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The supercharacter theory of a finite group is a generalization of the ordinary character 
theory of finite groups that was introduced by Diaconis and Isaacs in 2008. In this paper, 
the concept of groups with quasi-identical character tables are presented. It is proved that 
the groups with quasi-identical character tables have the same number of supercharacter 
theories. As a consequence, the dihedral and semi-dihedral groups of order 2n , n ≥ 3, have 
the same number of supercharacter theories.

© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

La théorie des supercaractères d’un groupe fini est une généralisation de la théorie des 
caractères ordinaires des groupes finis, introduite par Diaconis et Isaacs en 2008. Nous 
présentons ici le concept de groupes ayant des tables de caractères quasi identiques. Nous 
montrons également que les groupes avec des tables de caractères quasi identiques ont 
le même nombre de théories de supercaractères. En particulier, les groupes dihédraux et 
semi-dihédraux d’ordre 2n , n ≥ 3, ont le même nombre de théories de supercaractères.

© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Throughout this paper, all groups are assumed to be finite and we refer to [9] for all notations and concepts not presented 
here. Suppose that G is such a group and Irr(G) denotes the set of all ordinary irreducible characters of G . Choose a partition 
X of Irr(G) and a partition K of G such that each member of K is a union of conjugacy classes of G . Following Diaconis 
and Isaacs [5], the pair (X , K) is called a supercharacter theory for G if K contains {e}, where e is the identity element 
of G; |X | = |K|, and for each X ∈ X , the characters σX = ∑

χ∈X χ(e)χ are constant on each Y ∈ K. The characters σX

are called the supercharacters, and the members of K are called superclasses of G . It is worth to mention here that the 
supercharacter theory was developed by André [1] and Yan [13] for studying the wild character theory of the group of n ×n
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unipotent upper triangular matrices. We refer the interested readers to two interesting PhD theses written by Hendrickson 
[7] and Wynn [12] for more information on this topic.

In [3], Burkett et al. classified finite groups with exactly two supercharacter theories and proved that a group G has 
exactly two supercharacter theories if and only if G is isomorphic to the cyclic group Z3, the symmetric group S3 or simple 
group Sp(6, 2). Wynn [10,12] continued this work and proved that if G is a Frobenius group of order pq, p, q are prime 
numbers and p > q, then |Sup(G)| = 1 + τ

(
p−1

q

)
τ (q − 1), where τ (s) denotes the number of positive divisors of s. As a 

consequence, he proved that a solvable group G has exactly three supercharacter theories if and only if G is isomorphic 
to either a cyclic group of order five, an alternating group on four symbols, or a dihedral group of order 2p, where p is a 
prime number and p−1

2 is also prime. In a recent paper, the present authors [2], studied the classification of simple groups 
with exactly three or four supercharacter theories.

In this paper, Sup(G) denotes the set of all supercharacter theories of a group G . For notations in general, we refer the 
reader to [9]. Our calculations are done with the aid of GAP [11].

2. Supercharacter theories of groups with quasi-identical character table

Suppose that G is a finite group. The character-table value of G is denoted by T (G). We say that two groups G and H
have quasi-identical character table if there are three one-to-one correspondences α : G −→ H , β : Irr(G) −→ Irr(H) and 
σ : T (G) −→ T (H) such that the following conditions are satisfied:

• for each rational number r ∈ T (G), σ(r) = r;
• for each g ∈ G and χ ∈ Irr(G), β(χ)(α(g)) = σ(χ(g)).

In this case, the triple (α, β, σ) is called a character-table quasi-equivalence.
In above definition, if T (G) = T (H) and σ is identity function, then we say that G and H have identical character table 

and the pair (α, β) is called a character-table equivalence. It is easy to see that the relation ∼ on groups given by “H ∼ G
if and only if H and G have identical character tables” is an equivalence relation. Moreover, if (α, β) is a character-table 
equivalence from G into H , then (α−1, β−1) is again a character-table equivalence from H into G .

It is obvious that, if the groups G and H have identical character tables, then |Sup(G)| = |Sup(H)|. In the next theorem, 
we extend this fact to the case where the groups G and H have quasi-identical character tables.

Theorem 2.1. Groups with quasi-identical character tables have the same number of supercharacter theories.

Proof. Suppose that (α, β, σ) is a character-table quasi-equivalence from G into H and define γ : Sup(G) −→ Sup(H) given 
by γ (X , Y) = (X β, Yα) in which X β = {Xβ | X ∈ X } and Yα = {Y α | Y ∈ Y}. To prove that γ is well defined, we have to 
first show that (X β, Yα) is a supercharacter theory of H . Since X is a partition for Irr(G), X β is a partition of Irr(H), and 
since Y is a partition of G , Yα is a partition of H . Moreover, | X β |=| Yα | and {eH } ∈ Y . Assume that {σX }X∈X is the set 
of all supercharacters of G . By definition σX = ∑

χ∈X χ(1)χ . Define σ ′
X = ∑

χβ∈Xβ χβ(eH )χβ = ∑
χ∈X χβ(eH )χβ . Suppose 

Y α is a part of Yα and xα , yα ∈ Y α are arbitrary. Then Y is a part of Y and x, y ∈ Y . Hence,

σ ′
X (xα) =

∑
χ∈X

χβ(1)χβ(xα)

=
∑
χ∈X

χβ(eα)σ (χ(x))

