by means of the following generating function:

∞∑
n=0

G(α)
n (x;a,b, e;λ)

tn

n! =
(

2t

λbt + at

)α

ext . (1.16)

It is obvious that G(1)
n (x; a, b, e; λ) = Gn(x; a, b, e; λ).

The 2-variable Kampé–de Fériet generalization of the Hermite polynomials (see [1] and [3]) reads

Hn(x, y) = n!
[ n

2 ]∑
r=0

yr xn−2r

r!(n − 2r)! ; (1.17)

they are usually defined by the following generating function:

ext+yt2 =
∞∑

n=0

Hn(x, y)
tn

n! . (1.18)

The polynomials Hn(x, y) in (1.18) reduce to the ordinary Hermite polynomials Hn(x) when y = −1 and x is replaced by 2x.
Motivated by their importance and potential for applications in certain problems in number theory, combinatorics, clas-

sical and numerical analysis and other fields of applied mathematics, several kinds of special numbers and polynomials have 
recently been studied by many authors (see the references).

Kurt and Kurt [14] first introduced the definition of Hermite–Apostol–Genocchi polynomials and derived some implicit 
formulas. Gaboury and Kurt [7] also gave the generating function of Hermite–Apostol–Genocchi polynomials with three 
parameters. Motivated by the above-cited works and mainly the work [7], in this paper, we introduce a new family of gener-
alized Apostol-type Laguerre–Genocchi polynomials L G(α)

n (x, y, z; a, b, e; λ) in (2.1) and investigate their basic properties and 
certain relationships with Genocchi numbers Gn , Genocchi polynomials Gn(x), the generalized Apostol–Genocchi numbers 
Gn(a, b; λ), generalized Apostol–Genocchi polynomials Gn(x; a, b, e; λ) [10], Hermite–Genocchi polynomials H Gn(x, y) [3], 
and generalized Apostol–Hermite–Genocchi polynomials H G(α)

n (x, y; λ). We also modify generating functions for the Milne–
Thomson’s polynomials [22] and derive some identities related to Laguerre polynomials, Hermite polynomials, and Genocchi 
polynomials. Some implicit summation formulae and general symmetry identities are derived by applying generating func-
tions. These results are shown to extend some known summation formulas and identities for generalized Hermite–Bernoulli, 
Euler and Hermite–Genocchi polynomials that have been investigated by many authors (see, e.g., [3,7,10,15,16,26,27]).
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2. Generalized Apostol-type Laguerre–Genocchi polynomials

Here, we introduce a new class of Apostol-type Laguerre–Genocchi polynomials and investigate its properties.

Definition 1. Let a, b ∈ N with a �= b. A generalization of Apostol–Genocchi polynomials G(α)
n (x, y, z; a, b, e; λ) (n ∈ N0) is 

defined by the following generating function
∞∑

n=0

G(α)
n (x, y, z;a,b, e;λ)

tn

n! =
(

2t

λbt + at

)α

eyt+h(t,z) C0(xt) (2.1)

(
|t| <

∣∣∣∣∣ log(−λ)

log b
a

∣∣∣∣∣ ; a ∈C \ {0}, b ∈R
+; 1α := 1

)
,

where C0(xt) is given as in (1.2) and h(t, z) is a function of t and z.

Setting h(t, z) = zt2 in (2.1), we get Definition 2.

Definition 2. Let a, b ∈N with a �= b. A generalization of Apostol-type Laguerre–Genocchi polynomials L G(α)
n (x, y, z; a, b, e; λ)

(n ∈N0) is defined by the following generating function
∞∑

n=0

L G(α)
n (x, y, z;a,b, e;λ)

tn

n! =
(

2t

λbt + at

)α

eyt+zt2
C0(xt) (2.2)

(
|t| <

∣∣∣∣∣ log(−λ)

log b
a

∣∣∣∣∣ ; a ∈C \ {0}, b ∈R
+; 1α := 1

)
,

where C0(xt) is given as in (1.2).

