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RESUME

Nous montrons que les points d’hypersurfaces spécifiques de degré 2 de la grasmannienne
Gr(3,n) correspondent aux arrrangements génériques de n hyperplans dans C3, dont I'ar-
rangement discriminant posséde des intersections de triplets d’hyperplans de codimension
deux.

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In 1989, Manin and Schechtman (cf. [10]) considered a family of arrangements of hyperplanes generalizing classical braid
arrangements that they called the discriminantal arrangements (cf. [10] p. 209). Such an arrangement B(n, k),n,k € N for
k > 2 depends on a choice HY, ..., HS of collections of hyperplanes in general position in C¥. It consists of parallel translates
of HT R H,[{’, (t1, ...,tp) € C" that fail to form a generic arrangement in CX. B(n, k) can be viewed as a generalization of the
pure braid group arrangement (cf. [12]) with which B(n, 1) coincides. These arrangements have several beautiful relations
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with diverse problems, including combinatorics (cf. [10], [1], [3] and also [4], which is an earlier appearance of discrimi-
nantal arrangements), the Zamolodchikov equation with its relation to higher category theory (cf. Kapranov-Voevodsky [7]),
and vanishing of cohomology of bundles on toric varieties (cf. [13]). The paper [10] is concerned with arrangements B(n, k)
whose combinatorics is constant on a Zariski open set Z in the space of generic arrangements H?, i=1,...,n, but does not
describe the set Z explicitly. In 1994 (see [5]), Falk showed that, contrary to what was frequently stated (see for instance
[11], sect. 8, [12] or [8]), the combinatorial type of B(n, k) depends on the arrangement 4 of hyperplanes H?, i=1,..,nby
providing an example of 4 for which the corresponding discriminantal arrangement has combinatorial type distinct from
the one that occurs when 4 varies within the Zariski open set Z. In 1997, Bayer and Brandt (cf. [3]) called the arrangements
A in Z very generic and conjectured the full description of the intersection lattice of B(n, k) if 4 € Z. In 1999, Athanasiadis
proved their conjecture (cf. [1]). In particular, for the case of the arrangement 4 in R¥, endowed with standard metric, he
introduced a degree m polynomial pr(a;j) (section 1 in [1] and subsection 2.3 in this paper) in the indeterminates (a;j),
where o; = (a;;) is the normal vector to hyperplane H?, ielyeT, Ly is a subset of cardinality k+ 1 of {1,...,n} and T
is a set of cardinality m. Since a null space of this polynomial corresponds to the intersection of hyperplanes in B(n, k), he
provided, in the case of very generic arrangements, a full description of sets T such that pr(a;;) =0 (cf. Theorem 3.2 in [1]).
In particular, all codimension-2 intersections of hyperplanes in B(n, k) have multiplicity 2 or k + 2 if 4 is very generic.

More recently, in 2016 (cf. [9]), Libgober and second author gave a sufficient geometric condition for an arrangement
A4 not to be very generic. In particular, they gave a necessary and sufficient condition for multiplicity-3 codimension-2
intersections of hyperplanes in B(n, k) to appear (Theorem 3.8 [9] and Theorem 2.2 in this paper).

The purpose of this short note is double. From one side, it aims at rewriting the result obtained in [9] in terms of the
polynomial pt(a;jj) introduced by Athanasiadis and at proving that, in case of non very generic arrangements, if T is a set
of cardinality 3 such that pr(a;j) =0, then the polynomial pr(a;;) has a simpler polynomial expression pr(a;j).

On the other side, the purpose is to show, by means of a more algebraic point of view, that non very generic arrange-
ments 4 of cardinality n in C3 are points in a well-defined degree 2 hypersurface in the projective Grassmannian Gr(3, n).
Indeed, the space of generic arrangements of n lines in (P?)" is a Zariski open set U in the space of all arrangements of
n lines in (P%)". On the other hand, in Gr(3,n) there is an open set U’ consisting of 3-spaces intersecting each coordinate
hyperplane transversally (i.e. having dimension of intersection equal 2). One has also one set U in Hom(C3,C") consist-
ing of embeddings with image transversal to coordinate hyperplanes and U/GL(3) = U’ and U/(C*)” = U. Hence, generic
arrangements can be regarded as points in Gr(3,n).

The content of paper is the following.

In section 2, we recall the definition of the discriminantal arrangement from [10], basic results in [9], the definition of
pr(aij) in [1] and basic notions on the Grassmannian (cf. [6]). In section 3, we give a full description of the main example
B(6, 3) of 6 hyperplanes in R3. Section 4 contains the result stating the equivalence of polynomial pr(ajj) with its reduced
form Pr(a;j) (cf. Theorem 4.4). The last section contains the last result of this paper (cf. Theorem 5.4), describing a family
of hypersurfaces in the projective Grassmannian Gr(3,n) in terms of non very generic arrangements 4 in C3. Notice that in
Sections 3 and 4 4 is an arrangement in R¥, while in Section 5, 4 is an arrangement in CK.

