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RESUME

Dans cette Note, nous introduisons un algorithme paralléle explicite, trouvant les solutions
communes d'un systéeme d’inégalités variationnelles sur I'ensemble des points fixes com-
muns a une famille finie d’opérateurs semi-contractants. Sous des hypothéses convenables,
nous démontrons la convergence forte de cet algorithme dans le cadre des espaces de Hil-
bert. Les résultats obtenus étendent et améliorent ceux de Tian et Jiang (2017), de Censor,
Gibali et Reich (2012), ainsi que de plusieurs autres auteurs.
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1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. Let F : H — H be a monotone operator. The
classical variational inequality is formulated as the following problem:

finding a point x* € C suchthat (Fx*,y —x*)>0, VyeC.
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The set of solutions to this problem is denoted by VI(F, C). In recent years, variational inequalities have been used to study
a large variety of problems arising in structural analysis, economics, optimization, operations research, and engineering
sciences (see, e.g., [20,28,19] and the references therein).

Observe that the feasible set C of the variational inequality problem can always be represented as the fixed point set
of some operator, say, C = Fix(P¢) (Pc¢ is the metric projection onto C). Following this idea, Yamada [26] considered the
variational inequality problem VI(F, Fix(T)), which calls for finding a point x* € Fix(T) such that

(Fx*,y —x*y>0 forall y eFix(T).
Yamada [26] considered the following hybrid steepest-descent iterative method:
Xny1 = (I — pan F)Txp,

where F is a Lipschitzian continuous and strongly monotone operator and T is a nonexpansive operator. Under some
appropriate conditions, the sequence {x,} converges strongly to the unique point in VI(F, Fix(T)).

The literature on variational inequalities is vast, and the hybrid steepest-descent method has received great attention
from many authors, who improved it in various ways; see, e.g., [27,7,6,29,5,15] and references therein.

Based on the hybrid steepest-descent method, recently (2017) Tian and Jiang [25] proved the following weak convergence
theorem for zero points of an inverse strongly monotone operator and fixed points of a nonexpansive operator in a Hilbert
space (Theorem 1.1).

Theorem 1.1. Let H be a real Hilbert space and T : H — H be a nonexpansive operator with Fix(T) # . Let F : H — H be a k-inverse
strongly monotone operator. Assume that Fix(T) () F~1(0) # 0. Let {x,} and {yn}, be sequences generated by x; € H and

{ynz(l_)\n)xn‘i‘)\nTxn, 1)

Xn+1 = — wanF)yn,

for each n € N, where {\,} € [a, b] for some a,b € (0, 1) and uo, C [c,d] for some c,d € (0, 2k). Then the sequences {x,} and {yn}
converge weakly to a point z € Fix(T) () F~1(0), where z = lim;— oo Prix(m N E-1©Xn- Z is also a point in VI(F, Fix(T)).

On the other hand, Censor, Gibali and Reich [11] (see also [12]), introduced the Common Solutions to Variational Inequality
Problem (CSVIP), which consists in finding common solutions to unrelated variational inequalities. The general form of the
CSVIP is the following.

Let H be a Hilbert space. Let there be given, for each i =1, 2, ..., m, an operator F; : H — H and a nonempty, closed and
convex subset C; C H, with (L, C; # @. The CSVIP (for single-valued operators) is to find a point z € (L, C; such that, for
eachi=1,2,..,m,

(Fiz,x—2z) >0, Vxe(Ci, 1<i<m. (2)

We note that in CSVIP, if we choose all F; =0, then the problem reduces to that of finding a point z € ﬂ'i":l C; in the
nonempty intersection of a finite family of closed and convex sets, which is the well-known Convex Feasibility Problem (CFP).
Now, in this paper, we study the following problem.
Let H be a Hilbert space. Let there be given, for each i =1, 2, ..., m, an operator F; : H — # and an operator T; : H — H
with (L, Fix(T;) # @. We intend to find a point z € (L, Fix(T;) such that, for each i=1,2,...,m,

(Fiz,x — z) > 0, Vx eFix(T)), 1<i<m. (3)

Recall that an operator U : H — H is said to be demicontractive [18] if there exists w € [0, 1) such that

IUx —plI?> < x—pl* + wlx — Ux||>,  VxeH, VpeFix®U). (4)

In particular, if 4 =0 then U is called quasi-nonexpansive on . An operator satisfying (4) will be referred to as a
m-demicontractive operator. This class of operators is fundamental because it includes many types of nonlinear operators
arising in applied mathematics and optimization, see for example [23] and references therein.

