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Abstract. In this paper, we consider the following 1-Laplacian problem

u

A VOO = fx,u), xeRY, u>0, ueBV(RN),

lu

where Aju = div(%), V is a periodic potential and f is periodic and verifies the super-primary condition
at infinity. By the Nehari type manifold method, the concentration compactness principle and some analysis
techniques, we show the 1-Laplacian equation has a ground state solution.
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1. Introduction and main result

In this paper, we consider the following 1-Laplace with potentials:
~Au+ Vg = flouw), xe RN,
u>0 )
ue BV (RY),

where Ayu = diV(Ig_ZI)' Assume that V and f satisfies the following conditions:
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(V) V(x)e CRN,R), infpn V(x) = Vo >0, V(x) is 1-periodic in each of x1, x, ..., xn.

(f;)) f e C'is1-periodicin each of x1, X, ..., X, and there exists p € (1,1%)(1* = % ifN=2
and 1* = +oo if N = 1) such that
|f(x, 9|

lim T
Isl—oo |s|P~

=0, uniformlyinx € RV,

(f2) limjg—o f(x,s) =Ouniformlyinx e RV,
(f3) limys)— oo @ =00, a. e in xeRY.
(f4) f(x,s) is strictly increasing in s € R\ {0} for every x € RV,

The 1-Laplace problem like (1) derived from image denoising and restoration is of crucial
importance for many mathematical and physical fields introduced in [5]-[12]. Recently, more
and more attention has been paid to p-Laplace operator A,u = div(|VulP~2Vu), p € [1,+00). For
more details about the applications, see [2]-[7] and the references therein. However, there are
few results about the 1-Laplacian problem, partially because of the compactness of sequences as
p — 1 occurs in weak norms, and partially because the associated energy functional is no longer
smooth and strictly convex.

For the equation like (1), there are some results. For the case of V(x) = 1 and f(x,s) = s,
in [8], the versions of the Radial Lemma of Strauss and the Lions Lemma in BV (R") are proved
and applied to obtain existence of solutions for 1-Laplacian problem. Furthermore, the authors
in [1, 11] obtained the existence of nontrivial bounded variation solution in BV (RY) under the
differential Berestycki-Lions’ type conditions. For the case of V(x) = 1 and f(x,s) = Q(x)g(s),
Zhou and Shen in [13] obtained the existence of nontrivial radial bounded variation solution
under the suitable Q and f where f satisfies the (AR) type condition. For the case of V(x) #
constant and f(x,s) = K(x)g(s), in [6], the existence of ground state bounded variation solution
is obtained when V is vanishing potential and suitable conditions under of K, g. Moreover, Alves,
Figueiredo and Pimenta in [2] got the similar results when V is steep potential and autonomous
fx,9) = f(s).

From the above discussion, we find that if V is the periodic potential function and f is
periodic and verifies the super-primary condition at infinity, there are no results for 1-Laplacian
problem (1). In this paper, inspired by [9], we shall study this case. In order to overcome diffi-
culties derived from nonsmoothness of convex functional and compactness of the embeddings
BV (RN) — LP[®RN)(p € (1,1%)) of problem (1), we use the subdifferential and concentration com-
pactness principle to obtain our result. Here is the main result of this paper.

Theorem 1. Supposethat (V1) and (f1) -(fa) hold. Then there exists a nontrivial bounded variation
ground state solution u € X (function space X please see the next Section 2) of (1) such that
®(u) = ¢ >0, c is defined by

c=inf®(u),
N

where
N ={ueX:u#0,yu) =0},
® andy are the same as in the following (2) and (4).
Remark 2. Let
F(x,s) =sin(2mxy) sln(1 + |s]).

Then

S|
1+]sl)’

f(x,8) =sin(2mxy) [In(1+|s]) +
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It is easy to see that f satisfies (f;)-(fs).

In this paper, denote L* norm by |-|. B (x) represents a ball with the center at x and radius R.
Using C and C(¢) to denote by various positive constants and functions with €, which may vary
from line to line.

2. Preliminaries

We shall work with the space of functions of bounded variation denoted by
BV (®RY):={ueL! R"); Due.u®",RV)},

where Du represents the distributional derivative of u and .# denotes the set of vectorial Radon
measures. In [8], Bde([R{N) ={u e BVRY); u(x) = u(|x))} compactly embedded into LY (RN) is
proved for 1 < g < 1*. It can be proved that u € BV (R") if and only if u € L' (R") and

fN |Dul = sup{fN udivpdx; p e CL (RN, RY),s.t.lploo < 1} < +o0.
R R

BV (RY) is a Banach space with the norm

||u||:=f IDu|+f |uldx.
RN RN

Denote the subspace of BV (RY) by X where
X:= {ue BV (RY) :fRN V(x)luldx<oo}
endowed with the following norm
= [ 1Dul+ [ veolulds.