2. Preliminaries
2.1. Discriminantal arrangement

Let H?, i=1,...,n be a generic arrangement in C¥, k <n i.e. a collection of hyperplanes such that dim ﬂieK,lKl:k H? =0.
The space of parallel translates S(HY, ..., Hg) (or simply S when dependence on H? is clear or not essential) is the space of
n-tuples Hyq, ..., Hy such that either H; N H? =@ or Hi= H? for any i =1, ...,n. One can identify S with the n-dimensional
affine space C" in such a way that (H?, ..., Hg) corresponds to the origin. In particular, an ordering of hyperplanes in 4
determines the coordinate system in S (see [9]).

We will use the compactification of C¥ viewing it as P¥ \ Ho, endowed with a collection of hyperplanes I:I? that are
projective closures of affine hyperplanes H?. The condition of genericity is equivalent to |J; H? being a normal crossing
divisor in P

For a generic arrangement 4 in C¥ formed by hyperplanes H;,i =1, ...,n, the trace at infinity (denoted by A4.,) is the
arrangement formed by hyperplanes Huo i = H? N Hoc.

The trace 4 of an arrangement A4 determines the space of parallel translates S (as a subspace in the space of n-tuples
of hyperplanes in P¥). For a t-tuple Hj,,..., Hj (t = 1) of hyperplanes in 4, recall that the arrangement that is obtained by
intersections of hyperplanes H € 4, H # H;, s=1,...,t, with H;; N---N Hj,, is called the restriction of 4 to H;; N---N H;,.

For a generic arrangement 4, consider the closed subset of S formed by those collections that fail to form a generic
arrangement. This subset is a union of hyperplanes with each hyperplane D; corresponding to a subset L = {i1, ..., i1} C
[n]:={1,...,n} and consisting of n-tuples of translates of hyperplanes H?, e, H,? in which translates of H?] s H&H fail
to form a generic arrangement. The arrangement B(n, k, 4,) of hyperplanes D; is called the discriminantal arrangement and
has been introduced by Manin and Schechtman (see [10]). Notice that since the combinatorics of discriminantal arrangement
depends on the arrangement 4., rather than 4, we denote it by B(n, k, 4~) following the notation in [9].



S. Sawada et al. / C. R. Acad. Sci. Paris, Ser. 1 355 (2017) 1111-1120 1113

2.2. Good 3s-partitions

Given s > 2 and n > 3s, consider the set T = {L1, Lo, L3}, with L; subsets of [n] such that |L;| =2s, |[L; N Lj| =5 (i # j),
L1 N Ly NL3 = (in particular ||JL;| = 3s) with a choice Ly = {i1, ..., iz}, Lo = {is41,...,i3s}, L3 = {i1, .. ., s, Q25415 . . ., i35}
We call the set T ={Lq, Ly, L3} a good 3s-partition.

Given a generic arrangement 4 in C¥, subsets L; define hyperplanes Dy, in the discriminantal arrangement B(n, k, ).
In the rest of the paper, we will always use D; to denote hyperplanes in discriminantal arrangement. With the above
notations, the following lemma holds.

Lemma 2.1. (Lemma 3.1 [9]) Let s > 2, n = 3s, k = 2s — 1 and 4 be a generic arrangement of n hyperplanes in CX. Given a good
3s-partition T = {L1, Ly, L3} of [n] = [3s], consider the triple of codimension-s subspaces H j j = ﬂteLimL}_ Hoo ¢ of the hyperplane
at infinity Hoo. Then Hy j j span a proper subspace in Ho if and only if the codimension of Dy, N Dy, N Dy, is 2.

In [9], the authors define a notion of dependency for a generic arrangement Ay = {Woo 1, ..., Woo 35} in P22 s>
based on Lemma 2.1 as follows. If there exists a partition I, I, and I3 of [3s] such that P; = ﬂtel,- Weo,r Span a proper
subspace in P%~2, then 4, is called dependent. Remark that if {Ly, L5, L3} is a good 3s-partition and if we set Iy = L1 N Ly,
I =L NLs, Is=LyNLs then the assumption of Lemma 2.1 is that the trace at infinity A, of 4 is dependent and the
following theorem holds.

Theorem 2.2. (Theorem 3.8 [9]) Let 4 be a generic arrangement of n hyperplanes in Ck and 4 the trace at infinity of 4.

