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r é s u m é

Dans cette note, nous donnons une caractérisation des seuils log canoniques à poids de 
fonctions pluri-sous-harmoniques. En guise d’application, nous démontrons une inégalité 
pour les seuils log canoniques à poids et les masses de Monge–Ampère.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Notation and main result

Let r > 0 and let �n
r be the polydisc of center 0, radius r. A function ϕ : �n

r → [−∞, +∞) is said to be plurisubharmonic 
if ϕ is upper semicontinuous and if, for every complex line l in Cn , the restriction of u to l ∩ �n

r is either subharmonic or 
≡ −∞. We denote by P S H(�n

r ) the set of plurisubharmonic functions defined on �n
r . In this note, we are interested in the 

characterization of the singularity of ϕ near 0 as a quantitative way of measuring such a singularity. Namely, we will prove 
the following.
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Theorem 1.1. Let t ∈ N and ϕ ∈ P S H(�n
4) ∩ L∞

loc(�
n
4\{0}). Then,∫

�n
1

‖z‖2te−2ϕdV 2n < +∞

if and only if, for every ε > 0, there exists λ ∈ �ε\{0} such that

n∑
k=1

∫

�n−1
1

|λ|2t+2e−2ϕ(z1,...,zk−1,λ,zk,...,zn−1)dV 2n−2(z′) < ε.

Put dc = i
2π (∂ − ∂), so that ddc = i

π ∂∂ . According to the fundamental work of Bedford and Taylor [2], the complex 
Monge–Ampère operator (ddc·)n is well defined over the class of locally bounded plurisubharmonic functions. Assume that 
t ∈N and ϕ ∈ P S H(�n

4) ∩ L∞
loc(�

n
4\{0}). The weighted log canonical threshold of ϕ at 0 is defined to be

ct(ϕ) := sup{c ≥ 0 : ‖z‖2te−2cϕ is L1 on a neighborhood of 0.

For more detailed information, we refer the reader to [1–13]. As a corollary of Theorem 1.1, we have the following estimate.

Corollary 1.2. If ϕ = 0 on ∂�n
1 and (ddcϕ)n = δ0 on �n

1 then

ct+1(ϕ) ≥ ct(ϕ) + (n − 1)n−1

ct(ϕ)n−1 .

Here, δ{0} is the Dirac measure at 0.

2. Proof of Theorem 1.1

First, we need the following.

Lemma 2.1. Assume that {λ j} ⊂C\{0} and F j(z) := ∑
α∈Nn a j,αzα are holomorphic functions in �n

r such that

lim
j→∞

λ ja j,α = 0, ∀α ∈N
n.

Then, for every t ∈ N, there exist δ ∈ (0, r) and m ∈N
∗ such that

δ|zn|t ≤
m∑

j=1

|zt
n + (zl − λ j) F j(z)| + ‖z‖t+1, ∀z ∈ �n

δ .

Proof. Let E be the subspace of the space of polynomials of degree ≤ t that is generated by {P j}, where

P j(z) :=
∑

α∈Nn,|α|≤t

λ j a j,α zα, z ∈C
n.

Since E is a finite-dimensional space, there exist j1, . . . , jk ∈ N
∗ such that {P j1 , . . . , P jk } is a basis of E . Then, for every 

j ≥ 1, there exist unique complex numbers x j1 ( j), . . . , x jk ( j) such that

P j(z) =
k∑

s=1

x js ( j)P js (z), z ∈C
n. (2.1)

Since lim j→∞ λ ja j,α = 0, ∀α ∈N
n , we infer that

lim
j→+∞

x js ( j) = 0, ∀s = 1, . . . ,k.

Hence, there exists a positive integer number m such that m > max1≤s≤k js and

k∑
s=1

|x js (m)| ≤ 1

2
. (2.2)

We set
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ε := min

(
r, min

1≤ j≤m

|λ j|
2

)
.

Let z ∈ �n
ε and fix z. Using (2.1) and (2.2) we get

m∑
j=1

|zt
n + (zn − λ j)F j(z)|

≥
∣∣∣∣∣[zt

n + (zn − λm)Fm(z)] +
k∑

s=1

x js (m)[zt
n + (zn − λ js )F js (z)]

∣∣∣∣∣

≥ 1

2
|zn|t −

m∑
j=1

|zn F j(z)| −
m∑

j=1

∣∣∣∣∣∣
∑

α∈Nn,|α|≥t+1

λ j a j,α zα

∣∣∣∣∣∣
≥ 1

2
|zn|t −

m∑
j=1

|zn F j(z)| − A‖z‖t+1,

(2.3)

where A is a positive constant that does not depend on z. Moreover, for j = 1, . . . , m, we have the estimate:

|zn F j(z)| ≤
∣∣∣∣ zn[zt

n + (zn − λ j)F j(z)]
zn − λ j

∣∣∣∣ +
∣∣∣∣ zt+1

n

zn − λ j

∣∣∣∣
≤ 2ε

|λ j| |z
t
n + (zn − λ j)F j(z)| + 2

|λ j| ‖z‖t+1.

Combining this with (2.3) we infer

1

2
|zn|t ≤

m∑
j=1

|zt
n + (zn − λ j)F j(z)| +

m∑
j=1

|zn F j(z)| + A‖z‖t+1

≤
m∑

j=1

(
1 + 2ε

|λ j|
)

|zt
n + (zn − λ j)F j(z)| +

⎛
⎝A +

m∑
j=1

2

|λ j|

⎞
⎠‖z‖t+1.

