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RESUME

On reformule les conditions aux limites de Dirichlet satisfaites par le champ de déplace-
ments de la surface moyenne d’une coque linéairement élastique comme des conditions
aux limites satisfaites par les champs de tenseurs linéarisés de changement de métrique et
de coubure correspondants. Ceci permet ensuite de donner une formulation intrinséque du
modéle linéaire de coques de W.T. Koiter avec ces deux champs de tenseurs comme seules
inconnues.
© 2018 Académie des sciences. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Preliminaries and main result

Latin, resp. Greek, indices vary in {1, 2, 3}, resp. in {1, 2}, and the summation convention with respect to repeated indices
is used in conjunction with these rules.

The notations E3, S?, and A3, respectively designate the three-dimensional Euclidean space, the space of all real 2 x 2
symmetric matrices, and the space of all real 3 x 3 antisymmetric matrices. The inner product, vector product, and Euclidean
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norm in E? are respectively denoted by -, A, and |-|. A generic point in R? is denoted y = (y,) and partial derivatives of
] 32
the first and second order are denoted 9y := —— and dyp = ————.
Yo dy*dyP

Let @ C R? be a non-empty connected open set whose boundary y := dw is of class C? (in the sense of [8]), let yp C ¥
be a non-empty relatively open subset of ¥, and let 8 € C3(@; E*) be an immersion.

Consider a linearly elastic shell with middle surface

S:=6(w)

and thickness 2¢ > 0, made of an elastic material characterized by two Lamé constants A > 0 and u > 0, subjected to applied
forces whose density per unit area of its middle surface is a vector field p® € L?(w; E?), and subjected to a homogeneous
boundary condition of place along the part of its lateral face whose mid-section is the curve

0(yo).

Then, according to Koiter [7], the classical formulation of the two-dimensional displacement-traction problem for such a
shell takes the form of the following quadratic minimization problem: the unknown displacement field of the middle surface
of the shell is the unique minimizer of the quadratic functional j: V(w) — R, where

V(o) :={n:=nia' € C*@; E); ni=0y13=0o0n yp},
3
. & &
) :=/a“ﬁ‘“" <5Vo¢(n)yaﬁ(ﬂ) + EPU(#(”)DO{/S(W)) Vady — f p®-n/ady forally € V(w).
w w
Here and in the sequel, a' € C2(@; E3) denote the vector fields of the contravariant bases along the surface 6 (@), which are
defined by the relations
a-aj=siinw,
where

aANa
a, = 0,0 and a3 := Rullbech
lay A ay]
denote the vector fields of the covariant bases along the surface 6 (w),
Yy
A+20

denote the contravariant components of the two-dimensional elasticity tensor of the shell,

a®Poe .— a’®a®f + 24 (a*°aP? + a*%aP?) € C* (@), wherea®” :=a® - af e C*(@),

1 _
Yap () = 5 (@l - @ + 91 - 6) € C' @),

resp.

Pap) = (dapn — Teg001) - a3 € CO@),

denote the covariant components of the linearized change of metric, resp. of curvature, tensor field associated with the
displacement field § = n;a’ of the surface 6 (w),

I :=04p0 -a° €C' (@)
denote the Christoffel symbols of the second kind associated with the immersion €, and

Jady, wherea := det(aqp) € C](E) and agp =0y - Qg € ¢! (w),

denotes the area element along the surface 6 ().
It is well known that the extension by continuity of the functional j to the larger space V (w), defined as the completion
of V(w) with respect to the natural norm associated with j, has a unique minimizer in V (w); cf. [1] or [2] (see also [3]).
The objective of this paper is to provide an intrinsic formulation of the above displacement-traction problem for linearly
elastic shells. This new formulation consists in replacing, in the above minimization problem, the unknown 5 by the new
unknowns (cyg) and (rqg), where

Cap :=Yap(M) and ryg := pap(N).
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This replacement is made possible thanks to a well-known infinitesimal rigid displacement lemma, asserting that the linear
mapping

Fine V(@) — F) = ((Cap), (rap)) € C' @;S*) x C°@; )
is injective; see, e.g., [3]. Thus the unknown 3 can be replaced in the classical formulation of Koiter'’s model in terms of the
new unknowns (cyg) and (rqg) by

n=g ((Caﬂ» (raﬁ)) ,

where G denotes the inverse of the bijective linear mapping 5 € V (w) — F() € V(w), where

V(w) :={F@); n eV}
The main result of this Note is the following explicit characterization of the space V(w), to which the new unknowns (cyg)

and (rqp) belong.