Note that the embedding X — BV (RY) is continuous in such a way that X is a Banach space
that is continuously embedded into L" (RN) for r € [1,1*]. As one can see in [4], CgO(IRN ) is not
dense in X with respect to the strong convergence, but is dense with respect to the intermediate
convergence, where {u,} c X converges to u € X in the sense of intermediate convergence if

U, — uin LY (RN) and
f|Dun|—>f |Dul
RN RN
as n — oo.

For a vectorial Radon measure u € .# (RN, R"), we denote by the usual decomposition by y =
1%+ u’ according to the Radon Nikodyn Theorem, where u and p* are the absolute continuous
and the singular parts with respect to the N—dimensional Lebesgue measure £", respectively.
With |u| being the scalar Radon measure, the usual Lebesgue derivative of y with respect to |y is
defined by

H ) = lim PE)
lul r=0|ul(Br(x))
We can define the energy functional corresponding to (1) in X as

<I>(u)=f |Du|+f V(x)luldx—f F(x,u)dx. 2
RN RN RN
For convenience, we let

() = Fv(u) - A (u),

where

jv(u):f |Du|+f V(x)|uldx, Jf(u):f F(x,u)dx.
RN RN RN
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Clearly, #v (u) is convex and Lipschitz continuous in X. Furthermore, _#y is lower semicontinu-
ous with respect to the L"(RY) topology for r € [1,1*]. Although nonsmooth, the functional _#y
admits some directional derivatives. From [3], we know that, given u € X, for all v € X such that
(Dv)* is absolutely continuous with respect to (Dv)® and v = 0 a.e. in the set where u vanishes,

' _ (Dw*(Dv)* Du Dv s
jv(u)v—fRN Do dx+fRN Dal (x)m(x)|(Dv) |+wa V(x)sgn(wvdx.  (3)
where sgn(u(x)) = 0 if u(x) = 0 and sgn(u(x)) = ‘:‘tggl if u(x) #0. In particular, note that j",(u) u=

v (w) for all u € X. Especially, from (f;){f3), it can be proved that # € C!(X,R)). Taking v = u
in (3), it follows that

yw) =@ Wu=_g,wu- 7 (wu= ||u||x—fRNf(x, wudx. @)

Since @ can be written as the difference between the Lipschitz functional ¢y and a smooth
functional .2, we say that u € X is a bounded variation solution of (1) if 0 € d®(u), where 0D (u)
denote the generalized gradient (subdifferential) of @ in u. This is equivalent to ' (u) € 4 j", u).
By the convexity of ¢y, we have

lwllx =l x szNf(x, w(w-u)dx, VweX. (5)

Hence, all u € X such that (5) holds is called a bounded variation solution of (1).

Note that (1) is not well-defined wherever x € RV \ {0} such that Vu(x) = 0 or u(x) = 0. So (1) is
only a formal version of the precise Euler-Lagrange equation associated to ®. Arguing similarly
to that in [8], we can prove that, if # € X is a bounded variation critical point of ®, then it satisfies
the following version of (1):

3ze L°(RY,RY),|zloo < 1,divZ € Loo n (RY), s.t. — fonv udivzdx = [ |Dul
324 € Lo N (RY), st zolul = V(X)u ae inRY

—divz+z. = f(x,u), ae. inRY,

where
Loo,n (RY) = {f: RY — Rmeasurable, |f| . v <oo}
and
f = sup f fodx|.
Fleo, g1 +1¢ply» <1 | JRN

3. Proof of Theorem 1

In order to prove Theorem 1, we need the following lemmas.

Lemma 3. For each u € X\ {0}, there exists a unique t,, = t(u) > 0, such that t,u € & and
max;so®(fu) = ®(t,u).

Proof. The proof can be seen in [7]. We omit its proof. O

Lemma4. Let{u,} bea minimizing sequence for c. Then

(i) Thereis >0 such thatliminf, _. o llu,llx = B.
(ii) {uy} is boundedin X.
(iii) For a subsequence, up to translations, u, — u # 0.

