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r é s u m é

Dans cette note, nous démontrons un théorème de semi-continuité pour certains seuils log 
canoniques à poids de fonctions plurisousharmoniques toriques.

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let � be a domain in Cn and o ∈ � the origin. Let u ∈ P S H(�) and let μ be a non-negative Radon measure in �, where 
P S H(�) denotes the set of all plurisubharmonic functions defined in �. The weighted log canonical threshold of u at o is 
defined to be

cμ(u) := sup{c ≥ 0 : e−2cu is L1(μ) on a neighborhood of o}.
In [10], Hiep obtained the following semi-continuity theorem.

Theorem 1.1. Assume that c > 0 and 
∫
�′ e−2cudV 2n < +∞ on some open subset �′ ⊂ � and o ∈ �′ . Then for v ∈ P S H(�′), there 

exists δ = δ(c, u, �′) > 0 such that ‖u − v‖L1(�′) < δ implies cdV 2n (v) > c. Moreover, as v converges to u in L1(�′), the function 
e−2cv converges to e−2cu in L1 on every relatively compact open subset �′′ � �′ .
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Therefore, it is natural to raise the following question.

Question 1.2. Let u, u j be plurisubharmonic functions in � such that u j → u in L1
loc(�). Assume that μ is a non-negative Radon 

measure in �. What are the conditions on μ ensuring that

lim inf
j→+∞

cμ(u j) ≥ cμ(u). (1.1)

For the case μ = dV 2n , Question 1.2 is solved by Theorem 1.1. Recently, Hiep [11] showed that (1.1) holds when μ =
‖z‖2tdV 2n , t ∈ (−n, 1]. He also gave an example to show that (1.1) is not valid when n = 2 and μ = |z1|2dV 2n .

The aim of this note is to study Question 1.2. We consider here log canonical thresholds of toric plurisubharmonic 
functions. A function u defined on � is called a toric plurisubharmonic function if u is plurisubharmonic and u(z) depends 
only on |z1|, . . . , |zn| for any z ∈ �. In this context, we prove the following.

Theorem 1.3. Let u, u j be toric plurisubharmonic functions defined on � such that u j → u in L1
loc(�). Then,

lim inf
j→+∞

c‖z‖2t dV 2n
(u j) ≥ c‖z‖2t dV 2n

(u), ∀t > −n.

2. Proof of Theorem 1.3

Some elements of pluripotential theory that are used in the following are given by [1–19].

Lemma 2.1. Let m, n be integer numbers with 0 ≤ n < m and let θ j ∈ C, j = 1, . . . , n + m be such that |θ j| = 1 and θ j �= θk, ∀ j �= k. 
Assume that the sequence {aα}α∈Nn ⊂ C satisfies |aα|(2r)|α| ≤ C , ∀α ∈ N

n, for some constants r > 0 and C ≥ 0 and define

f (z) :=
∑
α∈Nn

aαzα1
1 . . . zαn

n , for z ∈ �n(0, r).

Then, there exist constants A, B > 0 such that

∑
α∈Nn,|α|≤m

|aαzα1
1 . . . zαn

n | ≤ A
n+m∑

j1,..., jn=1

| f (θ j1 z1, . . . , θ jn zn)| + B‖z‖m+1, ∀z ∈ �n(0, r),

where �n(0, r) denotes the polydisc of center 0 and radius r.

Proof. We will prove the lemma by induction on n. When n = 0, the statement is obvious. Let n be an integer number with 
n ≥ 1. Assume that the lemma holds for n − 1. Let j ∈ N and define

p j(z′) :=
∑

α′=(α1,...,αn−1)∈Nn−1,|α′|≤m− j

a(α′, j)zα1
1 . . . z

αn−1
n−1

where z′ = (z1, . . . , zn−1) ∈ �n−1(0, r). By the hypotheses we have

det

⎡
⎢⎢⎣

1 1 . . . 1
θ1 θ2 . . . θn+m

. . . . . . . . . . . .

θn+m−1
1 θn+m−1

2 . . . θn+m−1
n+m

⎤
⎥⎥⎦ =

∏
1≤ j<k≤n+m

(θk − θ j) �= 0.