1. The arrangement B(n, k, Ax) has (i) codimension-2 strata of multiplicity k + 2.

2. There is a one-to-one correspondence between

(a) restriction arrangements of A, that are dependent, and

(b) triples of hyperplanes in B(n, k, A,) for which the codimension of their intersection is equal to 2.

3. There are no codimension-2 strata having multiplicity 4 unless k = 3. All codimension-2 strata of B(n, k, A-,) not mentioned in
part 1 have multiplicity either 2 or 3.

4. The combinatorial type of B(n, 2, A is independent of 4.
2.3. Matrices A(Axo) and At(Axo)

Let «; = (aj1, ..., ajx) be the normal vectors of hyperplanes H?, 1 <i<n, in the generic arrangement 4 in C¥. Normal
here is intended with respect to the usual dot product

@1 @) - (V1 V) = Y GV
i
Then the normal vectors to hyperplanes Dy, L ={s; <--- < sg41} C [n] in S~ C" are nonzero vectors of the form

k+1
ar =Y (—=Didet(@s,.....dy5. ... a5, e, (1)

i=1

where {ej}1<j<n is the standard basis of C" (cf. [1]).
Let Bir1([n]) ={L C [n]||L| =k + 1} be the set of cardinality k + 1 subsets of [n], we denote by

A(Ax) = (@) LeB, (InD) (2)

the matrix having in each row the entries of vectors oy normal to hyperplanes D; and by At1(4) the submatrix of A(Ay)
with rows ap, L € T, T C B1([n]) of cardinality m.

2.4. Polynomial pr(a;j)

The construction in Subsection 2.3 naturally holds also in the real case, i.e. 4 arrangement in RK. In this case,
Athanasiadis (see [1]) defined the polynomial

pr(ay) = Y det[Ar, j(Ax)]? (3)
JCln]
[JI=m
in the variable a;; given by the sum of the squares of determinants of the m x m submatrices At ; of Ar(As) obtained
considering the columns j € J. Notice that if 4 is a generic arrangement in R¥, if T = {L;, L5, L3} is a good 3s-partition,
then the condition in Lemma 2.1 is equivalent to pr(a;;) = 0.
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2.5. Grassmannian Gr(k, n)

Let Gr(k,n) be the Grassmannian of k-dimensional subspaces of C" and

k
y :Gr(k,n) — ]P(/\ c" (4)

<Vi,.e, V> [VI A AVE],

the Pliicker embedding. Then [x] € IP’(/\k C™") is in y (Gr(k,n)) if and only if the map

k+1
.rn n
¢ C"—> N\ C (5)
V> VAX
has a kernel of dimension k, i.e. ker ¢x =< v1,...,vg >. If e1,..., e, is a basis of C", then e; =e;, A ... A g, =
{i1,...,ix} C[nl, i1 <--- <i, is a basis for /\k C", and x € /\k C™ can be written uniquely as
X= Z ﬁ] e = Z ﬁf]...ik (eil ARERRA eik) (6)
I1C[n] 1<iy<--<ig<n

=k

—1 associated with the ordered basis

where homogeneous coordinates g8; are the Pliicker coordinates on ]P’(/\k Cc" = P

e1,...,ey of C". With this choice of basis for C", the matrix My = (b;;) associated with ¢y is the (kil) X n matrix with rows
indexed by ordered subsets I C [n], |I| =k, and entries b;; = (—1)iﬂIU(j}\{i} if i e I, bjj = 0 otherwise. The Pliicker relations,
i.e. conditions for dim(ker ¢x) =k, are vanishing conditions of all (n —k + 1) x (n — k + 1) minors of M,. It is well known

(see for instance [6]) that Pliicker relations are degree-2 relations and that they can also be written as

k

Z(_l)l‘gil"'ikflj"Bjo...]ﬁl‘..jk =0 (7)

1=0

for any 2k-tuple (i1, ..., k1, jo, .., jk)-

Remark 2.3. Notice that vectors «; in equation (1) normal to hyperplanes D; correspond to rows I = L in the Pliicker
matrix My, that is

A(Axo) = My
For this reason, in the rest of the paper, we will call A(A.) Pliicker coordinate matrix. Notice that, in particular,
det(as,, ..., ds;, ..., o, ) is the Pliicker coordinate gy, I = {s1, 52, ..., Skr1}\{si}-

In the following section, we give an example to illustrate the general Theorem in section 4. This example appears also in
[5], [9] and, in the context of oriented matroids, in [2].

