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We construct examples of nondegenerate CR manifolds with Levi form of signature (p, q), 
2 ≤ p ≤ q, which are compact, not locally CR flat, and admit essential CR vector fields. 
We also construct an example of a noncompact nondegenerate CR manifold with signature 
(1, n − 1) that is not locally CR flat and admits an essential CR vector field. These provide 
counterexamples to the analogue of the Lichnerowicz conjecture for CR manifolds with 
mixed signature.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

Nous construisons des exemples de variétés CR non dégénérées avec une forme de Levi de 
signature (p, q), 2 ≤ p ≤ q, qui sont compactes, non localement CR plates et admettent des 
champs de vecteurs CR essentiels. Nous construisons également un exemple d’une variété 
CR non dégénérée et non compacte, de signature (1, n − 1), qui n’est pas localement CR 
plate et admet un champ de vecteurs CR essentiel. Ceci fournit des contre-exemples aux 
analogues de la conjecture de Lichnerowicz pour les variétés CR de signature mixte.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

A conformal vector field on a Riemannian manifold (Mn, g) is a vector field X whose flow acts by conformal diffeomor-
phisms. Such a vector field is essential if there is no smooth metric ĝ = e2ϒ g conformal to g that is preserved by the flow 
of X . For example, the infinitesimal generator of Euclidean dilations is an essential conformal vector field on Euclidean 
space, and the infinitesimal generator of the conjugation of Euclidean dilations with stereographic projection is an essential 
conformal vector field on the round sphere. A famous conjecture attributed to Lichnerowicz hypothesized that these are 
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the only Riemannian manifolds, up to conformal diffeomorphism, which admit essential conformal vector fields. This was 
verified by Obata [11] and Ferrand [3,4].

A CR vector field on a pseudohermitian manifold (M2n+1, J , θ) is a vector field X that preserves the contact distribution 
H := ker θ and the complex structure J on H . Such a vector field is essential if there is no contact form θ̂ = eϒθ that is 
preserved by the flow of X . For example, the infinitesimal generator of Heisenberg dilations on Hn and the infinitesimal 
generator of the conjugation of Heisenberg dilations with the Cayley transform are essential CR vector fields on Hn and 
the round CR (2n + 1)-sphere, respectively. Schoen [12] gave an alternative proof of the Lichnerowicz Conjecture that also 
implied that the only strictly pseudoconvex manifolds, up to CR diffeomorphism, that admit essential CR vector fields are 
the Heisenberg groups and the round CR spheres.

It is an interesting question to ask whether there are similar classifications of conformal and CR manifolds of mixed 
signature that admit essential vector fields. This question was posed explicitly by D’Ambra and Gromov [2] in the conformal 
category for closed manifolds, the reason being that noncompact counterexamples of Lorentzian signature were known. The 
CR analogue of their question is as follows.

Question A. Let (M2n+1, J , θ) be a closed nondegenerate pseudohermitian manifold which admits an essential CR vector field. 
Is (M2n+1, J , θ) locally CR flat?

In this note, we give a negative answer to Question A in the case when the Levi form has signature (p, q), p, q ≥ 2. 
Indeed, we construct infinitely many CR inequivalent examples. We also show that there are noncompact nondegenerate 
pseudohermitian manifolds with Levi form of signature (1, n − 1) that admit essential CR vector fields. Our counterexamples 
to Question A are heavily inspired by corresponding counterexamples in the conformal case given by Frances [5].

A negative answer to Question A is readily constructed using the Chern–Moser normal form [1], as we describe explicitly 
for the case of signature (2, 2). To that end, let w ∈ C and z ∈ C

4; we write z = (z1, . . . , z4). Set

h(z, z̄) = z1 z̄2 + z2 z̄1 + z3 z̄4 + z4 z̄3,

so that h is a nondegenerate Hermitian form of signature (2, 2). Define the real function r : C5 → R by

r(w, z) := 1

2 i
(w − w̄) − h(z, z̄) − |z1|4. (1.1)

Since z �→ |z1|4 is trace-free with respect to h, the work of Chern and Moser [1] implies that the level set M := r−1(0) is 
a nondegenerate CR manifold with Levi form of signature (2, 2) that is not locally CR flat. Next, note that for any α, β ∈ R, 
the linear action �α,β : C5 → C

5 defined by

�α,β(w, z1, z2, z3, z4) :=
(

e4β w,eβ z1,e3β z2,e4β−αz3,eαz4

)
fixes M and acts by homotheties of the contact form θ := Re(i∂r). In particular, with 4β < α < 0 fixed, �α,β generates a 
free Z-action with respect to which M \ {0} has compact quotient Mα,β ; note that Mα,β is diffeomorphic to S1 × S8. Since 
the one-parameter family φt := �0,−t commutes with �α,β , and hence descends to a CR flow on Mα,β , the infinitesimal 
generator X of φt is necessarily a CR vector field. Moreover, the (real) two-dimensional torus obtained as the image of the 
fixed set {w = z1 = z2 = z3 = 0} ⊂ M \ {0} is an attractor of the flow of φt on Mα,β . In particular, φt cannot even preserve a 
Borel measure which is nonzero on open sets, let alone a contact form (cf. [5]).