C. R. Mathématique — 2022, 360, 297-304
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Proof.
(i) By (f1) and (f»), for each € € (0, 1), there exists C(g) > 0 such that

|f(x,9)] e+ C@lslP(pe(1,1%). (6)
Together with y(u,) = 0 and the continuity of embedding BV (RV) — LP([R"), we get

||un||X=/ f(x,un)undxsef Iunldx+Caf lunl? dx < ellunllx +Celluall.
RN RN RN

Then, it yields that there exists § > 0 such that liminf,_. [l u,l x = B.
(ii) Let {u,} be a minimizing sequence for c. If {u,} is not bounded, we define v,, = u,/|uxlx,
so ||lv,llx = 1. Passing to a subsequence, we may assume that v, — vin X, v, — v in Lfoc([R{N)
(pe,1*), v, — va.e.onRY,

If v #0, by

f |Dun|+f V(x)lunldx—/ F(x,up)dx = c+o(l),
RN RN RN

we have
>0

f F(x,up) c+o(1)
- dx=

RV llunllx lunllx
because ¢ > 0, its yields that

Ldx =
Un llenllx

Together with Fatou’s lemma and the second limit of (f>), we get a contraction as follows,
F(x,uy) F(x,uy)

1 =liminf —vpdx= liminf —— v, dx = co.
n—oo JrN Un RN n—0o0 Up

f F(x,uy) c+o(l)
1- _ X =
RN

If v =0, we take y, = (y},¥2, ..., ¥\) € N¥ with all yi(1 < i < N) being integers. Define
translations of v, by w,(x) = v,(x + y,). Since V(x) and f(x,u) are 1-periodic in each of
X1, X2, ..., XN, we have wyllx = lvpllx = 1, lwalp = lvnlp and @(wy,) = @(vy,). Passing to a
subsequence, we have w,, — win X, w,, — win Lf’oc(lRN) (pe,1"), w, — wa.e.on RN.

(a) If there exists y, such that w; — w # 0 in X, then v, — v # 0 in X, this contradicts to
v=0.
(b) Ifforany y,, w, — 0in X. It yields that v, — 0in Lfoc([RzN ). We have the following claim

lim sup luplPdx=0,forallpe (1,1%).
=005 erN I B2 (y)

If this claim is not true, there exists p € (1,1*) and § > 0 such that

lim sup lv,Pdx=6>0.
n=00 yerN JBa(y)

Then there exists z,, € R such that

)
lim lvalPdx=—=>0.
n—=90JB,(2) 2

Choosing y,, € NY and ¥n € B2(z,) such that B (y,) < B2(z,) and

o
lim lvalPdx=—=>0,

=00 B1(yn) 2

this reduces that 5
lim lw,Pdx=—>0.

n—00Jp,(0) 2

It yields w, — w # 0 in X. This is a contradiction because of the assumption of (b).

C. R. Mathématique — 2022, 360, 297-304
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By Lions’ Lemma in BV (RY)( [8, Theorem 1.3]), we get v, — 0 in L”(RN). Fix p € (1,1%),
by (6), we have |F(x, s)| < ¢|s| + C(¢)|s|P. Then, by fixing an R > ¢ and using Lebesgue Dominated
Convergence theorem, we have

lim F(x,Rv,)dx =f lim F(x,Rvy,)dx=0. (8)
n— o0 RN RN n— oo

Since by Lemma 3, ®(tu,) < ®(u,) for ¢t > 0, we thus have

c+0(1)=®(un)2®( un)=<I>(Rvn)=R—fNF(x,Rvn)dx.
R

lunll x
Together with (8), passing to limit, we have R < ¢, which is a contradiction. Thus {u,} is bounded.

(iii) Assume u, — u. To show u # 0, again we define translations of {u,} as above, assume
Yn = ya . y)) e NV with all y5(1 < i < N) being integers. y, = (y5, %, ..., y») € NN with

all y/(1 =i < N) being integers.u%” (x) = uy(x+ yy) are all possible translation of u,. If for some

yn € NN, ul" — u # 0 we are done. If for any y,, € NV, u)" — 0, by similar argument as above we

can prove u, — 0in LP (RN (p € (1,1%)). Then we have limn_,oofRN unf(x,uy)dx = 0. Therefore,
weget0< B < |u,lx = fRN Un f(x,uy)dx — 0asn — oo. Thus this yields that ||u,||x = 0, which
contradicts to (i). Therefore (iii) holds. O

Lemma 5. Let {u,} € X\ {0} be a sequence such that y(u,) — 0 and fRN unf(x,uy)dx — 0 as
n — oo. Then exist t;, > 0 such that t,u, € N, t, — 1, asn — oo.