Using (1.1) and (1.16) in (2.2), we find the following explicit formulas for the generalized Apostol–Laguerre–Genocchi 
polynomials L G(α)

n (x, y, z; a, b, e; λ): For n ∈N0,

L G(α)
n (x, y, z;a,b, e;λ) =

n∑
m=0

[ m
2 ]∑

k=0

G(α)
n−m(0;a,b, e;λ) Lm−2k(x, y)zkn!

(m − 2k)!k!(n − m)! . (2.3)

The case x = 0 in (2.2) reduces to the Apostol-type Hermite–Genocchi polynomials defined as follows (see [7]):
∞∑

n=0

H G(α)
n (y, z;a,b, e;λ)

tn

n! =
(

2t

λbt + at

)α

eyt+zt2
(2.4)

(
|t| <

∣∣∣∣∣ log(−λ)

log b
a

∣∣∣∣∣ ; a ∈C \ {0}, b ∈R
+; 1α := 1

)
.

Setting x = y = z = 0 and replacing e by 1 in (2.1), we obtain the extension of the generalized Apostol–Genocchi polyno-
mials denoted by G(α)

n (a, b; λ) (n ∈ N0) (see [10]) and

G(α+β)
n (a,b;λ) =

n∑
k=0

(
n

k

)
G(α)

k (a,b;λ)G(β)

n−k(a,b;λ). (2.5)

For easier use, we recall some formal manipulations of double series as in the following lemma (see, e.g., [2], [23, 
pp. 56–57], and [25, p. 52]).

Lemma 2.1. The following identities hold true:

∞∑
n=0

∞∑
k=0

Ak,n =
∞∑

n=0

[n/p]∑
k=0

Ak,n−pk (p ∈N); (2.6)

∞∑
n=0

[n/p]∑
k=0

Ak,n =
∞∑

n=0

∞∑
k=0

Ak,n+pk (p ∈N); (2.7)

∞∑
N=0

f (N)
(x + y)N

N! =
∞∑

n,m=0

f (m + n)
xn

n!
ym

m! . (2.8)
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Remark 1. In Lemma 2.1, the Ak,n and f (N) (k, n, N ∈N0) are real or complex valued functions of the k, n and N , respec-
tively, and x and y are real or complex numbers. Also, in order to guarantee certain rearrangements of the involved series, 
all the associated series should be absolutely convergent.

We give some identities for the generalized Apostol-type Laguerre–Genocchi polynomials L G(α)
n (x, y, z; a, b, e; λ) in (2.2), 

which are asserted by Theorem 2.2.

Theorem 2.2. Let a, b ∈N with a �= b. Also, let x ∈R and n ∈N0 . Then

L G(α)
n (x, y, z;1, e, e;λ) = L G(α)

n (x, y, z;λ),

L G(α)
n (0,0,0;a,b,1;λ) = L G(α)

n (a,b;λ),

L G(1)
n (0,0,0;a,b,1;1) = Gn(a,b);

(2.9)

L G(α+β)
n (x, y + z, v + u;a,b, e;λ) =

n∑
k=0

(
n

k

)
G(α)

n−k(x, z, v;a,b, e;λ)H G(β)

k (y, u;a,b, e;λ); (2.10)

L G(α+β)
n (x, y + v, z;a,b, e;λ) = L G(α)

n−k(x, y, z;a,b, e;λ)G(β)

k (v;a,b, e;λ). (2.11)

Proof. The formulas in (2.9) are obvious.
By using (2.2), (2.4), and (2.6), we have:

∞∑
n=0

L G(α+β)
n (x, y + z, v + u;a,b, e;λ)

tn

n!

=
{(

2t

λbt + at

)α

ezt+vt2
C0(xt)

}{(
2t

λbt + at

)β

eyt+ut2

}

=
( ∞∑

n=0

L G(α)
n (x, z, v;a,b, e;λ)

tn

n!

)( ∞∑
k=0

H G(β)

k (y, u;a,b, e;λ)
tk

k!