In this paper, to solve (3), we introduce an explicit parallel algorithm based on the Halpern iterative method and the
hybrid steepest-descent method for finding common solutions to a system of variational inequalities over the set of common
fixed points of a finite family of demi-contractive operators. We prove the strong convergence of the algorithm for a family
of inverse strongly monotone operators in the framework of a Hilbert space. Finally, some applications of our main results
have been obtained. Our results generalize and improve the results of Tian and Jiang [25], Censor, Gibali and Reich [11], and
of many others.



1170 M. Eslamian / C. R. Acad. Sci. Paris, Ser. 1 355 (2017) 1168-1177

2. Preliminaries

We use the following notation in the sequel:

e — for weak convergence and — for strong convergence.

Given a nonempty, closed convex set, C C H, the mapping that assigns every point, x € H, to its unique nearest point in
C is called the metric projection onto C and is denoted by Pc; i.e., Pc(x) € C and |x — Pc(x)|| = infyecllx — y|l. The metric
projection P is characterized by the fact that Pc(x) € C and

(y = Pc(®),x—Pc(x)) =0, VxeH,yeC
(see for example, [[16], Section 3]).
We recall the following definitions concerning operator F : H — H. The operator F is called:
e Lipschitz continuous with constant L > 0 if
IFG) —FWI<Lix—yll. Vx,yeH;
e monotone if
(F)—F(y),x—y)=0, Vx,yeH;
e strongly monotone with constant 8 > 0, if
(FX) —F(),x=y) = Blx—yI*, Vx,ye#;
e inverse strongly monotone with constant 8 > 0, (8 —ism) if
(FX) —F).x—y) = BIF®) —FWI* VYx.yeH.
It is known that every S-inverse strongly monotone operator is monotone and Lipschitz continuous. We note that there
exist some operators that are inverse strongly monotone, but not strongly monotone [25].
We also have the following definitions concerning T : H — . The operator T is called:
e nonexpansive, if
T -TWI<lx=yll, VX, yeH;
e (-strict pseudo-contractive [2], if there exists a constant 8 € [0, 1) such that
ITx=Tyl? < llx = yI* + BIG =T =y = TYI?,  Yx,yeH;
e generalized nonexpansive [14] if there exists a constant u > 0 such that
ITx =Tyl <llx—yll +pllx—Txll,  Vx, yeH.

We note that every generalized nonexpansive operator is quasi-nonexpansive. The class of demi-contractive operators con-
tains the generalized nonexpansive operators and the strictly pseudo-contractive operators.
An operator T : H — H is said to be an averaged operator [1] if there exists some number « € (0, 1) such that

T=1-a)l+aSs, (5)
where I : H — H is the identity operator and S : H — H is nonexpansive. More precisely, when (5) holds, we say that T is

«-averaged. It is not difficult to see that the averaged operator T is also nonexpansive and Fix(T) = Fix(S).

Lemma 2.1. [8] Let H be a real Hilbert space. Let T : H — H be an operator.

(i) T is nonexpansive if and only if the complement I — T is %—inverse strongly monotone.
(ii) If T is k-inverse strongly monotone, then for y > 0, y T is %—inverse strongly monotone.

(iii) For o € (0, 1), T is a-averaged if and only if I — T is %-inverse strongly monotone.

Definition 2.2. Let U : C — C be an operator, then I — U is said to be demiclosed at zero if for any sequence {x,} in C, the
conditions x, — x and lim;_,  ||X; — Uxyp|| =0, imply x = Ux.

Lemma 2.3. [13] Let C be nonempty closed convex subset of a real Hilbert space H, and U : C — C be B-demicontractive operator.
Then the fixed point set Fix(U) of U is closed and convex.
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Lemma 2.4. [22] Let C be nonempty closed convex subset of a real Hilbert space ‘H, and let U : C — C be B-strict pseudo-contractive.
Then I — U is demiclosed at 0.