Theorem 1. Let @ C R? be a non-empty, simply-connected open set whose boundary is of class C?, let yo C dw be a non-empty
relatively open connected subset of the boundary dw of w, and let 8 € C3(w; E*) be an immersion.

Let the functions T € C' (yo), v* € C1(y0), kg € C°(J0), kn € C(y0), and T4 € CO(y0), respectively denote the contravariant
components of the unit tangent vector, the contravariant components of the unit inner normal vector, the geodesic curvature, the
normal curvature, and the geodesic torsion, along the curve 6(yp) (cf. Section 2).

Given any matrix fields (cap) € C1(@; S?) and (rqp) € CO(@; S?), define the distributions

Space = - - RY, —RY, —b —b
paoy = Coalpp T+ Coplac — Cpalpo — Coplag T RaopCpy — RigsyCay — Dpalop — DopToa
+boalpp +bpsroa € D'(w),
S3a(r(p = bg (Couplgo + Coyla — C(palw) - bg (Caylo + Coyla — Coaly) — Toalp +Tpalo € D' (w),

where the functions
RYop =00 Tap — dp Tl + T Ty — Dao Ty, € CO@)

denote the mixed components of the Riemann curvature tensor associated with the immersion 6.
Then the space V(w) is given by

V(w) = {((cap). (rap)) € C' @; S?) x C°(@: S?); Spacy =0and Szaee =0in D' (w),
capTTP =0 and copio T (2P 77 — TPV7) + KkgCapv®v? =0 on yo,
rapTt? =0 and reptvf —capv® (26a7P +70Ff) =0 on ), O

Theorem 1 is established by combining Theorem 2 (below) and Theorem 3 (Section 3). Since Theorem 2 is a simple
consequence of Theorems 4.1 and 5.1 in [4], its proof is not given here.

Theorem 2. Let  C R? be a non-empty connected open set and let § € C3(@; E3) be an immersion. Then:
() If n € C*(w; B3), the functions cqp := Yap(N) € C1 () and rop := pap(n) € CO(w) satisfy the equations:

Space =0 and S3pgp =0 in D' (@),

where the functions Sgae ¢ and S3we are defined in terms of cqp and rq g as in Theorem 1.
(b) If the functions cqp € Cl(w) and Tap € C%w) satisfy the equations

Space =0 and S3pgep =0 in D' (w),

and if w is simply-connected, then there exists a vector field § € C?(w; E?) such that

Cap = Vaﬁ('l) and Tap = paﬂ(’?) inw.

(c) If the boundary of w is of class C?, the results of (a) and (b) hold “up to the boundary”, in the sense that (a) holds for 3 €
C?(w; E3), in which case the corresponding functions cg, g and ryp belong respectively to the spaces C (@) and C°(®), and (b) holds
forcqp € Cl(w) and Tap € C%(®), in which case the corresponding vector field y belongs to the space C*(w; E3). O
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2. Geometry of curves on a surface with boundary

More details about the geometry notions used in this section can be found in [9].
Let @ c R? be a nonempty connected open set whose boundary y := dw is of class C?> and let 6 € C3(w; E?) be an
immersion. Then

S=0@)

is a surface with boundary in E3 and the boundary 6 (y) of S is a curve, or a finite union of curves, of class C2. For definiteness,
we consider this curve oriented by means of the inner normal vector field to the boundary of w; this means that its unit
tangent vector

T(y) =71%(y)aq(y)

at any point 0(y), y € dw, has the property that the vector (—72(y), T'(y)) € R?, which is normal to the curve y at y € y,
is oriented towards the interior of w.