)

=
∞∑

n=0

(
n∑

k=0

G(α)

n−k(x, z, v;a,b, e;λ)H G(β)

k (y, u;a,b, e;λ)

)
tn

(n − k)!k! .

From the first and last expressions, equating the coefficients of tn , we obtain (2.10).
The proof of (2.11) would run parallel to that of (2.10), here, by using (2.2) and (1.16). We omit the details. �

3. Implicit summation formulae involving the generalized Apostol–Laguerre–Genocchi polynomials

Here, we give implicit summation formulae for the generalized Apostol–Laguerre–Genocchi polynomials (2.2) (cf., [11]).

Theorem 3.1. Let a, b ∈N with a �= b. Also, let x, y, v, z ∈ R and m, n ∈N0 . Then

L G(α)
m+n(x, v, z;a,b, e;λ) =

m∑
s=0

n∑
k=0

(
m

s

)(
n

k

)
(v − y)s+k

L G(α)

m+n−s−k(x, y, z;a,b, e;λ). (3.1)

Proof. Replacing t by t + u in the generating function in (2.2), we have(
2(t + u)

λbt+u + at+u

)α

ey(t+u)+z(t+u)2
C0(x(t + u)) =

∞∑
n=0

L G(α)
n (x, y, z;a,b, e;λ)

(t + u)n

n! . (3.2)

By using (2.8) in the right-hand side of (3.2) and multiplying both sides of the resulting identity by e−y(t+u) , we obtain(
2(t + u)

λbt+u + at+u

)α

ez(t+u)2
C0(x(t + u)) = e−y(t+u)

∞∑
m,n=0

L G(α)
m+n(x, y, z;a,b, e;λ)

tn

n!
um

m! . (3.3)

By observing that the left-hand side of (3.3) is independent of the variable y, we replace y by v to get(
2(t + u)

λbt+u + at+u

)α

ez(t+u)2
C0(x(t + u)) = e−v(t+u)

∞∑
L G(α)

m+n(x, v, z;a,b, e;λ)
tn

n!
um

m! . (3.4)

m,n=0
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Equating the right-hand sides of (3.3) and (3.4), we have

∞∑
m,n=0

L G(α)
m+n(x, v, z;a,b, e;λ)

tn

n!
um

m! = e(v−y)(t+u)
∞∑

m,n=0

L G(α)
m+n(x, y, z;a,b, e;λ)

tn

n!
um

m! . (3.5)

By using (2.8), we obtain

e(v−y)(t+u) =
∞∑

N=0

(v − y)N (t + u)N

N! =
∞∑

k,s=0

(v − y)s+k tk us

k! s! . (3.6)

Inserting (3.6) into (3.5) and using (2.6) two times, we get

∞∑
m,n=0

L G(α)
m+n(x, v, z;a,b, e;λ)

tn

n!
um

m!

=
∞∑

m,n=0

m∑
s=0

n∑
k=0

(v − y)k+s

k!s! L G(α)

m+n−k−s(x, y, z;a,b, e;λ)
tn

(n − k)!
um

(m − s)! ,

which, upon equating the coefficients of tn um , yields the desired identity (3.1). �
We consider some interesting special cases of the result in Theorem 3.1, which are given in the following corollary.

Corollary 3.2. Let a, b ∈N with a �= b. Also, let x, y, v, z ∈ R. Then

L G(α)
n (x, v, z;a,b, e;λ) =

n∑
k=0

(
n

k

)
(v − y)k

L G(α)

n−k(x, y, z;a,b, e;λ) (n ∈N0) ; (3.7)

L G(α)
m+n(x, z;a,b, e;λ) =

m∑
s=0

n∑
k=0

(
m

s

)(
n

k

)
(−y)s+k

L G(α)

m+n−s−k(x, y, z;a,b, e;λ), (3.8)

where L G(α)
m+n(x, z; a, b, e; λ) := L G(α)

m+n(x, 0, z; a, b, e; λ) (m, n ∈N0);

L G(α)
m+n(v + y;a,b, e;λ) =

m∑
s=0

n∑
k=0

(
m

s

)(
n

k

)
vk+s

L G(α)

m+n−k−s(y;a,b, e;λ), (3.9)

where L G(α)
m+n(v + y; a, b, e; λ) := L G(α)

m+n(0, v + y, 0; a, b, e; λ), L G(α)

m+n−k−s(y; a, b, e; λ) := L G(α)

m+n−k−s(0, y, 0; a, b, e; λ)

(m, n ∈N0).