Lemma 2.5. [14] Let C be nonempty closed convex subset of a real Hilbert space H, and let U : C — C be a generalized nonexpansive
operator. Then I — U is demiclosed at 0.

Lemma 2.6. Forall x, y € H and « € [0, 1], there holds the relation:
loex + (1 =)y lI> = atllx]]* + (1 = )|y 1> — (1 — @) x = yII*.
Lemma 2.7. ([17]) Assume {s,,} is a sequence of nonnegative real numbers such that
Sn+1 < (1 — An)Sp + Andn, N >0,
Snt1 <Sn— M+ Mn, N=0,
where (Ay) is a sequence in (0, 1), (n) is a sequence of nonnegative real numbers and (8,,) and () are two sequences in R such that
(i) Xopsqrn=00

(i) limp_, 00 in =0,
(iii) limy_, o0 Nn, = 0, implies limsupy_, o, 8y, < 0 for any subsequence (n) C (n).

Then limy_, oo Sp = 0.
3. An algorithm and its convergence analysis

In this section, we introduce an explicit parallel algorithm for finding common solutions to a system of variational
inequalities over the set of common fixed points of a finite family of demi-contractive operators.

Theorem 3.1. Let ‘H be a real Hilbert space. Let for each i € {1, 2, ..., m}, F; : H — H be a k;-inverse strongly monotone operator and
Ti : H — H be a A;-demi-contractive operator such that I — T is demiclosed at 0. Assume that F = (., Fix(T;) N, Fi_l 0) #£40.
Let {x,,} be the sequence generated by xo, v € H and by

{yTg)_( (i)ﬂ(i)F)T”xn, i=1,2,...m

(6)
Xn+1 0y 4 ym 1y(l)y,(f), vn>0,

where T!' = a1+ (1 — o")T;. Let the sequences {o"}, {8} and {y,"} satisfy the following conditions:

(i) (v} C lai, b1 € (0, 1) and YT oy(”
(ii) limy_ o yno) =0and Zn 1 y(o)
(iii) {(1LDB") C [ei, dil € (0, 27),
(iv) ri<al) <ei <1.

Then the sequence {x,} converges strongly to P xv € F which is also a point in ﬂ:"zl VI(F;, Fix(T;)).
Proof. First we show that {x;} is bounded. Take x* € F. Since for each i € {1,2,...,m}, T; is A;-demicontractive, using
Lemma 2.6 we arrive at
1T — X 1% = o %0 + (1 — o) Tixg — x°12
= IIxa — %17 + (1 = ) I Tixe = X112 = o (1 = o) | Tixty = %02
<o lxn = %12 + (1= ) (%0 = %17 + 2| Tixe — X 12) (7)
(1 = o)1 Tixa — a2
= llxn = X2 + (1 = o) (ki — g I Tixn = xal?.

(@)

Put wy,’ = T{'x,. From condition (iii) and by the assumption that F; is a k;-inverse strongly monotone, we get that

lyn’ =x I = 11— @B Fows” — (1 = w7 Fyx 11>
< I =X 12+ OB Fwy) — Fixt 2 = 2u 0 B (Fiw) — Fit, wi) —x°)
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< Iwi’ =217 + OB I Fowy F,-x*||2—2u“'>ﬁ(”x,||ﬂ %

<l =x 12+ n OB (B — 20| Fiwy —
< lwy —xI?
< lxn — x|,

By the convexity of |.||2, we have:

st — %1% = Il v+Zy<’) Y —x |2
i=1

0 *
<y v — %2 +Zyn(”n;v<” x|
i=1

0 0
<P =X 12+ (1 = ) x0 — 2%
< max{[lv —x*||1%, Ixa — x*||*}

<...<max{|lv —x*[1%, lIxo — x*|I%}.

— Fix*|?