3. Example B(6, 3, 4,) in a real case
Consider 4 = {HY, HY, ..., HY} to be a generic arrangement of hyperplanes in R® with normal vectors «; = (aj1, ai2, aj3),

1<i<6 and Hlf" to be a hyperplane obtained by translating H? along the direction o, i.e. Hf" = H? + tioj, ti € R. Let
T ={Lq1, Ly, L3} be the good 6-partition with L{ ={1,2, 3,4}, L, ={1,2,5,6} and L3 = {3, 4,5, 6}, then

ar, —pB23a P13a —Pi2a Pis 0 0 ain 4j1 g
Ar(As) = | oL, | = —B2s6 Pise 0 0 —pBi26 Bias |, Bijx=det| ap ajp a2
o, 0 0 —Base P36 —P3a6 P3as ai3 aj3 03

is a submatrix of the Pliicker coordinate matrix A(4.).
Let a; x aj be the cross product of «;, «; corresponding to the direction orthogonal to both @; and «j, and denote by
o1 X O
(@i x ajp1) the matrix | a3 x aq |. Then «; x «j is the direction of the line H; N Hj, since «; and «; are, respectively,
05 X Og
directions orthogonal to H; and H; and rank AT(Ay) = 2 if and only rank(a; x ojy1) = 2. Indeed rank(AT(Ay)) =2 is
equivalent to codim (D, N Dy, N Dy,) = 2; hence, by Lemma 2.1, the points m HiNHoo =H NAY N He, ﬂ Hin
ieLiNLy ieL1NL3
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Fig. 1. Picture of case B(6,3, 4%).

Hoo = Ht1 al th N Heo, and ﬂ Ht' NHeo = Ht5 al Ht6 N Heo are collinear, which means that the directions of Ht' al Hf’ﬁ
ielyNlL3
are dependent, and hence that rank(o; x oj+1) =2 (see Fig. 1).
The rank of Ar(Ax) is equal to 2 if and only if B;jx are solutions to the system:

—Pase(B134B8256 — B23aB156) =
B356(B134B256 — B234B156) =0

—B346(B134B256 — B234P156) =0 B234B126Bas6 + P124B256B346 =0
B345(B134B256 — B234B156) =0 —(B234P125B456 + P124P256P345) =0
—B256(B124B356 — P123B4s6) =0 —(B234B126B356 + B123B2568346) =0
a0 B156(B124B356 — B123P456) =0 and an B234$125B356 + B123B256P345 =0 (8)
—B126(B124B356 — P123B4s6) =0 —(B134B126B456 + B124B1568346) =0
B125(B124B356 — P123P456) =0 B134B125Bas6 + B124B156B345 =0
—PB234(B125B346 — B126B345) =0 B1348126B356 + B123P156 8346 =0
B134(B125B346 — P126B345) =0 —(B134B125B356 + B123B156P8345) =0
—PB124(B125B346 — P126B345) =0
B123(B125B346 — P126P345) =0
and the polynomial p(a;j) is
pr(ay) = Y det(Ar,j)” = (B13aPass — B23aPis6)*( D BL) + (Br2aPse — P123Base)> (Y Bh)
Jjcrel 11C(3,4,5,6) I,c{1,2,5,6)
[J1=3 [I1]=3 [I2]= 3
+ (B1258346 — B1265345)°( Z /313) + Z (B234B12iBjs6 + ,312;5256,3341)
I5c(1,2,3,4) i=5,6
[13]=3 j=3.4
+ Z (B134B12iBjs6 + ,312;'5156/3341')2-
i=5,6
j=3.4
On the other hand, the condition rank(c; x oj11) =2 is simply det(a; x aj+1) =0, and if we define
Pr(ayj) = [det(e; x aiy1)]* = {(a12023 — a13022) A11 + (@11023 — A13021) A1z + (G11022 — A1202) Ag3)?, 9)

Ay cofactors of (¢ x ait1), then pr(ajj) =0 if and only if pr(a;j) = 0. That is polynomial pr(a;j) is a polynomial of, in
general, lower degree than pr(a;;) with the same set of zeros.

4. Polynomial p(a; j) in B(n, k, A,) in a real case
4.1. Case B(n, 3, Ax,)
It is straightforward to generalize the example in section 3 to the case of n hyperplanes in R3. Denote by (¢; § X Qi)
Ui, X U,

the matrix | «j, x «j, |, the following Theorem holds.
0[1'5 X O(,’S
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Theorem 4.1. Let 4 be a generic arrangement of n hyperplanes in R? with normal vectors o; = (aj1, aj2, a;3). Let T = {Lq, Ly, L3} be
a good 6-partition with a choice L1 = {i1, iy, i3, i4}, Ly = {i3, i4, i5, i} and L3 = {iy, i2, i5, ig} and A1(Ax) be the matrix with rows
oL, a,, o ,. Then the following statements are equivalent:

(1) rank At (Aso) = 2;
(2) pr(aij) =0;
(3) rank(otij X i) =2;

(4) Pr(ayj) = [det(ai; x aijj,)]* =0.