Proof. Setting m = 0 and v = 0 in (3.1) yields (3.7) and (3.8), respectively.
Replacing v by v + y and setting x = z = 0 in (3.1) gives (3.9). �

Theorem 3.3. Let a, b ∈N with a �= b. Also, let x, y, z ∈ R and n ∈N0 . Then

L G(α)
n (x, y + α, z;a,b, e;λ) =

n∑
k=0

[(n−k)/2]∑
m=0

(−1)kxkzmG(α)

n−2m−k(y; a
e , b

e , e;λ)n!
(n − 2m − k)!m! (k!)2

. (3.10)

Proof. By using (2.2) and (1.16), we obtain

L1 :=
∞∑

n=0

L G(α)
n (x, y + α, z;a,b, e;λ)

tn

n!

=
[(

2t

λ( b
e )t + ( a

e )t

)α

eyt

]
ezt2

C0(xt)

=
{ ∞∑

G(α)
n

(
y; a

e
,

b

e
, e;λ

)
tn

n!

}{ ∞∑ zm t2m

m!

}
C0(xt).
n=0 m=0
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Using (2.6) with p = 2 and (1.2), we get

L1 =
∞∑

n=0

⎧⎨
⎩

[n/2]∑
m=0

G(α)
n−m

(
y; a

e
,

b

e
, e;λ

)
zm

(n − 2m)!m!

⎫⎬
⎭ tn ·

∞∑
k=0

(−1)k xk tk

(k!)2
,

which, upon using (2.6) with p = 1, yields

∞∑
n=0

L G(α)
n (x, y + α, z;a,b, e;λ)

tn

n! =
∞∑

n=0

⎧⎨
⎩

n∑
k=0

[(n−k)/2]∑
m=0

(−1)kxkzmG(α)

n−2m−k(y; a
e , b

e , e;λ)

(n − 2m − k)!m! (k!)2

⎫⎬
⎭ tn.

Finally, equating the coefficients of tn on both sides of the last identity yields the desired identity (3.10). �
Theorem 3.4. Let a, b ∈N with a �= b. Also, let x, y, z, u, w ∈R and n ∈N0 . Then

L G(α)
n (x, y + u, z + w;a,b, e;λ) =

n∑
m=0

(
n

m

)
L G(α)

n−m(x, y, z;a,b, e;λ) Hm(u, w), (3.11)

where Hm(u, w) is given as in (1.18).

Proof. Using (2.2) and (1.18), similarly as above, we can prove (3.11). We omit the details. �
Theorem 3.5. Let a, b ∈N with a �= b. Also, let x, y, z, u, w ∈R and n ∈N0 . Then

L G(α)
n (x, y, z;a,b, e;λ) =

n−2 j∑
m=0

[n/2]∑
j=0

G(α)
m (a,b, e;λ)Ln−m−2 j(x, y)z jn!

m! j!(n − m − 2 j)! , (3.12)

where G(α)
m (a, b, e; λ) := G(α)

m (0; a, b, e; λ).

Proof. We find from (2.2) that

∞∑
n=0

L G(α)
n (x, y, z;a,b, e;λ)

tn

n!= eyt C0(xt) ·
(

2t

λbt + at

)α

· ezt2
.

By using (1.16) and (1.1), we have

∞∑
n=0

L G(α)
n (x, y, z;a,b, e;λ)

tn

n! =
{ ∞∑

n=0

Ln(x, y)
tn

n!