(8)

This yields that the sequence {x,} is bounded. Furthermore, the sequence {y,(f)} is bounded. Next we prove that the se-
quences {x,} converge strongly to v* = Pz v. From the inequality, ||x + y||Z < IX]|> 4+ 2(y, x + y)(¥Vx, y € H), we find that

0 0
I%ng1 — V)12 <||Zy“ D= (1 =y

(0) (

+ 2y (V= V", Xt —v*>

= (1 - ("))(Z n (o)y,ﬁ”—mnz

—I—ZJ/(O)(

=1 -y Z Iy o
—n

v—v* xn+1—v>

+2y 74

0
<(-v )>Zyn<”||y(” v
i=1

V=V Xpp1 — V)

O —v* X1 — V%)

+2¥4
< (1= 1)y — v*)2

(0) (

+ 2y (v — V¥ Xy — V).

It immediately follows that
0 0
o1 < (1= 7”20 + 29
= (1 =2y + <y<°>)2rn +212" M
YN
2

< (1 =2p,T, + 2,24 + 1)

< = pn)ln + Pnbn,

where Ty = [, — 9*[1%, 17 = (v — V*, Xo41 — V%), N = sup{|lxa — *|> :n > 0}, pn = 2" and 6, =

that pp — 0, 121 pn =00
Since F; is ki-inverse strongly monotone, we can rewrite y\ as

wW=a-ghwd + s“)s“)w,‘:),

by using Lemma 2.1, where &\ =

(9)

w Ny nn. We observe

’3" and S, M are nonexpansive operators of #H into H. Utilizing Lemma 2.6, we have:
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lyn” = v 17 = 1A =& wl + 670wl —v*)?
<A=& =V I +57 1S Wi = vt 17 = &7 = &)Is wi - wi 1

<fwy =12 =& A = &S wy — w17
This implies that
IXn1 — V¥ 1 = [ v+2y‘” D — v
i=1
0 *
<y lv— +Zyn“>||y“) V2
<O = v P+ (= )k — vt (10)

Zy,f’)s‘” — &Sy wy) —wi|?

- Z (1= o) e — A [ Tixn — xn .
Now by setting

n —Zyn“)s(’) — &S wi — w2

(11)
+ Z v (1= oy @ — 2| Tixn — a1,
and
on =7 Iv=vI1%, (12)
the inequality (10) can be rewritten in the following form:
Tnp1 =Tn— &+ On. (13)

To use Lemma 2.7 (considering inequalities (9) and (13)), it suffices to verify that, for all subsequences {ny} C
{n}, limy_, o &, = 0 implies

lim sup 6,, < 0.
k—o00

We assume that limy_, o, &y, = 0. From (11) and by our assumptions on {y,,(i)}, {a,(f)}, and {s,i”}, we have:
lim [|Tixn, — %n | = lim [[S5)wh) — wi [ =0. (14)
k—o00 k—o00

Since {xy,} is bounded, there exists a subsequence {xnk,} of {xn,} that converges weakly to X. Without loss of generality, we

(1) ()

can assume that x,, — X. Since limy_, o ||X7 — (’)|| =0, we have w, —X. Since {Bn, } is bounded, we can find a subse-

quence {ﬂn) } converging to B® such that u®g® c [c;, d;]. Since {w(” } is bounded and F; is inverse strongly monotone,

we know that {F; wn, } is bounded. Hence, we have:
10— @85 Fywn, — (1= u BV Eywn 1| < 1u® 85 — @BV 1IFrwy | — 0.

D _ wd| =0, hence

From (14) we have limp— oo || Y
10— nOBE Fown) —wy I = 0.

Therefore, we get
10— p @BV Fywy, —wy) I <110 —p @By Fowy) — (1= u®OFywy) |

+ 10— 1By Fywh) —wi) || 0.
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From the demiclosedness of I — u®B®F;, we obtain that
ReFix(I — uPpVF) =F1(0), ie({1,2,...m).
From the demiclosedness of I — T; and using (14), we get that X € (L Fix(T;). Thus X € F. Now we show that

limsup 8, = limsup( — 9, xp, — 9*) <O0. (15)
k—o00 k—o00
To show this inequality, we choose a subsequence {xnkj} of {xp,} such that
lim (v — v*, x;, — V*) =limsup(v — v*, xp, — V*).
j—oo J k— o0
Since {X"kj} converges weakly to %, it follows that
limsup(v — v*, x,, — V*) = lim (v —V*, %, —V*)= (v — Pr(v),X— Pr(v)) <0. (16)
k—o00 j—o0 U