Proof. The equivalences (1) < (2) and (3) < (4) are obvious from the definitions of pr(a;;) and Pr(aj;). The proof that
(1) © (3) can be obtained from the remarks in Section 3, relabeling indices 1,...,6 with iy,...,ig. O

Remark 4.2. Notice that, since pr(a;j) = [det(ot,-j X aim)]z' then Pr(a;j) =0 if and only if det(ot,-j x o) =0, the equiva-
lence of conditions (1), (3) and (4) in Theorem 4.1 holds also for generic arrangements in C3.

4.2. Generalization to B(n, k, Ax)

Let 4 = {H1,..., Hy} be a generic arrangement of hyperplanes in R¥ and T = {Lq,Ly, L3} be a good 3s-partition of
indices in [n]. If a; are normal vectors to Hy € 4, t=1,...,n, T ={j1,---, j¢} a subset of [n] that has empty intersection
with L1 ULy U L3, define vector spaces

Uh:{veRk |v-ar=0,TeliNLj},
where v - @ is the scalar product of v and «, and

| RE (T=0)
WT_{{veRkw.aT:o,reT} (T#0) . (10)

Then W is the vector space associated with ﬂ H; and Uﬂ-j NWr={veR|v.a; =0,T eiN Lj)UT} is a vector space

Tel
of dimension k — (s +t), where s and ¢ are, respectively, cardinalities of L; N L; and T. With the above notations, define the

polynomial

pr,r(aij) = Z [detU1?,
UeUr,r

where Ur r is the set of all k x k submatrices of the 3(k — s —t) x k matrix having as rows the vector spanning Uilj NWr.
If k=2s—1 and n=3s, s > 2, we have T =, and hence U,.Lj NWr = U,.%j is a space of dimension dim Uilj =s—1.Ury
is the set of all (2s — 1) x (2s — 1) submatrices of the 3(s — 1) x (2s — 1) matrix having as rows the vectors spanning U,.%j

and the following lemma, equivalent to Lemma 2.1 holds.

Lemma4.3. Lets > 2,n =35,k =2s—1,i.e. T =, and 4 be a generic arrangement of n hyperplanes in R¥. Given a good 3s-partition
T ={Lq, Ly, L3} of [3s] = [n], Ufj span a proper subspace of R¥ if and only if the rank of AT(4s) is 2, that is, Prp(aij) =0 if and
only if pr(a;;) = 0.

Proof. Since T is a good 3s-partition and At1(Ax) = (@) reT iS @ 3 x n matrix, the rank of the matrix At(4y) is equal to 2
if and only if o, L € T, are linearly dependent, that is, the intersection Di, N Dy, NDy, of hyperplanes in B(n, k, 4) is a
space of codimension 2. Then, by Lemma 2.1, this corresponds to Huo i j = ﬂreL,-ﬂLj H;NHy C Hy span a proper subspace
in Hy. Let V¢ be the vector spaces associated with the hyperplanes H, hence V;; = ﬂrdimj V. are the vector spaces
associated with H; j = mreL,ﬂLj Hr and V; ;= Uifj since v € V; ; if and only if v-a; =0 for any 7 € L; N L;. It follows that

Hoo,i j span a proper subspace of H if and only if U,%j span a proper subspace of R¥. That is, detU =0 for any U € Uz
or, equivalently, pr 4(a;j) =0. O

Notice that if s =2, i.e. the case B(6,3, 4x), Prp(a;) coincides with Pr(a;;), defined in Section 3. In this case,
1-dimensional subspaces Ul{z, U1L,3 and Uzl’3 are spanned, respectively, by o1 X a2, 3 x a4 and o5 x o, that is, they
are the lines drawn in Fig. 1.

Analogously to [9], we call a generic arrangement 4 = {W, ---, W3,} in R*~1, s > 2, dependent if there exists a good
3s-partition such that U,{-j span a proper subspace of R2~!. With this notation, by Lemma 2.1 and Theorem 2.2, the
following theorem holds.
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Theorem 4.4. Let 4 be a generic arrangement of n hyperplanes in R¥, T a good 3s-partition, 3s <n, and T = [n] \ UrerL. If Wr is
the vector space defined in equation (10), then the rank of AT(Ax) is equal to 2 if and only if the restriction arrangement

Aw, ={HN (He | H € A\{Hi}ier}

TeT

is dependent. With this choice of T and T, we get that pr(a;j) = 0 if and only if pr, 1 (a;j) = 0.

n

35) (355) nonlinear relations on Pliicker

Remark 4.5. For a fixed good 3s-partition T, equation pr(a;j) =0 corresponds to (
coordinates fj, (2s — 1) x (2s — 1) minors of the matrix A = (a;).
On the other hand, Pr,7(a;j) =0 is equivalent to vanishing of (2s — 1) x (25 — 1) minors of the matrix with rows given

by solutions to the system A;-x =0, A; = (ajj)iey, i.e. the (3”5) (3?:?) equations on a;;. That is Pr r(a;j) =0 is a reduced
form of pr(a;;) =0.