The covariant components of the first and second fundamental forms associated with the immersion @ are respectively
denoted and defined by
010 A 020
[010 A 320|

The Darboux frame at a point 8(y), y € y, of the boundary of S is the orthogonal basis in E* formed by the three vectors
7(y), v(¥), and as3(y), where 7(y) is the positively-oriented unit vector tangent to #(y) defined above,

910(y) A 320(y)
[010(y) A 820(y)]
is a unit vector orthogonal to S at 6(y), and

dop == 80,0 . 3/50 and baﬁ = 8aﬁ0 .

as(y):=

v(y) =a3(y) AT(y)

is a unit vector in the tangent plan to S at #(y) that is orthogonal to the boundary of S at 6(y).
The geodesic curvature kg : y — R, the normal curvature k, : y — R, and the geodesic torsion 7y : y — R, of the curve
0(y) are respectively defined at each point y € y as the scalars

Kg(¥) :=0:T(Y) - v(¥) =—T(y) - 3zv(}),
Kn(y) :=07T(Y) -a3(y) = —T(y) - 9za3(y),
Tg(¥) = 0w (y) -a3(y) = —v(y) - 9z a3(y),

where the notation d;T(y) denotes the derivative at 6(y) of the vector field T with respect to the arclength abscissa along
the curve 6(y).
Note that, for any extension (still denoted ) of T of class C! in a neighborhood of y, we have

3 T(Y) =T1%(¥)duT(y) forally e y.

Let § = nia; € C?(w; E?) denote a vector field on the surface S = @(w). For each t € R, define the mapping 0(t) €
C?(@; E?) by

0(t):=0 +tninw.

Then a simple compactness argument shows that there exists § > 0 such that, for each t € [—§, §], the mapping 0(t) is
an immersion. For such t, the image

S() :=0()(®)

is a surface with boundary in E3 and the image 0(t)(y) by 6(t) of y = dw is a curve, or a finite union of curves, on this
surface. Hence the geodesic curvature kg (t)(y), the normal curvature k,(t)(y), and the geodesic torsion T4 (t)(y), of the curve
a(t)(y) at 6(t)(y), y € v, are defined as above in terms of the Darboux frames {T (t)(y), v(t)(y), as(t)(¥)}, y € y.

Then the linearized change of length Aa¢(3) : y — R, the linearized change of geodesic curvature Akg(n) : y — R, the
linearized change of normal curvature Aky(n) : v — R, and the linearized change of geodesic torsion Atg(n): Y — R, associated
with the vector field § € C?(w; E?) are respectively defined at each point y € y as the scalars (note that aaﬂr"‘rﬂ =
T2 =1)
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im oaph o p im o ()P
Aac () (y) 5:}%i[aaﬂ(t)f TP —agptt ](Y):tll_%i(aaﬁ(t)(}’)f TPy —1),
o1
Atcg()(y) := lim = (kg®O)(Y) —Kkg(¥)).
o1
Akn(M(Y) = tll_l)% I (kn(®)(Y) — kn(¥)) ,

1
ATg()(y) = lim 7 (te®OW) — g().

Finally, the covariant components of the first and second fundamental forms associated with the immersion 0(t) are re-
spectively defined by

Agp(t) := 3B (t) - 9p0(t) and bup(t) := 0apf(t) - a3(t) in @,

and the linear change of metric tensor field (yup())) : @ — S? and the linear change of curvature tensor field (Pap(M) : 0 — S?
associated with the displacement field n of the surface S =0 (w) are respectively denoted and defined at each point y € @
by

1 1
Yap(M(Y) :=lim = (0ap (DY) = dap(y)) and pap)(y) := im - (bep () = bap (¥).

The following two lemmas play an essential role in the proof of Theorem 3 (Section 3), which itself play an essential
role in the proof of our main result, Theorem 1 (Section 1).

Note that, as expected, the expressions found in Lemma 1 for the components yys()) and pup(n) as defined above
coincide with the classical ones; cf,, e.g., [3].