Hence, all conditions of Lemma 2.7 are satisfied. Therefore, we immediately deduce that lim,_, o 'y = limp—  [|X; —V*|| =0,
that is {x,} converges strongly to v* = P z(v), which completes the proof. O

Theorem 3.2. Let H be a real Hilbert space. Let, foreachi € {1, 2, ..., m}, F; : H — H be a kj-inverse strongly monotone operator and
T; : H — H be a A;-strict pseudo-contractive operator. Assume that F = ﬂ’inzl Fix(Ti) N ﬂ;"zl Fi_1 (0) # . Let {x,} be the sequence
generated by xo € H and

m
1=y v (U= pOBVF)T X, V020, (17)
i=1
where T = ot,gi)l + 1 - oz,(f))Ti. Let the sequences {a,ﬁ”}, {,B,Ei)} and {y,fi)} satisfy the following conditions:

(i) (m"} C lai. bl (0, 1),

(i) Y1y =1 — 71 where y,” € (0, 1), limp—soo % =0 and 332 71 = o0,
(iii) (DB} C [ci. dil € (0, 2x),
(iv) ri<al) <e <1

Then, the sequence {x,} converges strongly to x* € F, which satisfies || x*|| = min{||x| : x € F}.

Proof. We note that every strict pseudo-contractive mapping is demi-contractive. Also, from Lemma 2.4 we know that [ — T;
are demiclosed at 0. Now setting v =0 in Theorem 3.1 we obtain the desired result. O

Now we consider an algorithm similar to algorithm (6) for finding common solutions to a system of variational inequali-
ties over the set of common fixed points of a finite family of strongly quasi-nonexpansive operators. Recall that an operator
U:H — H is said to be p-strongly quasi-nonexpansive, where p > 0, if

IUx = plI* < llx—plI* — pllx = Ux|>,  VxeH, ¥peFixU). (18)
More information on strongly quasi-nonexpansive operators can be found in Section 2.2 of [21].
Theorem 3.3. Let H be a real Hilbert space. Let for each i € {1, 2, ...,m}, F; : H — H be a kj-inverse strongly monotone operator

and U; : H — H be a p;-strongly quasi-nonexpansive operator where p; > 0 and such that I — U; is demiclosed at 0. Assume that
F = (N, FixU) NN, F,.’1 (0)) # 0. Let {x,,} be the sequence generated by xg, v € H and by

YW = — OO FyUixe, i=1,2,...m y
— 1,0 m o 3),3) (19)
Xn+t1=VYn V+Diz1Vn Yn Vn>0.

Let the sequences {5,(li)} and {yn(i)} satisfy the following conditions:

() ") C lai, bil € (0, 1) and Y o 1P =1,

(ii) limp—soo v =0and Y2, v =00,

(iii) {1 D"y C [ci, di] C (0, 2icy).

Then, the sequence {xp} converges strongly to P xv € F which is also a point in ﬂ',-"=1 VI(F;, Fix(Uy)).
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Proof. Since U; is pj-strongly quasi-nonexpansive operator with p; > 0, for each x* € F, we have:
1Uixa — x*1I7 < ll%n = x*11* = pillxn — Uixall. (20)

On substituting inequality (20) into inequality (7) in Theorem 3.1 and by similar arguments, we obtain the desired result. O

Remark 3.4. In [25], Tian and Jiang proved a weak convergence theorem (see Theorem 1.1) for finding zero points of an
inverse strongly monotone operator and fixed points of a nonexpansive operator in a Hilbert space. In this paper, we
generalized the result for finding common fixed points of a finite family of demi-contractive operators (as a general class
of operators) and of zero points of a family of inverse strongly monotone operators. We also proved a strong convergence
theorem, which is more desirable than weak convergence.