5. Hypersurfaces in complex Grassmannian Gr(3, n)

Let now 4 be a generic arrangement of six hyperplanes in C3 (i.e. the example in Section 3 in C3 instead of R3) and

a1 a2 dis
A=l 1 (n
Ge1 0de2 0463
be the matrix having in each row normal vectors «; to hyperplanes H? € 4. Since 4 is generic, the columns of A are

independent vectors in C® and they span a subspace of dimension 3 in C8, i.e. an element in the Grassmannian Gr(3, 6).
The non-null 3 x 3 minors of A are Pliicker coordinates B;j,, and the matrix A(Ay) is the matrix of the map

4
goX:(CG—>/\(C6
Vi VAKX,

where x = Z]Si< j<k<n Bijk(ei Aej ne). If A is dependent, then B;j, have to satisfy both, classical Pliicker relations and
relations in equation (8). Notice that since the relations in equation (8) come directly from condition rank At(4) = 2, we
get exactly same relations in the real and complex cases. The latter can be simplified as:

(d) : B23aB126Pas6 + P124P256 346 =0
(e) : B234P125B456 + B124B256B8345 =0
(f) : B23aP126B356 + B123P256 346 =0
(&) : B23aB125B8356 + P123B256B345 =0
(h) : B134P126Pase + B124P156P346 =0
(i) : B134P125P456 + B124P156P345 =0

(J) : B134P126P356 + P123B156B346 =0
(k) : B13aB125B356 + P123B1566345 = 0

Where equation (I)(a) is obtained dividing the first four equations in system (I) in (8) respectively by —pBass, B356, —B346,
B3as # 0 and, similarly, equations (I)(b) and (c) are obtained dividing, respectively, equations (5) to (8) and equations (9)
to (12) in system (I) in (8) by, respectively, —B2s6, B156, —B126, B125 # 0 and —pBa34, B134, —P124, B123 # 0, while equations
in (1) (8) are left unchanged, except for a change of sign. Remark that this is only possible since 4 is a generic arrangement,
which implies that all g;jx # 0 and hence we can divide equations in (8) (I) opportunely by them. In the following, we refer
to the equations in (I) and (II) by using the corresponding letters, for example (a) will refer to equation 81348256 — B2348156-
The Pliicker relations in equation (7) for k =3 become:

(@) : B134B256 — B234P156 =0
(I): 4 (b) : B12aB3se — P123Pase =0  and  (II):
(¢) : B125B346 — P126B345 =0

ﬁi]izkoﬁlqkzkg - ﬁi]izk] /31(01(2](3 + ,Bi1i2k2 ﬂkok]kg, - :Bi1i2k3 :Bkolqkz =0.
Fixing i1 =1,i2 =2,ko =4,k =3, k2 =5, k3 = 6, we obtain
B124B356 — P123Bas6 + P125Ba36 — B126P435 =0,

that is, (b) = (c), and fixing i1 =5,i =6,ko =2,k1 = 1,ky, =3, k3 =4, we get (a) = (b). This means that the relations in (I)
are equivalent.

Next, we focus on type-(II) relations and on the vanishing of all 4 x 4 minors of the Pliicker matrix. We fix a good
6-partition T = {L1, Ly, L3}, for any subset L4 C [6] of cardinality 4 such that L4 ¢ T, and we define the submatrix
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Pip(Dpr,) = (0rp;)1<i<a (12)

of A(Ax). The matrix Plr(Dy,) is obtained by adding one row to the matrix At(A). Hence, since the relations in equa-
tion (8) correspond to the vanishing of 3 x 3 minors of Ar(4), T = {{1, 2, 3,4}, {1, 2,5, 6}, {3,4, 5, 6}}, then zero of 4 x 4
minors of matrix Ply(Dy,) for same fixed T naturally give rise to relations among the relations in (8). For example (d) =0
and (e) = 0 correspond to vanishing of minors obtained considering, respectively, 1st, 3rd and 5th columns and 1st, 3rd and
6th columns of Ar(4x). Adding to At(4x) the normal vector to the hyperplane D2 456) as 4th row, we get

—B23¢ P34 —Pr2a P13 0 0
Plp(Dpp.as.6) = —Bass  Piss 0 0 —pis Pizs
o 0 0 —PBase  PB3se —P3ae  B3as
0 —Base 0 Base —Baa6  Paas

and calculating the determinant of the submatrix obtained by the 1st, 3rd, 5th, and 6th columns, we get the relation among
(e) and (d):