The above construction provides infinitely many geometrically-distinct counterexamples to Question A. To see this, define 
γ : C → M by

γ (z) = (0,0, z,0,0).

The map γ is compatible with the complex structure on M , meaning γ∗∂z ∈ T 1,0M and γ∗∂z̄ ∈ T 0,1M . The image of γ
is the unique integral surface of the image of the Chern tensor, regarded as a (1, 3)-tensor, with the property that it is 
�α,β -invariant. It turns out that γ can be given a CR invariant projective structure that is analogous to the conformally 
invariant projective structure on null geodesics [10]. Using this structure, one can show that the quotients Mα,β and Mα̃,β̃

are CR inequivalent when β 	= β̃ .
To negatively answer Question A in the case when the Levi form has signature (p, q), p, q ≥ 2, we replace h by the 

nondegenerate Hermitian form

h(z, z̄) = z1 z̄2 + z2 z̄1 + z3 z̄4 + z4 z̄3 +
p+2∑
j=5

z j z̄ j −
p+q∑

k=p+3

zk z̄k

of signature (p, q) on Cp+q and modify the linear action �α,β so that z j �→ e2β z j for 5 ≤ j ≤ p +q. With these modifications, 
the rest of the above argument carries through.
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The essential ingredient in the above argument is the existence of a signature (p, q) hypersurface in the Chern–Moser 
normal form, which is not locally CR flat and admits two commuting non-isometric homotheties, one of which induces 
a cocompact free Z-action and one of which has a nontrivial fixed set. The former homothety yields a compact quotient, 
while the infinitesimal generator of the latter homothety is an essential CR vector field. While our construction does not 
yield a negative answer to Question A with Levi form of signature (1, n − 1), it does yield a negative answer for noncompact 
manifolds: By considering the defining function and group actions on C3 obtained by omitting the variables z3 and z4, one 
obtains a non-isometric homothety that fixes the origin, and thus its infinitesimal generator is an essential CR vector field.

Theorem A. For any p, q ≥ 2, there exist infinitely many pairwise inequivalent non-flat CR structures of signature (p, q) on S1 ×
S2p+2q that admit an essential CR vector field. Moreover, there is a non-flat CR structure of signature (1, n −1) on R ×C

n that admits 
an essential CR vector field.

We conclude by pointing out that our example M := r−1(0) with defining function (1.1) is a CR manifold with submaxi-
mal symmetry dimension [6]. This gives a further parallel to the conformal counterexamples found by Frances; indeed, the 
results of Kruglikov and The [7, §5.1.1] imply that Frances’ metric [5, (1)] has submaximal conformal symmetry dimension. 
In the special case M ⊂C

3 with defining function (1.1), this example is known as the Winkelmann hypersurface [13].
The rest of this note is organized as follows: In Section 2, we describe an invariant projective structure on null geodesics 

in nondegenerate CR manifolds. In Section 3, we use this structure to complete the proof of Theorem A.

2. An invariant projective structure on null geodesics

In this section, we show that if a CR manifold (M2n+1, J ), n ≥ 2, locally admits pseudo-Einstein contact forms, then 
any complex null geodesic in M carries a CR invariant projective parameterization. The former assumption means that, for 
any point p ∈ M , there is a neighborhood of p on which a contact form θ for (M2n+1, J ) can be chosen such that the 
pseudohermitian Ricci curvature Rαβ̄ and the Levi form Lθ of θ are proportional. This assumption allows us to easily adapt 
the construction by Markowitz [10] of a conformally invariant projective structure on null geodesics.

A complex null curve in M is a complex curve γ : U → M , U ⊆C open, for which

(1) γ ′ := γ∗∂z takes its values in T 1,0, and
(2) γ ′ is null with respect to Lθ .

Thus γ̄ ′ := γ∗∂ z is also null. Note that if w : C →C is a holomorphic change of variables, then γ ◦ w is also a complex null 
curve.