=
∑
χ∈X

σ(χ(e))σ (χ(x))

=
∑
χ∈X

σ(χ(e))σ (χ(y))

=
∑
χ∈X

χβ(eα)χβ(yα)

= σ ′
X (yα)

To prove γ is one to one, we assume that C1 = (X , Y) ∈ Sup(G) and C2 = (U , V) ∈ Sup(H) are arbitrary supercharacters 
and γ (C1) = γ (C2). Then X β = Uβ and Yα = Vα . This implies that C1 = C2 and so γ is one to one. Finally, if (α, β, σ) is 
a character-table quasi-equivalence from G into H , then (α−1, β−1, σ−1) is a character-table quasi-equivalence from H into 
G and so there is a one-to-one function from Sup(H) into Sup(G). Therefore, |Sup(G)| = |Sup(H)|. �
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Example 2.2. The groups G = SmallGroup(32, 39) and H = SmallGroup(32, 40) have quasi-identical character tables. Here,

T (G) = {0,1,−1,2,−2,
√

2,−√
2},

T (H) = {0,1,−1,2,−2,
√−2,−√−2},

α and β are identity mapping, and σ : T (G) −→ T (H) is given by σ(0) = 0, σ(1) = 1, σ(2) = 2, σ(−1) = −1, σ(−2) = −2, 
σ(

√
2) = √−2 and σ(−√

2) = −√−2. Thus, G and H have quasi-identical character table and, by Theorem 2.1, they have 
the same number of supercharacter theories.

Corollary 2.3. The extraspecial p-groups of the same order have the same number of supercharacter theories.

Proof. It is well known that two non-isomorphic extraspecial p-groups of the same order have identical character tables. 
We now apply Theorem 2.1. �
Corollary 2.4. The dihedral and semi-dihedral groups of order 2n have quasi-identical character tables. In particular, they have the 
same number of supercharacter theories.

Proof. By [9, p. 183], all character values of dihedral groups are real. Suppose α and β are identity functions and define 
σ : T (S D2n ) −→ T (D2n ) by

σ(x) =
{

x x ∈R
−ix otherwise

.

Now it is easy to see that all properties for quasi-identical character tables are satisfied. �
3. Concluding remarks

In this paper, the concept of groups with quasi-identical character tables is introduced and it is proved that such groups 
have the same number of supercharacter theories. Hendrickson [8] proved that the supercharacter theories of a group have 
a lattice structure. The bijection presented in Theorem 2.1 preserves the lattice structure of the supercharacter theories for 
groups having quasi-identical character tables.

Suppose that G1 and G2 are two groups with Z1 = Z(G1) and Z2 = Z(G2). These groups are said to be isoclinic if 
there are isomorphisms α : G1

Z1
−→ G2

Z2
and β : G ′

1 −→ G ′
2 such that, for each a1, b1 ∈ G1, whenever α(a1 Z1) = a2 Z2 and 

α(b1 Z1) = b2 Z2, then β([a1, b1]) = [a2, b2]. It is easy to see that the isoclinism is an equivalence relation on groups. This 
concept is a generalization of isomorphism that was introduced by Philip Hall in 1940 to divide p-groups into families of 
isoclinic groups for a simpler study of the subject [6].

It is far from true that all isoclinic groups has the same number of supercharacter theories. To see this, we consider the 
following example.

Example 3.1. Suppose G1 = Z2 × Z2 × S3 and G2 = Z4 × S3. Then G1 and G2 are isoclinic but |Sup(G1)| = 360 and 
|Sup(G2)| = 100, which are not equal.

In the following example, two pairs of isoclinic groups with the same number of supercharacter theories are presented.

Example 3.2. The groups G1, G2, G3 and G4 are presented as follows:

G1 = 〈a, b : ap3 = bp = 1, ba = a1+p2
b〉

G2 = 〈a, b, c : ap2 = bp = cp = 1, cb = apbc, ab = ba, ac = ca〉
G3 =

{
〈a,b, c : ap2 = bp = 1, cp = ap,ab = ba1+p,ac = cab−1, cb = bc〉 p = 3

〈a,b, c : ap2 = bp = cp = 1,ba = a1+pb, ca = a1+pbc, cb = apbc〉 p > 3

G4 =
{

〈a,b, c : ap2 = bp = 1, cp = a−p,ab = ba1+p,ac = cab−1, cb = bc〉 p = 3

〈a,b, c : ap2 = bp = cp = 1,ba = a1+pb, ca = a1+dpbc, cb = adpbc,d 
≡ 0,1(modp)〉 p > 3

It is well-known that these are groups of order p4 [4]. The pairs (G1, G2) and (G3, G4) are mutually isoclinic and so G1 and 
G2 can be embedded into a larger group H , such that G1 Z(H) = G2 Z(H) = H holds. This explains why the representation 
theory of G1 and G2 is very similar, for example all irreducible representations of G1 and G2 can be extended to H . The 
character tables of G1 and G2 have the property that multiplying the faithful characters of G1 outside a normal subgroup 
of index p with appropriate p−th roots of unity yields the character table of G2, up to permutation equivalence. The same 
hold for groups G3 and G4. Therefore, the groups involved in each pair have the same number of supercharacter theories.
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We end this paper with the following question.

Question 3.3. Under which condition(s) the numbers of supercharacter theories of two isoclinic groups are equal?
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