Proof. Since u, # 0, by Lemma 3, there exists unique ¢, > 0 such that t,u € 4. Together with (4),
we have

bt x — fR bttt =0, )

By (6), we have | f(x, s)s| < €|s| + C(¢)|s|P for any € > 0, together with the above equality, (V1) and
the continuity of embedding, we have

tnlunllx < €tnllunllx + C@)h lunlk .
It yields that ¢, — 0 by Lemma 4 (ii). Thus there exists T > 0 such that ¢, = T > 0. By (f4), we have
N N
F(x,s) :f fx, t)dts[ flx,8)dt=f(x,s)s,
0 0

thatis f(x,s)s = F(x, s). Together with (9), (f3) and Lemma 4 (ii), if ¢, — co, we have

X, thuy | thu F(x,thu
a+0(1):f unf(x,un)dlelunllxzf dez[ Mu,,dx—»oo.
RN RN tn RN hup

This is a contradiction. Thus 0 < T < ¢, < C for some C > 0. Assume that t,, — #. By t,u, € &,
the condition of y(u,) — 0 and ¢, — ty as n — oo, we have

tollunlx —fRN f(x toun) toundx = 0(1)
and
ltenllx - f (% tn) tndx = o(L).
RN
Two equalities are subtracted, we obtain

o(1) :fRN (f(x, toun)un—/RNf(x, un)undx) dx:fRN (f(x toun) = f(x, un)) undx. (10

From Lemma 4, we know that there exists a subsequence, still denoted by u,, such that u, — u
in LZ)C(IRN ) for p € (1,1%). According to Lemma 4 (iii), we may assume u # 0. By Fatou’s lemma,
passing the limit to (10), we obtain that

f[ReN (f(x tou) = f(x,w)) udx =0.

C. R. Mathématique — 2022, 360, 297-304



Shi-Ying Wang, Peng Chen and Lin Li 303

Together with (f4), we deduce #p = 1. Il

In order to prove #(u;) — #(u) as n — oo, consider equation (1) on Bg(0)

—Au+ V(x)ﬁ = f(x,u), xe€ Bg(0),
u=0, x € 0BR(0), an
ueBV (RY),
We can similarly define A%, Cg. By the similar method of [7] about 1-Laplacian problem with
V(x) =0and f(x,s) = f(s) satisfying (f;)-(f4) in the bounded domain, there exists upr € A% such
that up is a positive solution of (11). It is easy to check that cg > ¢ and cg — ¢ as R — oo. This
implies that ug minimizes c as R — oo. Let R;, — oo, U, := ug,. Then the following lemma holds.
Lemma6. Forpe€ (1,1%), we have:
(i) JavluplPdx— A>0.
(ii) There exist {x,} < RN such that forV €>0,3R. liminffBR(xn) luylP = A—e.

Proof.
(i) Since y(u,) =0, (7) and Lemma 4, there exists A > 0 such that fRN |luy|Pdx — Aas n— oo.

(ii) We shall apply the concentration compactness principle [10] to fRN |un|Pdx to prove (ii). By
(i), vanishing doesn't occur for fRN |un,|P dx. Then there exist « € (0,1], {x,,} < RN such that for
Ye>0,3R>0,Vr>R, r >R, wehave

liminf lupl” 2a@A—¢ and liminf|  |u,/P=(1-a)A-c. (12)
By (xn) B (xn)

Next, we shall prove that a € (0, 1) (dichotomy) cannot occur, but a = 1(compactness) holds.
Assume that a € (0,1). Choosing €, — 0, r, — oo and r}, = 4ry,. Take ¢p(x) = E(1x — Xpl/y) Up,
where the cut-off function ¢ € C3°(R") such that

0, |x|<1 or |x| =4,
éx) = {
1,2<|x|<3,
and |&'(x)| < 2. By (3), consider the following equation
OZJ",(LL”)(,D—%,(U”)(P
Duy,)® (Dg)*
:f (Dun)” (D) dx+f Dun ., Do
RV |(Dun)| RN [Dun| " | D)
+f V(x) sgn(un)(pdx—f f(x,up)pdx.
RN RN

Since u;, is a solution of (11), one has

f (|Dun|+ V(x))fdx—f f(x,up)édx = o(1).
Br, Bg,

@) [(De)’]

Together with the definition of ¢, we have

(|Dun| + V(x)un) dx—f £ (x, ) updx = o(1).

‘/I;Srn (xn)\Bary, (xn) B3y, (xp)\Bor, (xn)

Take another cut-off function n € C3° (RN) such that

{0, x| =3,

X) =
1) 1, |x| <2,

and |n'(x)| <2 for2 < |x| < 3. Let

wn(x) =n(1x = Xpl /1) tn,  va(x) = (1=E(1x =Xl /7)) Un.