Hence, there exists a constant An > 0 such that

n+m−1∑
j=0

|x j| ≤ An

n+m∑
j=1

|
n+m−1∑

k=0

θk
j xk| (2.1)

for any x = (x0, . . . , xn+m−1) ∈ C
n+m . Let z = (z′, zn) ∈ �n(0, r). Applying the inequality (2.1) with x j := p j(z′)z j

n , j =
0, 1, . . . , m and x j = 0, j = m + 1, . . . , n + m − 1, we get

m∑
j=0

|p j(z′)z j
n| ≤ An

n+m∑
j=1

|
m∑

k=0

pk(z′)zk
nθ

k
j |. (2.2)

Since the lemma is assumed to hold for n − 1, there exist constants A′ , B ′ > 0, jn = 0, . . . , m such that
jn jn
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∑
α′∈Nn−1,|α′|≤m− jn

|a(α′, jn)zα1
1 . . . z

αn−1
n−1 | ≤ A′

jn

n+m− j∑
j1,..., jn−1=1

|p jn (θ j1 z1, . . . , θ jn−1 zn−1)| + B ′
jn
‖z′‖m− jn+1

≤ A′
jn

n+m∑
j1,..., jn−1=1

|p jn (θ j1 z1, . . . , θ jn−1 zn−1)| + B ′
jn
‖z′‖m− jn+1

for any z′ ∈ �n−1(0, r). Combining this with (2.2), we infer

∑
α∈Nn,|α|≤m

|aαzα1
1 . . . zαn

n | =
m∑

jn=0

∑
α′∈Nn−1,|α′|≤m− jn

|a(α′, jn)zα1
1 . . . z

αn−1
n−1 z jn

n |

≤ A′
n+m∑

j1,..., jn−1=1

m∑
jn=0

|p j(θ j1 z1, . . . , θ jn−1 zn−1)z jn
n | + B ′‖z‖m+1

≤ A′ An

n+m∑
j1,..., jn−1, jn=1

|
m∑

k=0

pk(θ j1 z1, . . . , θ jn−1 zn−1)zk
nθ

k
jn
| + B ′‖z‖m+1,

(2.3)

for any z ∈ �n(0, r). We set

p(z) :=
∑

α∈Nn,|α|≤m

aαzα1
1 . . . zαn

n , for z ∈ �n(0, r).

Then, we can find a constant B ′′ > 0 such that

|p(z)| ≤ | f (z)| + B ′′‖z‖m+1, ∀z ∈ �n(0, r).

Moreover, since p(z) = ∑m
k=0 pk(z′)zk

n , by (2.3) we get

∑
α∈Nn,|α|≤m

|aαzα1
1 . . . zαn

n | ≤ A′ An

n+m∑
j1,..., jn=1

|p(θ j1 z1, . . . , θ jn zn)| + B ′‖z‖m+1

≤ A′ An

n+m∑
j1,..., jn=1

[
| f (θ j1 z1, . . . , θ jn zn)| + B ′′‖(θ j1 z1, . . . , θ jn zn)‖m+1

]
+ B ′‖z‖m+1

≤ A
n+m∑

j1,..., jn=1

| f (θ j1 z1, . . . , θ jn zn)| + B‖z‖m+1,

for all z ∈ �n(0, r). The proof is complete. �
Lemma 2.2. Let k be an integer number with 1 ≤ k ≤ n and let u, u j ∈ P S H−(�n(0,3r)) such that u j → u in L1

loc(�
n(0, 3r)) and∫

�n(0,3r)

|zk|2te−udV 2n < +∞

for some t ∈ N. Then, for every ε > 0, there exist a positive integer number j0 and a complex number λ ∈ C\{0} such that, for each 
integer number j ≥ j0 , we can find holomorphic functions F j,k and G j,k defined on �n(0, r) satisfying

(i)
∫
�n(0,r) |F j,k|2e−u j dV 2n < +∞;

(ii) F j,k(z) = zt
k + (zk − λ)G j,k(z);

(iii) G j,k(z) = ∑
α∈Nn a j,k,αzα with |λa j,k,α| ≤ εr−|α|, ∀α ∈ N

n.

Proof. The proof is almost the same as the one given in [10]. For the convenience of the reader, we sketch the proof of the 
lemma. Without loss of generality, we can assume that k = n. By Fubini’s theorem, we have:

∫
�(0,3r)

⎡
⎢⎣ ∫

n−1

e−u(z′,zn)dV 2n−2(z′)

⎤
⎥⎦ |zn|2tdV 2(zn)
� (0,3r)
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≤
∫

�n(0,3r)

|zn|2te−udV 2n < +∞.