}
·
{ ∞∑

m=0

G(α)
m (a,b, e;λ)

tm

m!

}
·
⎛
⎝ ∞∑

j=0

z j t2 j

j!

⎞
⎠ .

Then, we apply (2.6) with p = 1 to combine the first two summations, the result of which is combined into the third 
summation with the help of (2.6) with p = 2. Finally, similarly as above, equating the coefficients of tn in the starting 
summation and the last resulting summation yields the desired result (3.12). �
Theorem 3.6. Let a, b ∈N with a �= b. Also, let x, y, z, u, w ∈R and n ∈N0 . Then

L G(α)
n (x, y + 1, z;a,b, e;λ) =

n∑
j=0

n− j∑
m=0

n!(−x) j
H G(α)

n−m− j(y, z;a,b, e;λ)

(n − m − j)!m!( j!)2
(3.13)

and

L G(α)
n (x, y + 1, z;a,b, e;λ) =

n∑
m=0

(
n

m

)
L G(α)

n−m(x, y, z;a,b, e;λ). (3.14)

Proof. We find from (2.2) that

∞∑
L G(α)

n (x, y + 1, z;a,b, e;λ)
tn

n! =
(

2t

λbt + at

)α

eyt+zt2 · et · C0(xt).

n=0
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Using (2.4) and (1.2) to expand the three terms in series and applying (2.6) with p = 1 consecutively, similarly as in the 
proof of Theorem 3.5, we obtain the desired result (3.13). For (3.14), consider

∞∑
n=0

L G(α)
n (x, y + 1, z;a,b, e;λ)

tn

n! =
(

2t

λbt + at

)α

eyt+zt2
C0(xt) · et .

We omit the remaining details. �
Theorem 3.7. Let a, b ∈N with a �= b. Also, let x, y, z, u, w ∈R and n ∈N0 . Then

L G(α)
n (−x,−y, z;a,b, e;λ) = (−1)α (−1)n

n∑
m=0

(
n

m

)
αm logm(ab) L G(α)

n−m(x, y, z;b,a, e;λ), (3.15)

where (−1)α := exp(απi) (i = √−1);

L G(α)
n (x, y, z;a,b, e;λ) = L G(α)

n (x,α + y, z;ae,be, e;λ). (3.16)

Proof. Replacing t by −t in (2.2) and using (2.6) with p = 1, we obtain

∞∑
n=0

L G(α)
n (x, y, z;a,b, e;λ)

(−1)n tn

n!

= (−1)α (ab)αt
(

2t

λat + bt

)α

e−yt+zt2
C0(−xt)

= (−1)α

{ ∞∑
n=0

L G(α)
n (−x,−y, z;b,a, e;λ)

tn

n!

}{ ∞∑
m=0

αm logm(ab)

m! tm

}

= (−1)α
∞∑

n=0

{
n∑

m=0

L G(α)
n−m(−x,−y, z;b,a, e;λ)

αm logm(ab)

(n − m)!m!

}
tn.

Equating the coefficients of tn and replacing x and y by −x and −y, respectively, we get the identity (3.15).
Using (2.2), it is easy to prove the identity (3.16). �

4. General symmetry identities for the generalized Apostol-type Laguerre–Genocchi polynomials

Zhang and Yang [27] gave several symmetric identities on the generalized Apostol–Bernoulli polynomials by applying 
the generating functions (see also [26]). Here, we also present several symmetric identities on the generalized Apostol–
Laguerre–Genocchi polynomials by applying the generating function (2.2).

Theorem 4.1. Let p, q, a, b ∈N with a �= b. Also, let x, y, z ∈R and n ∈N0 . Then

n∑
m=0

(
n

m

)
L G(α)

n−m(x,ay,az;qb, pa, e;λ) L G(α)
m (x,by,bz;qa, pb, e;λ)

=
n∑

m=0

(
n

m

)
L G(α)

n−m(x,by,az;qb, pa, e;λ) L G(α)
m (x,ay,bz;qa, pb, e;λ)

=
n∑

m=0

(
n

m

)
L G(α)

n−m(x,by,bz;qb, pa, e;λ) L G(α)
m (x,ay,az;qa, pb, e;λ),

(4.1)

which is symmetric in both a and b and p and q.