C. R. Mathématique — 2022, 360, 297-304
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Together with (2) and (12), by the same method, we have
D (up) = @ (wp) + P (vp) +o(1),

f lw,lP =2aA—¢,
RN
and

fRvanl’” >(1-a)A-¢g,.
From _#], (up) wy — A" (up) wy = 0 and &, (1) vy — H' (uy) vy = 0, we have
Y(wn) = Fy (Un) Wy = F' (un) wy +0(1) = (1),
Y(Wn) = £y (Un) Vp — F€' () vy + 0(1) = 0(1).
By Lemma 5, there exist t,, — 1 and s,, — 1 such that t,w, € A and s, v, € A. Then
c+0(1) =@ (uy) =@ (wy) + @ (V) + 0(1) = Ot wp) + P(spvp) +0(1) = 2¢+ 0(1).
This is a contradiction. Thus a = 1. O

Proof of Theorem 1. Let {u,} c & be the minimizing sequence for ¢ defined as in Theorem 1.
By Lemma 4, {u,} is bounded in X and weak convergent to © # 0. By Lemma 6, we can obtain
JE(uy) = #(u) + o(1). Moreover, since _#y is lower semicontinuous and convex, take the liminf
both sides of ®(uy) = #v (u,) + A (u,) = c+ o(1), we have ®(u) < c. If u € A, we have ®(u) = c.
If ug A, by Lemma 3, there exists ¢ > 0 such that tu € A". Then

¢ < ®(tu) < liminf®(tu,) <liminf® (u,) = .
n—o00 n— 00

Now, by [7, Theorem 2], the minimizer is a critical point of ®. O

References

[1] C. O. Alves, “A Berestycki-Lions type result for a class of problems involving the 1-Laplacian operator”, Commun.
Contemp. Math. (2021), article no. 2150022.
[2] C. O. Alves, G. M. Figueiredo, M. T. O. Pimenta, “Existence and profile of ground-state solutions to a 1-Laplacian
problem in [RN", Bull. Braz. Math. Soc. (N.S.) 51 (2020), no. 3, p. 863-886.
[3] G.Anzellotti, “The Euler equation for functionals with linear growth”, Trans. Am. Math. Soc. 290 (1985), no. 2, p. 483-
501.
H. Attouch, G. Buttazzo, G. Michalille, Variational analysis in Sobolev and BV spaces. Applications to PDEs and opti-
mization, second ed., MOS-SIAM Series on Optimization, vol. 17, Society for Industrial and Applied Mathematics;
Mathematical Optimization Society, Philadelphia, PA, 2014.
[5] G. Che, H. Shi, Z. Wang, “Existence and concentration of positive ground states for a 1-Laplacian problem in RN "
Appl. Math. Lett. 100 (2020), article no. 106045.
[6] G. M. Figueiredo, M. T. O. Pimenta, “Existence of bounded variation solutions for a 1-Laplacian problem with
vanishing potentials”, J. Math. Anal. Appl. 459 (2018), no. 2, p. 861-878.
, “Nehari method for locally Lipschitz functionals with examples in problems in the space of bounded
variation functions”, NoDEA, Nonlinear Differ. Equ. Appl. 25 (2018), no. 5, article no. 47.
, “Strauss’ and Lions’ type results in BV®RYN) with an application to an 1-Laplacian problem”, Milan J. Math.
86 (2018), no. 1, p. 15-30.
[9] Y. Li, Z.-Q. Wang, J. Zeng, “Ground states of nonlinear Schrodinger equations with potentials”, Ann. Inst. Henri
Poincaré, Anal. Non Linéaire 23 (2006), no. 6, p. 829-837.
[10] P-L. Lions, “The concentration-compactness principle in the calculus of variations. The locally compact case. I”,
Ann. Inst. Henri Poincaré, Anal. Non Linéaire 1 (1984), no. 2, p. 109-145.
[11] J. C. Ortiz Chata, M. T. O. Pimenta, “A Berestycki-Lions’ type result to a quasilinear elliptic problem involving the
1-Laplacian operator”, J. Math. Anal. Appl. 500 (2021), no. 1, article no. 125074.
[12] L. I. Rudin, S. Osher, E. Fatemi, “Nonlinear total variation based noise removal algorithms”, Physica D 60 (1992),
no. 1-4, p. 259-268.
[13] E Zhou, Z. Shen, “Existence of a radial solution to a 1-Laplacian problem in RN, Appl. Math. Lett. 118 (2021), article
no. 107138.

(4

[7]

(8]

C. R. Mathématique — 2022, 360, 297-304



	1. Introduction and main result
	2. Preliminaries
	3. Proof of Theorem 1
	References