Let δ > 0. Since u j → u in L1
loc(�

n(0, 3r)), we can find λ ∈ �(0, εr−t+1

2+4εr−t )\{0} such that u j(•, λ) → u(•, λ) in L1
loc(�

n−1(0, 3r))
and ∫

�n−1(0,3r)

e−u(z′,λ)dV 2n−2(z′) <
ε2δ

|λ|2t+2
.

Theorem 1.1 implies that there exists a positive integer number j0 such that∫
�n−1(0,2r)

e−u j(z′,λ)dV 2n−2(z′) ≤ ε2δ

|λ|2t+2
, ∀ j ≥ j0.

By the L2-extension theorem of Ohsawa and Takegoshi, we can find holomorphic functions F j,n on �n(0, 2r) such that 
F j,n(•, λ) = λt in �n−1(0, 2r) and∫

�n(0,2r)

|F j,n|2e−u j dV 2n ≤ A

∫
�n−1(0,2r)

|λ|2te−u j(z′,λ)dV 2n−2(z′)

≤ Aε2δ

|λ|2 < +∞,

(2.4)

where A is a positive constant which only depends on r and n. Let a ∈ �n(0, r). Since |F j,n|2 are plurisubharmonic functions 
in �n(0, 2r), from (2.4), we get

|F j,n(a)|2 ≤ 1

πn(2r − |a1|)2 . . . (2r − an)2

∫
�n(0,2r)

|F j,n|2dV 2n

≤ 1

πnr2n

∫
�n(0,2r)

|F j,n|2e−u j dV 2n

≤ Aε2δ

πnr2n|λ|2 .

It follows that

‖F j,n‖2
�n(0,r) ≤ Aε2δ

πnr2n|λ|2 . (2.5)

Since F j,n(z′, λ) − λt = 0 for all z′ ∈ �n−1(0, 2r), there exist holomorphic functions G j,n on �n(0, 2r) such that

F j,n(z) = zt
n + (zn − λ)G j,n(z), ∀z ∈ �n(0,2r).

Now, by the maximum principle for plurisubharmonic functions, we infer that

‖λG j,n‖�n(0,r) = ‖λG j,n‖�n−1(0,r)×∂�(0,r)

≤ |λ|
r − |λ| ‖F j,n − zt

n‖�n−1(0,r)×∂�(0,r)

≤ |λ|
r − |λ| ‖F j,n‖�n(0,r) + |λ|rt

r − |λ| .
(2.6)

Since λ ∈ �(0, εr−t+1

2+4εr−t )\{0}, we have |λ|
r−|λ| ≤ εr−t

2 and 1
r−|λ| ≤ 2

r . Combining this with (2.5) and (2.6) we get

‖λG j,n‖�n(0,r) ≤ A1/2δ1/2ε

πn/2rn(r − |λ|) + |λ|rt

r − |λ| ≤ 2A1/2δ1/2ε

πn/2rn+1
+ ε

2
.

If we choose δ such that 4A1/2δ1/2

πn/2rn+1 < 1 then

‖λG j,n‖�n(0,r) ≤ ε.

Now, since G j,n is a holomorphic function in �n(0, r), we can write
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G j,n(z) =
∑
α∈Nn

a j,n,αzα, z ∈ �n(0, r).

Finally, the Cauchy integral formula gives

|λa j,n,α | ≤ ‖λG j,n‖�n(0,r)

r|α| ≤ ε

r|α| , ∀α ∈ N
n.

The proof is complete. �
We are now able to give the proof of Theorem 1.3.

Proof of Theorem 1.3. Without loss of generality, we can assume that u, u j ∈ P S H−(�). Since log ‖z‖2 is a plurisub-
harmonic function in Cn , Theorem 1.1 easily shows that we only need to prove Theorem 1.3 in the case t ∈ N

∗ . Let 
c < c‖z‖2t dV 2n

(u) and let r > 0 such that �n(0, 3r) ⊂ � and∫
�n(0,3r)

‖z‖2te−2cudV 2n < +∞.

It remains to prove that there exists j0 ∈N
∗ such that for every j ≥ j0, we can find δ j ∈ (0, r) with∫

�n(0,δ j)

‖z‖2te−2cu j dV 2n < +∞.