Proof. Consider the function

g(t) =
{

4t2(
λpat + qbt

) (
λpbt + qat

)
}α

e(a+b)yt+(a+b)zt2 {C0(xt)}2 , (4.2)

which is symmetric in both a and b and p and q. First, combining the factors in (4.2) and using (2.2) and (2.6) with p = 1, 
we obtain
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g(t) =
{(

2t

λpat + qbt

)α

eayt+azt2
C0(xt)

}{(
2t

λpbt + qat

)α

ebyt+bzt2
C0(xt)

}

=
∞∑

n=0

L G(α)
n (x,ay,az;qb, pa, e;λ)

tn

n! ·
∞∑

m=0

L G(α)
m (x,by,bz;qa, pb, e;λ)

tm

m!

=
∞∑

n=0

{ n∑
m=0

L G(α)
n−m(x,ay,az;qb, pa, e;λ)L G(α)

m (x,by,bz;qa, pb, e;λ)
1

(n − m)!m!
}

tn.

(4.3)

Likewise,

g(t) =
{(

2t

λpat + qbt

)α

ebyt+azt2
C0(xt)

}{(
2t

λpbt + qat

)α

eayt+bzt2
C0(xt)

}

=
∞∑

n=0

{ n∑
m=0

L G(α)
n−m(x,by,az;qb, pa, e;λ)L G(α)

m (x,ay,bz;qa, pb, e;λ)
1

(n − m)!m!
}

tn
(4.4)

and

g(t) =
{(

2t

λpat + qbt

)α

ebyt+bzt2
C0(xt)

}{(
2t

λpbt + qat

)α

eayt+azt2
C0(xt)

}

=
∞∑

n=0

{ n∑
m=0

L G(α)
n−m(x,by,bz;qb, pa, e;λ)L G(α)

m (x,ay,az;qa, pb, e;λ)
1

(n − m)!m!
}

tn.

(4.5)

Finally, equating the coefficients of tn in the last expressions of (4.3), (4.4), and (4.5), we get the desired result. �
Theorem 4.2. Let p, q, a, b ∈N with a �= b. Also, let x, y, z ∈R and n ∈N0 . Then

n∑
m=0

(
n

m

)
an−mbm

L G(α)
n−m(x/a, y, z;q, p, e;λ) L G(α)

m (x/b, y, z;q, p, e;λ)

= (ab)α
n∑

m=0

(
n

m

)
L G(α)

n−m(x,ay,a2z;qa, pa, e;λ) L G(α)
m (x,by,b2z;qb, pb, e;λ),

(4.6)

which is symmetric in a and b.

Proof. Consider the function

h(t) =
{

4abt2(
λpat + qat

) (
λpbt + qbt

)
}α

e(a+b)yt+(a2+b2)zt2 {C0(xt)}2 , (4.7)

which is symmetric in a and b. Then, a similar argument as in the proof of Theorem 4.1 will establish the result here. We 
omit the details. �
Theorem 4.3. Let p, q, a, b ∈N with a �= b. Also, let u, v, y1, y2, z1, z2 ∈ R and n ∈N0 . Then

n∑
m=0

(
n

m

)
L G(α)

n−m(u, y1, z1;qb, pa, e;λ) L G(α)
m (v, y2, z2; pb,qa, e;λ)

=
n∑

m=0

(
n

m

)
L G(α)

n−m(v, y1, z1;qb, pa, e;λ) L G(α)
m (u, y2, z2; pb,qa, e;λ)

=
n∑

m=0

(
n

m

)
L G(α)

n−m(u, y1, z2;qb, pa, e;λ) L G(α)
m (v, y2, z1; pb,qa, e;λ)