Lemma 1. Let @ C R? be a non-empty connected open set with a boundary y of class C?, let § € C3(@; E3) be an immersion, and let
1 € C%(@; E) be a vector field. Then

1 R
Yap(1) = 5@l - a5 + 351 - 8a) and pus() = (3upn = TG40 - a3 in @,

and
Aar(m) =0;p-Tony,
Akg() =070z - V) —Kg(d¢N - T) — Tg(dr ) - @3) + kn(dpn -@3)0on Yy,
Akn()) = 07 (0 - a3) — kn(3zN - T) + Tg (0 M - V) — kg(dpn -@z) ony,
ATg()) = 0¢(3yN - A3) — Tg(3z M - T) — k(M - V) +Kkg(dzM -a@z)ony,
where
T=1%y, v=1%,, and az:= M,
lar A ay]

denote the vector fields that constitute the Darboux frames associated with the curve 6(y ), and

Ay =040, 9;:=1%, and 9y := V¥0y.
Furthermore, the following relations hold:
Aaz () = Yap(T¥TP ony,
Akg() = YapMo T (20°77 = TPv7) + kg Vapm) (V¥ VP —27%CF) ony,
Akn(n) = paﬂ(n)r“rﬂ — 2Knyaﬂ(n)t°‘tﬂ ony,
ATg()) = Pap(MTVP = Yap) [2b2TVF + 74 (t¥TF +1*vF)] ony,

where

Yas (Mo =36 Yap) — Lo Vep(M) — T 4Tag () in@

denotes the covariant derivatives of the components of the twice-covariant tensor (Yo pg(1)).
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Proof. The first two relations are well-known in the theory of linearly elastic shells (see, e.g., [3]).
The next four relations follow from the definitions of the limits Aa¢ (), Akg(®), Akn(R), and Atg(n), combined with
the relations

1
tling] ;(r(t) —T)=(9:-v)V+ (3;-az)azony,
1
tlin’(l] ?(v(t) —V)=—(0¢0-V)T + (dy7y -az)az on y,

.1 _
t]fé ?(a3(t) —a3) =—(9s1-a3)a’ = —(9; 0 - a3)T — (3yN - @3)v ON O,

where (t,v,a3) denotes the Darboux frame associated with the curve 6(y), and (T (t), v(t), as(t)) denotes the Darboux
frame associated with the curve 6(t)(y).
Finally, the last four relations of Lemma 1 follow by combining the relations established above. O

Remark 1. The last four relations in the statement of Lemma 1 show that the linearized change of length, the linearized change
of geodesic curvature, the linearized change of normal curvature, and the linearized change of geodesic torsion, associated with a
vector field  depend on this vector field only by means of the linear change of metric tensor field and the linear change of
curvature tensor field associated with 7.

Lemma 2. Let w C R? be a non-empty connected open set with a boundary y of class C2, let @ € C3(w; E?) be an immersion, and let
1 € C*(@; E3) be a vector field. Let yo C y be a non-empty and connected relatively open subset of the boundary of w.
Then

Adar () = Akg()) = Akn()) = Atg() =0 on g

if and only if there exist two vectors h € E> and k < E> such that the vector field 5* € C?(w; E3) defined by
N°(y) :=n(y) — (h+K AB(y)) forally e @

satisfies
n°(y) =0 and 3,(n"-a3)(y) =0 forall y € yp.

Proof. In view of Lemma 1, the system of equations
Aar () = Akg() = Akn (1) = ATg() =0 on yp

is equivalent to the equations

orn-T =0 and d3;F(n) = AF(n) on yy,

where F(3): y — M3 denotes the column vector field whose components are 9rM -V, 3:7m -as, and 3,7 - a3 (in this order),
and A:y — A3 denotes the matrix field defined by

0 Tg —Kn
A = —fg 0 Kg
kn —kg O

Given any point y° € yy, let
k= ((0y1 - @3) T — (37 - @3) v + (37 - v) a3) (y°) € B2,
h:=n(°) —kA6(y°) eE’,
EY):=h+kr0(y), ycow.
Then one can show that
9z&-t=0 and 9;:F(§) =AF() ony,

and that

£(y°) =n(y°) and F(&)(y") = Fap(y°).
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Then the announced equivalence follows from the uniqueness of the solutions to the Cauchy problems
o F
F(y%) = Fap(y°),

AF on yp,

and

9z = 07§ on yp,
1y = £0°%. o

3. Intrinsic formulation of a homogeneous boundary condition of place for linearly elastic shells

By definition, a displacement field 5 = n;a’ € C%(@; E?) of the middle surface (@) of a shell satisfies a homogeneous
boundary condition of place along a portion 0()p) of its boundary, where )y is a non-empty relatively open subset of the
boundary of w, if

ni = dgN3 =0 on yp.