Let k be an integer number with 1 ≤ k ≤ n. By Lemma 2.2, there exist a positive integer number jk and a complex number 
λk ∈C\{0} such that, for every j ≥ jk , we can find the holomorphic functions F j,k and G j,k defined on �n(0, r) that satisfy:

(i)
∫
�n(0,r) |F j,k|2e−2cu j dV 2n < +∞;

(ii) F j,k(z) = zt
k + (zk − λk)G j,k(z);

(iii) G j,k(z) = ∑
α∈Nn a j,k,αzα with 2|λka j,k,α |r|α|−t ≤ 1, ∀α ∈ N

n .

We now write

F j,k,l(z) =
∑
α∈Nn

b j,k,αzα, z ∈ �n(0, r).

Let β ∈ N
n such that βk = t and βl = 0, ∀l �= k. Then, by (ii) we have

b j,k,α =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−λka j,k,α if αk = 0,α �= β,

1 − λka j,k,α if αk = 0,α = β,

−λka j,k,α + a j,k,(α1,...,αk−1,αk−1,αk+1,...,αn) if αk > 0,α �= β,

1 − λka j,k,α + a j,k,(α1,...,αk−1,αk−1,αk+1,...,αn) if αk > 0,α = β.

(2.7)

First we claim that there exists θ > 0 such that

θ |zk|t ≤
∑

α∈Nn,|α|≤t

|b j,k,αzα |, ∀z ∈ �n(0, r). (2.8)

Indeed, let {γ s} ⊂N
n be such that γ s

k = s and γ s
l = 0, ∀l �= k. Put

s0 :=
{

inf{s ∈N : a j,k,γ s �= 0} if a j,k,γ t−1 �= 0,

t if a j,k,γ t−1 = 0.

Then, 0 ≤ s0 ≤ t and a j,k,γ s0 �= 0 if s0 < t . From (2.7), we have

b j,k,γ s0 =
{

1 − λka j,k,β if s0 = t,

−λka j,k,γ s0 if 0 ≤ s0 < t.

Therefore, by (iii) we get θ := |b j,k,γ s0 |rt−s0 > 0, and hence

θ |zk|t ≤
∑
n

|b j,k,αzα |, ∀z ∈ �n(0, r).

α∈N ,|α|≤t
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This proves the claim. Now, by (iii) and (2.7), we get

|b j,k,α |r|α| ≤ rt

2
+ rt+1

2|λk| , ∀α ∈N
n, |α| > t + 1.

Hence

|b j,k,α |r|α| ≤ C j,k, ∀α ∈ N
n,

for some constant C j,k . Let θs ∈ C, s = 1, . . . , n + t such that |θs| = 1 and θs �= θh , ∀s �= h. Lemma 2.1 implies that there exist 
constants A j,k, B j,k > 0 such that

∑
α∈Nn,|α|≤t

|b j,k,αzα| ≤ A j,k

n+t∑
s1,...,sn=1

|F j,k(θs1 z1, . . . , θsn zn)| + B j,k‖z‖t+1, ∀z ∈ �n(0,
r

2
).

Combining this with (2.8), we infer that

2‖z‖2t ≤ A
n∑

k=1

n+t∑
s1,...,sn=1

|F j,k(θs1 z1, . . . , θsn zn)|2 + B‖z‖2t+1, ∀z ∈ �n(0,
r

2
),∀ j ≥ j0 := max

1≤k≤n
jk,

where A, B are positive constants. Choose δ j > 0 such that δ j(
2
r + B) < 1. Then

‖z‖2t ≤ A
n∑

k=1

n+t∑
s1,...,sn=1

|F j,k(θs1 z1, . . . , θsn zn)|2, ∀z ∈ �n(0, δ j),∀ j ≥ j0. (2.9)

Now, since the u j ’s are toric plurisubharmonic functions, we conclude by (i) that∫
�n(0,δ j)

|F j,k(θs1 z1, . . . , θsn zn)|2e−2cu j(z)dV 2n(z) < +∞

for all s1, . . . , sn = 1, . . . , n + t . Hence, by (2.9) this implies that∫
�n(0,δ j)

‖z‖2te−2cu j(z)dV 2n(z) < +∞, ∀ j ≥ j0.

The proof is complete. �
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