4. Applications
In this section, we present some application of our main result.
4.1. The multiple-set split feasibility problem

Let ‘H and K be real Hilbert spaces, A:H — K be a bounded linear operator and let {Ci}f:] be a family of nonempty
closed convex subsets in #H and {Q;}{_, be a family of nonempty closed convex subsets in K. The multiple-set split fea-
sibility problem (MSSFP) was introduced by Censor et al. (2005) [10], and is formulated as finding a point x* with the

property:

p r
x*eﬂC,- and Ax*eﬂQ,-.
i=1 i=1

Masad and Riech [24] studied the constrained multiple-set split convex feasibility problem (CMSSCFP). Let A;: H — I,
i=1,2,...,r, be r bounded linear operators and let 2 be another closed and convex subset of . The CMSSCFP is formulated
as follows:

p

find apoint x* € Q suchthat x*e ﬂC,- and A;(x*)eQ; foreachi=1,2,...,r

i=1
The multiple-set split feasibility problem with p =r =1 is known as the split feasibility problem (SFP), which is formulated
as finding a point x* with the property:

x*eC and Ax*eQ,

where C and Q are nonempty closed convex subsets of 7 and X, respectively. The split feasibility problem was introduced
by Censor and Elfving (1994) ([9]). It has attracted many authors attention due to its application in optimization problem
and signal processing. To solve the SFP, Byrne [3,4] proposed his CQ algorithm, which generates a sequence {x,} by

Xni1=Pc(I — AA*(I — P)A)x,

where A € (0, HAHZ) A* is the adjoint of A.

Now we present an algorithm for solving the multiple-set split feasibility problem when C; are the fixed point set of
nonlinear operators.

Theorem 4.1. Let H and K be two real Hilbert spaces. Let for each i € {1, 2, ...,m}, A; : H — K be a bounded linear operator and
Ti : H — H be a generalized nonexpansive mapping. Let {Q;}i, be a family of nonempty closed convex subsets in KC. Assume that

={x*e ﬂlmzl Fix(T;) : Aij(x*) € Q;, i=1,2,...,m}#0. Let {x,} be the sequence generated by xo, v € H and by
y = ( p®BYAF(I = Po)ANT xn, i=1,2,...m 1)
X1 =1 0v+ 3 Py vnx>o,

where T = otr,')l + (1 — a")T;. Let the sequences {a'}, (8"} and (1"} satisfy the following conditions:

(i) {yn‘”}c[a,,b]cw 1and Y oy(”
(ii) llmr,_)qo yn =0and ) ;2 ] y(o)

(ii)) {1V Bi") C lei.di) © O, 2),

(iv) {a} C [es, li] C (0, 1).

Then, the sequence {x,} converges strongly to P rv € F.
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Proof. Notice that A;x* € Q; if and only if x* € (A;*(I — PQi)Ai)_1(O). Putting F; = A;*(I — Pg,)A; we see that F; is

W—inverse strongly monotone operator (see [25] for details). We note that every generalized nonexpansive operator is
1

0-demi-contractive. Also, from Lemma 2.5 we know that I — T; are demiclosed at 0. Now, utilizing Theorem 3.1, we obtain

the desired result. O

4.2. Common solutions to a system of variational inequalities

Now, we present a strong convergence theorem for finding common solutions to a system of variational inequalities that
generalizes the result of Censor, Gibali, and Reich [11].

Theorem 4.2. Let H be a real Hilbert space. Let for each i € {1, 2, ..., m}, C; be a nonempty, closed convex subset of H and F; : H — H
be a k;-inverse strongly monotone operator. Assume that F = (\{L; VI(Fi, Ci) # . Let {xn} be the sequence generated by xo, v € H
and by

W == pOBPF)Pcxy, i=1,2,..,m

o N (22)
X1 =V + Yy yd, vnzo.

Let the sequences {,B,Si)} and {y,fi)} satisfy the following conditions:

(@) "} C lai. bil € 0. 1) and Yy 7P =1,
(ii) Timp oo 1@ = 0and 322, 1 = o0,

(iii) (D"} C [ci, di] € (0, 2ky).
Then, the sequence {x,} converges strongly to P rv € ﬂ?1=1 VI(F;, Cy).

Proof. We note that the metric projection P¢ is a 1-strongly quasi-nonexpansive operator. Now utilizing Theorem 3.3, we
obtain the desired result. O
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