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RESUME

Soit g(n) et h(n) les coefficients des identités de Rogers-Ramanujan. Nous obtenons des
formules asymptotiques pour le nombre de valeurs impaires de g(n) lorsque n est impair
et de h(n) lorsque n est pair. Ces formules améliorent un résultat de Gordon. Nous obtenons
également des bornes inférieures pour le nombre de valeurs impaires de g(n) pour n pair
et de h(n) pour n impair.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The Rogers-Ramanujan identities, first discovered by Rogers in 1894, are the pair of g-series identities:
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where |q| < 1. If ¢ = eZ™7 and Imt > 0, then Biagioli [2] showed that q‘61_0G(q) and q% H(q) are modular functions on
I'1(5) with character. Let G(q) = Z,‘jczo gm)q" and H(q) = Z,‘i‘;oh(n)q”. We are interested in finding the arithmetic density
of the number of odd values of g(n) and h(n). Let

y(N)=#{1<n<N: n=1 (mod2)andg(n)=1 (mod 2)},
and

S(Ny=tg{l<n<N: n=0 (mod2)andh(n)=1 (mod 2)}.
Gordon [3] proved the order of magnitude of y(N) and §(N) is %.

Theorem 1.1 (Gordon). There exist positive constants A and B such that

A N (N),6(N) <B N
= , <B——
log N 4 log N
for sufficiently large N.
Gordon’s proof is based on the fact that g(n) with n odd and h(n) with n even are the coefficients of holomorphic

modular forms weight 1 mod 2, and hence each such n can be determined explicitly. We obtain the following asymptotic
formulas by refining Gordon’s arguments.

Theorem 1.2. For sufficiently large N,

¢ N Nloglog N
y(N)=—- 3
5 logN log® N
2 N NloglogN
s o ( og2og )
5 logN log” N
Let

Y'(N)=#{1<n<N: n=0 (mod2)andgn)=1 (mod 2)}
and
§(N)=t{l<n<N: n=1 (mod2)andh(n)=1 (mod 2)}.

A similar question is to bound y’(N) and §’(N). In this case, g(n) with n even and h(n) with n odd are the coefficients of
holomorphic modular forms weight % mod 2. Applying the ground-breaking work of Bellaiche, Green, and Soundararajan
[1] on the non-divisibility of the coefficients of weakly holomorphic modular forms, we obtain the following lower bounds.

Theorem 1.3. For sufficiently large N, we have

VN
loglogN’

VN
loglogN"

Y'(N) >
§(N) >

2. Proof of Theorem 1.2

The parity of g(n) for odd n and that of h(n) for even n were determined by Gordon [3] explicitly, i.e. n is odd and
g(m) =1 (mod 2) if and only if 60n — 1 = p**1m?2, where a > 0 is an integer and p is a prime not dividing m. n is even
and h(n) =1 (mod 2) if and only if 60n + 11 = p***1m?. Thus y (N) can be represented as

ym= > L

1<n<N
n=1 (mod 2)
60 n—1=p*+im?2
We denote by M = 60N — 1 for convenience, and by 7 (x) the number of primes less than x. We split the sum above into
two parts according to a=0 and a > 1. The sum over a > 1 is bounded by
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1<a<log N m<y/M
3
<logN > (m2>
m=<vM
< N?logN,
which is negligible. Note that the sum over a =0 is equivalent to
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pm?<M m<y/M p<%

2 =
pm*=59  (mod 120) MmA20=1 _s6-2 “(mod 120

The contribution for log? M < m is negligible since

2
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By the prime number theorem for arithmetic progressions, the sum over m < log®> M is
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where ¢ is the Euler’s ¢-function. Recalling M = 60N — 1, we conclude that

o

1 60N —1 NloglogN
N = — O
riN =5 mz_l m?log(60N —1) T ( logZ N )
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where the constant in the main term is computed by

=1 b2y 2
ij m———]‘[m ) () .
120)

1120

The proof of the result for §(N) is similar, so is omitted.
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3. Proof of Theorem 1.3

Let f=) 72 o a(n)q"™ be a weakly holomorphic modular form of half-integral weight k and level I'y(N) with integer
coefficients. Bellaiche, Green, and Soundararajan [1] showed that if f 0 (mod 2), then

N
#in<N:am)=1 (mod 2)}> L

loglog N
Thus, to prove Theorem 1.3, it suffices to show the generating functions for g(2n) and h(2n + 1) mod 2 are weakly holo-
morphic modular forms of half-integral weight for some levels. The generating functions for g(2n) and h(2n + 1) were
computed by Hirschhorn in [4]. In view of Theorem 1 of [4], we have

- (1-q*)
ng(:)g(z ng = l_[ (1 —gq")(1 — g20n—8)(] — g40n-32)”

n=1

ih(szﬂ)CI”:qﬁ (1-q*
n=0 2 (1=—ghHa - q40n—16)(1 — g40n—24y"

Let n(r) = q21_4 [The1(1 — g™ be the Dedekind’s eta function and denote by fi(t) = q‘G]_OG(q) and fi(t) = q% H(q), where
q = e™MT_We see that

00 00 1—g" 3
> seng"=T] a- q5ng1)8(C11 )_ s g fF0)n* () (mod 2),
n=0

n=1

- " T (1-g"’ _n
2 e+ 0d" =[] G smaya —gos =0 B A@ P (mod2),

IfA= (g Z) € I'1(5), by Proposition 2.5 of [2], the transformations of f1(t) and f>(t) are given by

F1(AT) =5 vy (A) f1(D),
—A4riab

f2(At) =e"5 v1(A) f2(1),

where v (A) denotes the multiplier system of n'4(1), i.e.

) (a b> exp(%’“(—Bc—bd(cz—1)+C(a+d))), c odd,
1 —

cd exp(%’“(Bd—B—ac(dz—1)+d(b—c))), d odd.

Using these formulas, we can easily verify that f1(1207t) and f,(1207) are invariant on I"'1(2880). Since 1n(24 7) is a modu-
lar form weight J on I'g(576) with character (12) (see, for example, [5, Corollary 1.62]), it follows that 3"5°; g(2n)q'2°"~1

(mod 2) and Y5° h(2n+1)q'2°"*7! (mod 2) are weakly holomorphic form weight 3 and level I'1(2880), as desired.
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