An intrinsic formulation of this boundary condition is one that is expressed only by means of the functions yyg(%) and
pap (M), as defined in the previous section, i.e. as the covariant components of the linearized change of metric tensor field
and linearized change of curvature tensor field between the surfaces 6 (@) and (0 + ) (®).

The next theorem, which is the crucial ingredient of our main result (Theorem 1 in Section 1), provides such an intrinsic
formulation of a homogeneous boundary condition of place. Note that the substraction of an infinitesimal rigid displacement
in part (b) of Theorem 3 below is necessary, since

Yap(M) =Yap (M + &) and pas () = pap(n + &) on @

for all § € C2(w; E3) and for all vector fields & : @ — E3 that are of the form

§W)=h+kArb(y),yecw,

for some vectors h € E* and k € E3; such vector fields £ are called “infinitesimal rigid displacements” of the surface 6 (@).

Theorem 3. Let  C R? be a non-empty connected open set whose boundary is of class C?, let yo be a non-empty relatively open
subset of the boundary of w, and let @ € C3(w; E?) be an immersion.
(a) If a vector field § = n;a’ € C?(w; E3) satisfies the boundary conditions

ni = den3 =0 on yyp,
then the functions cqp 1= Yap(M) € Cl'(w) and Tap = Pap(M) € CO%@) satisfy the boundary conditions

caﬂr“r‘s =0 and camgr"‘(Zv‘Sr" —tPvo) +Kgca,3v“vﬁ =0 on yp,
raﬂr“rﬁ =0 and ra,gt"‘vﬂ —caﬁv"‘(Zlcnrﬁ +ng'B) =0 on yp.

(b) If the functions cqp := Yap()) € C' (@) and rap := pap(n) € CO(w) associated with a vector field n = n;a’ € C?(@; E3) satisfy
the boundary conditions

capT?TP =0 and cupio T VP77 — TPV7) +kcgCupv® VP =0 on yp,
rapT?T? =0 and rept?v? — copv® 2 t? 4+ 150P) =0 on yp,

and if o is connected, then there exists two vectors h € E* and k € E* such that the vector field n* = n}a’ € C*(@; E) defined by

n°(y)=ny) — (h+kr6(y)) forally e w,

satisfies the boundary conditions
r)i-1 = 313 =0 on yp.
Proof. Theorem 3 is a straightforward consequence of Lemmas 1 and 2, combined with the relation

b%7% :=a*Pbpy 17 = —1% 8503 - @ = —3;a3 - (19T + VYY) = T%; + V%75, O
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It is worthwhile pointing out that Theorem 3 generalizes to a general immersion 8 € C3(w; E?) a previous result of
the authors (Theorem 4.1 in [5]; see also Section 4 in [6]) established for the particular immersion corresponding to the
displacement-traction problem of a linearly elastic plate. To see this, let the immersion # in Theorem 3 be defined by

0(y) = (y1,¥2,0) e E* forally = (y1,y2) € @.
Then

Caplo = 0o Cap IN®,

and

kg=k, knp=0, and 73=0, onyy,

where k = v“rﬂa,gra is the signed curvature of the planar curve )p. These relations in turn imply that the boundary
conditions satisfied by the functions cqp and rg in Theorem 3 are equivalent in this case to the boundary conditions

Ca/j'[a‘l,'ﬁ =0 and aacaﬂr“(zﬁ’vﬁ N +/cco,ﬁv°‘vﬂ on Yo,
ra,gr"‘rﬂ =0 and raﬁt“vﬁ =0 on )y,

where V¥ = v, are the Cartesian components of the inner unit normal vector field to the boundary of w and % = t,, are
the Cartesian components of the positively-oriented (i.e. so that v! = —72 and v = t!) unit tangent vector field to the
boundary of w, which are precisely the boundary conditions found in Theorem 4.1 of [5].
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