Ba46 - (€) — Paas - (d) =0 . (13)
Analogously, the vanishing of minor obtained by 1st, 4th, 5th and 6th columns gives:
B256B234 - (€) — Baag - (&) + Paas - () =0 . (14)

Applying similar considerations to opportunely chosen L4 ¢ T we get the following additional syzygies.
The vanishing of minors obtained considering 1st, 4th, 5th and 6th columns and 1st, 3rd, 5th and 6th columns of

—B234  B1za  —Pr2a P13 0 0
Plp(Dpa.3.5.6) = —Base  Bise 0 0  —pis Pizs
o 0 0  —Pass PB3ss —P3as Paas
0 —P3s6  Base 0 —Bae Bo3s

leads, respectively, to relations B236 - (g) — B235 - (f) =0 and B2s6B234 - (€) + P23 - (€) — B235 - (d) = 0. Those relations, jointly
with the one in equations (13) and (14), state dependency of (d), (e), (f) and (g) from (c) which, in turn, is equivalent
to (a), i.e. they are all zero if and only if (a) is zero.

By vanishing of the minors given by the 2nd, 3rd, 5th and 6th columns and 2nd, 4th, 5th and 6th columns of the
submatrix

—pB23a P13a —P12a P13 0 0
Plo(Dj1.45.6) = —B2ss  Biss 0 0 —Biws Bizs
o 0 0 —PBass B3ss —P3ac  P34s
—Bass 0 0  Biss —Pas Bias

we get, respectively, B146 - (i) — P14s - () = 0 and B156P134 - (€) — Brag - (k) + Bras - (j) =0.
Finally, by vanishing of minors given by 2nd, 4th, 5th and 6th columns and 2nd, 3rd, 5th and 6th columns of

—B234 P34 —Pi2a B3 0 0
Plp(Di1.3.5.6) = —Pase Pise 0 0  —pizs Pizs
o 0 0 —Pass P3se —P3as Paas
B3 0 Piss 0 —pBiss Biss

give relations B136 - (k) — 135 - (j) =0 and —B1s6B134 - (€) — B136 - (i) + P35 - () =0.
That is, the relations in equation (8) are all equivalent, and we are left with only one independent relation

(@) =0: P13aP2s6 — P234P156 =0. (15)

This degree-2 homogeneous polynomial defines a degree-2 hypersurface on the projective variety Gr(3, 6).
The above computations are a direct consequence of the following more general Lemma.

Lemma 5.1. Let A(4s) be the Pliicker matrix associated with a generic arrangement 4 of n hyperplanes in C3 and T a good 6-partition
of indices i1, ..., ig € [n]. If the entries B; of the matrix A(Ax) satisfy the Pliicker relations, then rank At(4) = 2 if and only if one
of its 3 x 3 minors vanishes.

Proof. =) Since rank At(4) =2 if and only if all 3 x 3 minors of AT(4y) vanish, it is obvious.

<) Entries B; of A(A) satisfy the Pliicker relations if and only if any 4 x 4 minor in A(A) vanishes. For any 4 columns
S1 <S$2 <S3 <sg€ir,...,ig} of matrix A(Ay) let M; and M; be the two 3 x 3 minors in Ar(A4x) obtained considering,
respectively, the columns {s1, s2, 3, S4}\{s;} and {s1, s2, 53, s4}\{s}. If we add to the submatrix AT(A) the row of A(A)
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corresponding to the vector oy, L = {s;, s}, ss5, Se}, with {ss5, sg} = {i1,...,is}\{s1, 2, 3,54}, then the 4 x 4 minor of the

. {Ar(Ax . L . .
matrix ( T((x )> obtained considering the columns {s1, S, s3, S4} vanishes, that is,
L

Bu\tsitMi £ Brys;yMj =0 (16)
where fy\(s,} is the entry of the row ¢/ in the column s¢, t =1, j. Dividing by Bi\(s;) # O (entries of A(Ay) are all not zero
by 4 generic), we get
Br(s;)

M;=4+M; -
' T Bsy

(17)

that is, M; =0 if and only if Mj = 0. Applying the above considerations to any subset {s; < sy < s3 <4} C {i1,...,Ig} and
transitivity of equality, we get that if a 3 x 3 minor of Ar(4y) vanishes, then all minors vanish. O

Remark 5.2. Recall that if 4 is an arrangement of n hyperplanes in C3, then the matrix A(4) is an (2) x n matrix such that,

for any L = {s1 < sy < s3 < S4}, the entries (x1,...,X,) of the row vector ¢ are all zeros, except Xi; = (fl)fﬂlj, I; =L\ {sj},
j=1,...,4. Hence, for any fixed six indices s; < ... < sg € [n], we get a (2) x 6 submatrix of A(4.) obtained considering

all rows «, L C{s1,...,86},| L |=4 and columns {s1,...,sg} (all columns j ¢ {s1,...,se} of the matrix (cty)rcys;,... s5).|L|=4
are zero). It follows that the general case of n hyperplanes in C3 essentially reduce to the case n =6.