Suppose that Z ∈ �
(
T 1,0

)
is a section of T 1,0 such that [Z , Z̄ ] = 0. This implies that Z is null with respect to Lθ and that 

the distribution D := Re〈Z〉 is an integrable rank-two distribution. A leaf of D can be given a parameterization that makes 
it a complex null curve.

A complex null geodesic of (M, θ) is a complex null curve γ such that

∇γ ′γ ′ = uγ ′, ∇γ̄ ′γ ′ = 0 (2.1)

for some holomorphic function u along γ ; i.e. we require that (2.1) holds for some complex-valued function u defined along 
γ that satisfies γ̄ ′u = 0. This notion is clearly invariant under holomorphic change of variables. An affine parameterization of 
γ with respect to θ is a reparameterization w = w(z) such that

∇γ̇ γ̇ = 0,

where dots denote differentiation with respect to w . One readily checks that this occurs if and only if

w ′′

w ′ = u,

where primes denote differentiation with respect to z. Since u is holomorphic along γ , such a parameterization always 
exists locally.

A key point is that complex null geodesics are secondary invariants; i.e. if γ is a complex null geodesic with respect to a 
pseudo-Einstein contact form θ for (M, J ), then γ is a complex null geodesic with respect to any pseudo-Einstein contact 
form for (M, J ). To see this, recall that Lee [8] showed that for any vector fields Z , W ∈ �

(
T 1,0

)
, if θ̂ = eϒθ , then

∇̂W Z = ∇W Z + W (ϒ) Z + Z(ϒ) W ,

∇̂W̄ Z = ∇W̄ Z − h(Z , W̄ )∇1,0ϒ,

where h is the Levi form associated with θ . In particular, if γ : C → M is a complex null curve, then
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∇̂γ ′γ ′ = (
u + 2ϒ′)γ ′,

∇̂γ̄ ′γ ′ = 0.

If θ̂ and θ are pseudo-Einstein, then ϒ is CR pluriharmonic [9], and hence

γ̄ ′ϒ′ = (γ ′)α(γ ′)β̄ϒαβ̄ = (γ ′)α(γ ′)β̄ϒρ
ρhαβ̄ ,

where we use abstract index notation to denote by ϒα the (1, 0)-part of dϒ and by ϒαβ̄ the (0, 1)-part of the covariant 
derivative of ϒα with respect to the Tanaka–Webster connection. Since γ is null, we see that ϒ′ is holomorphic. This verifies 
that complex null geodesics are secondary invariants. However, their affine parameterizations are not CR invariant. Instead, 
if z is an affine parameter for γ with respect to θ , then a solution ẑ = ẑ(z) to

ẑ′′

ẑ′ = 2ϒ′, (2.2)

is an affine parameter for γ with respect to θ̂ .
Let

{p, z} = p′′′

p′ − 3

2

(
p′′

p′

)2

denote the Schwarzian derivative of p(z), where primes denote differentiation with respect to z. Recall that {p, z} = 0 if and 
only if p = (az + b)/(cz + d) for some ad − bc 	= 0. Recall also the Chain Rule

{p, w} = ({p, z} − {w, z})(
dz

dw

)2

. (2.3)

We say that p is a projective parameter for γ if

{p, z} = 2 i (γ ′)α(γ ′)β Aαβ, (2.4)

where z is an affine parameter for γ with respect to θ and Aαβ denotes the Tanaka–Webster torsion of θ . Equations (2.3)
and (2.4) imply that the notion of a projective parameter is well defined independently of the choice of affine parameter 
and that the projective parameter is uniquely determined up to projective equivalence.

We now show that the projective parameterization p is CR invariant. To that end, let θ and θ̂ = eϒθ be two contact 
forms and let z and ẑ be affine parameterizations for γ with respect to θ and θ̂ , respectively. By (2.2), it holds that

ẑ′′

ẑ′ = 2ϒ′,

and hence

ẑ′′′

ẑ′ = 2ϒ′′ + 4(ϒ′)2.

Since z is an affine coordinate, ϒ′′ = (γ ′)α(γ ′)βϒαβ . Moreover, we have that

{ẑ, z} = 2
(
ϒ′′ − (ϒ′)2).

Now let p̂ and p be projective parameterizations of γ with respect to θ and θ̂ , respectively. Using the Chain Rule (2.3), we 
deduce that{

p̂, p
} =

({
p̂, ẑ

} − ({p, z} − {
ẑ, z

})(
dz

dẑ

)2
)(

dẑ

dp

)2

= 2 i

(
(γ̂ ′)α(γ̂ ′)β Âαβ −

(
(γ ′)α(γ ′)β Aαβ + i

(
ϒ′′ − (ϒ′)2

))(
dz

dẑ

)2
)(

dẑ

dp

)2

,

where the second equality uses (2.2). Recall that the pseudohermitian torsion transforms by [9]

Âαβ = Aαβ + iϒαβ − iϒαϒβ.