This implies that there exists δ ∈ (0, ε) such that

δ|zn|t ≤
m∑

j=1

|zt
n + (zn − λ j)F j(z)| + ‖z‖t+1, ∀z ∈ �n

δ

which is what we wanted to prove. �
We now are able to give a proof of Theorem 1.1.

Proof. Without loss of generality, we can assume that ϕ < 0 in �n
3.

Necessity. Let ε ∈ (0, 1). By Fubini’s theorem, we have:

∫
�ε

|λ|−2

⎡
⎢⎢⎣

n∑
k=1

∫

�n−1
1

|λ|2t+2e−2ϕ(z1,...,zk−1,λ,zk,...,zn−1)

⎤
⎥⎥⎦dV 2n−2(z′)dV 2(λ)

≤ n

∫
�n

1

‖z‖2te−2ϕdV 2n < +∞.

Since 
∫
�(0,ε)

|λ|−2dV 2(λ) = +∞, this implies that there exists λ ∈ �ε\{0} such that

n∑
k=1

∫

�n−1
1

|λ|2t+2e−2ϕ(z1,...,zk−1,λ,zk,...,zn−1)dV 2n−2(z′) < ε.

Sufficiency. Let ε j > 0 be such that ε j ↘ 0 as j ↗ +∞. From the hypotheses, we infer by the proof of Lemma 2.2 in 
[10] that there exist λ j,k ∈C\{0} and holomorphic functions F j,k , G j,k defined on �n satisfying
1
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(i)
∫
�n

1
|F j,k|2e−2ϕdV 2n < +∞;

(ii) F j,k(z) = zt
k + (zk − λ j,k) G j,k(z);

(iii) G j,k(z) = ∑
α∈Nn a j,k,αzα with |λ j,ka j,k,α | ≤ ε j, ∀α ∈N

n .

It is easy to see that

lim
j→+∞

λ j,ka j,k,α = 0, ∀α ∈ N
n, ∀k = 1, . . . ,n.

According to Lemma 2.1, there exist δ ∈ (0, r) and m ∈N
∗ such that

δ|zk|t ≤
m∑

j=1

|zt
k + (zk − λ j,k)G j,k(z)| + ‖z‖t+1, ∀z ∈ �n

δ , ∀k = 1, . . . ,n.

This implies that

‖z‖2t ≤ C
m∑

j=1

n∑
k=1

|F j,k(z)|2, ∀z ∈ �n
δ ,

where C is a positive constant which does not depend on z. Hence, we conclude by (i) that∫
�n

δ

‖z‖2te−2ϕdV 2n < +∞.

This completes the proof of Theorem 1.1 because ϕ is bounded on �n
1\�n

δ . �
3. Proof of Corollary 1.2

By the inequality (1.4) in [5], we have

ct(ϕ) ≥ n(∫
{0}(ddcϕ)n

) 1
n

= n.

Therefore, it remains to prove that

ct+1(ϕ) ≥ c + (n − 1)n−1

cn−1 , ∀c ∈ (n − 1, ct(ϕ)).

Fix c ∈ (n − 1, ct(ϕ)). Since ϕ is locally bounded on �n
4\{0}, it follows that∫

�n
1

‖z‖2te−2cϕdV 2n < +∞.

Let {ε j} ⊂ (0, 1) be such that ε j ↘ 0 as j ↗ +∞. By Theorem 1.1, we can find λ j ∈ �(0, ε j)\{0} such that

n∑
k=1

∫

�n−1
1

|λ j|2t+2e−2cϕ(z1,...,zk−1,λ j ,zk,...,zn−1)dV 2n−2(z′) < ε j.

Let λ ∈ �1 and define

ϕk(λ) =
∫

�n−1
1

ψk,λ(ddcψk,λ)
n−1,

where

ψk,λ(z′) := ϕ(z1, . . . , zk−1, λ, zk, . . . , zn−1), z′ ∈ �n−1
1 .

It is easy to see that ψk,λ ∈ E1(�
n−1
1 ) for all λ ∈ �1\{0}. Since (ddcϕ)n = δ{0} in �n

1, Theorem 3.1 in [1] implies that 
ddcϕk = δ{0} in �1, and hence,

ϕk(λ) = log |λ|, ∀λ ∈ �1.
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Now, fix δ ∈ (c, c + (n−1)n−1

cn−1 ). Since c < δ < c + c
n , by Lemma 2.4 in [9] we have the estimate

∫

�n−1
1

e
−2δψk,λ j dV 2n−2 ≤ A + ε j|λ j|−2t−2

2(δ − c)
e2(δ−c)(− log |λ j |)cn−1n−n+1

+ A
(
1 + 2n(− log |λ j|) δn(n − 1)−n)n−2 (

nc(n − 1)−1 − δ
)−1

e2(δ−c)(− log |λ j |)cn−1n−n+1

+ A
(n − 1)2

δ(n + 1)

+∞∫
0

(1 + 2x)n−2e−2(n−1)xdx,

where A is a positive constant which only depends on n. Hence,

lim
j→+∞

n∑
k=1

∫

�n−1
1

|λ j|2t+4e−2δϕ(z1,...,zk−1,λ j ,zk,...,zn−1)dV 2n−2(z′)

= lim
j→+∞

n∑
k=1

∫

�n−1
1

|λ j|2t+4e
−2δψk,λ j dV 2n−2 = 0.

Applying Theorem 1.1 we infer that∫
�n

1

‖z‖2t+2e−2δϕdV 2n < +∞.

This implies that

ct+1(ϕ) ≥ c + (n − 1)n−1

cn−1 , ∀c ∈ (n − 1, ct(ϕ)).

The proof is complete.
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