On the other hand, one can easily remark that, if s; <... < sg € [n] are six fixed indices and if T = {{sq, s2, $3, S4},
{s1, S2, S5, S6}, {53, S4, S5, Sg}} (which is analogous to a good 6-partition {{1,2,3,4}, {1,2,5,6},{3,4,5,6}} of indices
{1,...6}), then any other good 6-partition on indices {sq, ..., Sg} is of the form

0. T ={{i1, 12,13, 14}, {i1, i2, i5, i}, {i3, i4, i5, i6}} (18)

where i; = 0 (sj), o € Sg, S¢ being the group of all permutations of indices {sq,...,ss}. Note that in general i are not
ordered, and that we can have ij >ij,q.

The following Lemma holds.

Lemma 5.3.Let 4 be an arrangement of n hyperplanes in C3 and 0.T = {{i1, i2, 13,14}, {i1, 12,15, 16}, {i3, 14, 15,16}}, a good
6-partition of indices s1 < ... < sg € [n] such that rank A, 17(Ax) = 2, then 4 is a point in the hypersurface

BirisiaBirisic — BiziziaBirisic =0 - (19)

Proof. Let 0. T = {L| = {i1, i2, i3, 14}, L}, = {i1, 2,5, i}, L; = {i3, i, i5, is}} be a good 6-partition of indices s; < ... < sg € [n]
and denote by (L}) = (i1, i3, i3, i4), (L)) = (i1,12, 15, 1) and (L}) = (i3, 4, i5, ig) the ordered 4-tuples of indices. Then, there
exist unique permutations t;, i =1,2,3 of indices s; < ... < sg such that 7; fixes indices outside Ll’. and, if Llf ={sj; <
Sj, <Sj; <Sj,}, then (L) = 7;.L} = (%i(s},), Ti(Sj,), Ti(Sj3), Ti(Sj,)), i = 1,2,3. By the determinant rule on permutations of
columns, we have that

4 Ar(m1 Ar@2)1 dr3)1 dr41
: - Arm2 Ar@2)2 Ar3)2 dr@4)2

E DI det(ap1)s . Oty e Ol = | ¢
D @zq) T T@)er()) ar(13 4r2)3 ar3)3 dr4)3

—
J er(1) €r@ er3) €r@

a1 421 0431 0441

. a a a a
sign(7) 12 022 0432 0442
a13 a3 0433 0443
€1 e es €4

4
= sign(7) Z(—])fdet(on, ce O, 0lg)€]
j=1

Hence, if we define the matrix o.AT as the matrix having in its rows respectively the coefficients of the three vectors

4
T =Z(—1)Jdet(ai1,...,a}j,...,ai4)eij,
j=1

T = Z (—])Jdet(ai],...,a}j,...,ais)eij,
je{1,2,5,6}



1120 S. Sawada et al. / C. R. Acad. Sci. Paris, Ser. 1 355 (2017) 1111-1120

6
T30 = Z(—l)f det(is, ..., thij, ..., @ig)ei;
j=3
with respect to the ordered basis {e;,, ..., ejs}, then the i-th row of o.AT is obtained from the i-th row of A; T(A) by a
o column permutation and multiplication by sign(t;) (notice that o, = 7;). That is, ranko .Ar = rank As 7(A) and, more

in details, the 3 x 3 minor given by columns {i, j,k} in Ays 1(Ax) 'vanishes if and only if the 3 x 3 minor of columns
{o(i),0(j),o(k)} in o.Ar vanishes. Hence, by Lemma 5.1 rank Ay 7(4) = ranko.At = 2 if and only if one minor vanishes.
In particular, the first three columns {i1, iz, i3} in o.At are of the form

—Biyizia Bitisia —Biiizia
_ﬁfzisie ﬁh i5i6 0
0 0 _ﬂi4i5i6

from which we get that the 3 x 3 minor corresponding to them vanishes if and only if
BiviziaBizisic — Biaizia Birisis =0
(recall that all entries B; in the matrix A(4y) verify 8 #0). O

By Remark 5.2 and Lemma 5.3, the following main Theorem follows.

Theorem 5.4. The set of generic arrangements 4 of n hyperplanes in C3 that contains a dependent sub-arrangement is the set of points
in an hypersurface in the Grassmannian Gr(3, n) such that each component is the intersection of the Grassmannian with a quadric.
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