Inserting this into the previous display yields

{p̂, p} = 0;
that is, the projective parameterizations agree.
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Finally, note that the above construction is purely local. In particular, if θ and θ̂ are two pseudo-Einstein contact forms 
defined in a neighborhood V of a point on a complex null geodesic γ , then the projective parameterizations of γ ∩ V
determined by θ and θ̂ are projectively equivalent. These local projective parameterizations combine to give a projective 
structure on the whole of γ .

3. Proof of Theorem A

We prove Theorem A in the case n = 4; proofs of the other cases follow analogously. Let M = R ×C
4 and set

θ = 1

2
dt + i

2
(z1 dz̄2 + z2 dz̄1 + z3 dz̄4 + z4 dz̄3 − z̄1 dz2 − z̄2 dz1 − z̄3 dz4 − z̄4 dz3) − i

(
z1 z̄2

1 dz1 − z2
1 z̄1 dz̄1

)
.

Let {T , Z1, . . . , Z4} be the basis dual to the admissible coframe {θ, dz1, . . . , dz4}; i.e. T = 2∂t and

Z1 := ∂z1 + i
(

z̄2 + 2z1 z̄2
1

)
∂t,

Z2 := ∂z2 + i z̄1 ∂t,

Z3 := ∂z3 + i z̄4 ∂t,

Z4 := ∂z4 + i z̄3 ∂t .

We define Z̄ j , j ∈ {1, 2, 3, 4}, by conjugation; e.g. Z̄2 = ∂ z2 − iz1∂t . With T 1,0 the span of {Z1, . . . , Z4} and T 0,1 its conjugate, 
we see that (M, J , θ) is the pseudo-Hermitian manifold M = r−1(0) with contact form i ∂r described in the introduction.

In terms of the coframe {θ, dz1, . . . , dz4}, one readily checks that θ is a torsion-free contact form and that the only 
nonvanishing Tanaka–Webster connection one-form ωα

β is

ω1
2 = 4z̄1 θ1. (3.1)

It readily follows that

R1
2

11̄ = −4 (3.2)

and all other components of the curvature Rα
β
ρσ̄ of θ vanish. Therefore the pseudo-Hermitian Ricci tensor Rαβ̄ := Rγ

γ
αβ̄

of θ vanishes identically. Hence θ is pseudo-Einstein and the Chern tensor Sα
β
ρσ̄ , which is the obstruction to θ being 

locally CR flat, agrees with Rα
β
ρσ̄ . We thus verify that (M, θ) is not locally CR flat.

Recall that the Chern tensor Sα
β
ρσ̄ is CR invariant. Consider it as a map S : �

(
T 1,0 ⊗ T 1,0 ⊗ T 0,1

) → �
(
T 1,0

)
by

(Uα, V γ , W σ̄ ) �→ Sα
β
γ σ̄ Uα V γ W σ̄ .

From (3.2), we conclude that the image of the Chern tensor of (M, θ) is the complex span of Z2. Consider the leaves of 
the corresponding rank-two real distribution Re 〈Z2〉, which are necessarily complex null curves. Since ω2

β = 0 for all β , 
we conclude that the leaves are in fact complex null geodesics. Of these leaves, only F := {(0,0, z2,0,0) | z2 ∈ C \ {0}} is 
invariant under �α,β . Thus Mα,β := M/�α,β admits a unique closed leaf Fα,β of the real distribution obtained as the real 
part of the image of the Chern tensor. Furthermore, since θ is torsion-free, z2 is the projective parameter of F .

While θ is not �α,β -invariant, and hence does not descend to Mα,β , it does induce a pseudo-Einstein contact form on 
any sufficiently small open set in Mα,β . In particular, Mα,β locally admits pseudo-Einstein contact forms. It follows from 
Section 2 that Fα,β has a canonical projective structure; indeed, it is the projective structure induced from the projective 
structure on F after taking the quotient by �α,β .

Suppose now that Mα,β and Mα̃,β̃ are CR equivalent. Then the uniquely-determined complex null geodesics Fα,β

and Fα̃,β̃ are projectively equivalent. Since the lifts of the respective projective structures to F agree, we conclude that 

C
∗/{z �→ e3β z} and C∗/{z �→ e3β̃ z} are projectively equivalent. As β, β̃ < 0, this implies that β = β̃ . This completes the proof 

of Theorem A.
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