=
n∑

m=0

(
n

m

)
L G(α)

n−m(v, y1, z2;qb, pa, e;λ) L G(α)
m (u, y2, z1; pb,qa, e;λ),

(4.8)

which is symmetric in the pairs (p, q), (a, b), (u, v), (y1, y2), and (z1, z2), respectively.
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Proof. Consider the function

j(t) =
{

4t2(
λpat + qbt

) (
λqat + pbt

)
}α

e(y1+y2)t+(z1+z2t2
C0(ut) C0(vt), (4.9)

which is symmetric in the pairs (p, q), (a, b), (u, v), (y1, y2), and (z1, z2), respectively. Combining the factors in (4.9), and 
using (2.2) and (2.6) with p = 1, similarly as above, we can establish the results here. We omit the details. �

Setting n −m = m′ in each one of the results in Theorem 4.3 and dropping the prime on m, we obtain the corresponding 
identities as given in the following corollary.

Corollary 4.4. Let p, q, a, b ∈N with a �= b. Also, let u, v, y1, y2, z1, z2 ∈ R and n ∈N0 . Then

n∑
m=0

(
n

m

)
L G(α)

n−m(v, y2, z2; pb,qa, e;λ) L G(α)
m (u, y1, z1;qb, pa, e;λ)

=
n∑

m=0

(
n

m

)
L G(α)

n−m(u, y2, z2; pb,qa, e;λ) L G(α)
m (v, y1, z1;qb, pa, e;λ)

=
n∑

m=0

(
n

m

)
L G(α)

n−m(v, y2, z1; pb,qa, e;λ) L G(α)
m (u, y1, z2;qb, pa, e;λ)

=
n∑

m=0

(
n

m

)
L G(α)

n−m(u, y2, z1; pb,qa, e;λ) L G(α)
m (v, y1, z2;qb, pa, e;λ),

(4.10)

which is symmetric in the pairs (p, q), (a, b), (u, v), (y1, y2), and (z1, z2), respectively.

5. Concluding remarks

The generalized Apostol-type Laguerre–Genocchi polynomials L G(α)
n (x, y, z; a, b, e; λ) (n ∈ N0) (2.2), being very gen-

eral, reduce to yield many known polynomials. For example, as already indicated in (2.4), L G(α)
n (0, y, z; a, b, e; λ) =

H G(α)
n (y, z; a, b, e; λ) are the Apostol-type Hermite–Genocchi polynomials; L G(α)

n (0, y, 0; a, b, e; λ) = G(α)
n (y; a, b, e; λ) are 

the Apostol–Genocchi polynomials of order α in (1.16); L G(α)
n (0, y, z; 1, e, e; λ) = H G(α)

n (y, z; λ) are the generalized Apostol–
Hermite–Genocchi polynomials in (1.11); L G(0)

n (x, y, 0; a, b, e; λ) = Ln(x, y) are the two-variable Laguerre polynomials in (1.1).
So the results presented here reduce to those corresponding to the known polynomials. For example, setting x = 0 in 

Theorem 4.1 yields the corresponding symmetric identities associated with the Apostol-type Hermite–Genocchi polynomials 
in (2.4), which are asserted by the following corollary.

Corollary 5.1. Let p, q, a, b ∈N with a �= b. Also, let y, z ∈R and n ∈N0 . Then

n∑
m=0

(
n

m

)
H G(α)

n−m(ay,az;qb, pa, e;λ) H G(α)
m (by,bz;qa, pb, e;λ)

=
n∑

m=0

(
n

m

)
H G(α)

n−m(by,az;qb, pa, e;λ) H G(α)
m (ay,bz;qa, pb, e;λ)

=
n∑

m=0

(
n

m

)
H G(α)

n−m(by,bz;qb, pa, e;λ) H G(α)
m (ay,az;qa, pb, e;λ),

(5.1)

which is symmetric in the pairs (a, b) and (p, q), respectively.
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