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Abstract. We first present the natural definitions of the horizontal differential, the divergence (as an adjoint
operator) and a p-harmonic form on a Finsler manifold. Next, we prove a Hodge-type theorem for a Finsler
manifold in the sense that a horizontal p-form is harmonic if and only if the horizontal Laplacian vanishes.
This viewpoint provides a new appropriate natural definition of harmonic vector fields in Finsler geometry.
This approach leads to a Bochner-Yano type classification theorem based on the harmonic Ricci scalar.
Finally, we show that a closed orientable Finsler manifold with a positive harmonic Ricci scalar has zero Betti
number.

Résumé. Nous présentons d’abord les définitions naturelles de la différentielle horizontale, de la divergence
(comme opérateur adjoint) et d'une forme p-harmonique sur une variété finslérienne. Ensuite, nous prou-
vons un théoreme de type Hodge pour une variété finslérienne dans le sens oli une p-forme horizontale est
harmonique si et seulement si le Laplacien horizontal est nul. Ce point de vue fournit une nouvelle défini-
tion naturelle appropriée des champs de vecteurs harmoniques en géométrie finslérienne. Cette méthode
conduit a un théoréme de classification de type Bochner—Yano basé sur le scalaire de Ricci harmonique. En-
fin, nous montrons qu’une variété finslérienne fermée et orientable, avec un scalaire de Ricci harmonique
positif, a un nombre de Betti nul.
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1. Introduction

The existence of harmonic vector fields on the Riemannian manifolds is directly related to the
sign of the Ricci tensor. Bochner and Yano have studied the non-existence of harmonic vector
fields on the compact Riemannian manifolds with positive Ricci curvature based on the Laplace—
Beltrami operator. Next, Bochner proved that if the Ricci curvature on a Riemannian manifold is
positive-definite, then all harmonic vector fields vanish [6]. Yano proved that a vector field X is
harmonic, if and only if the Laplacian of its corresponding 1-form vanishes [12, 13].

In Finsler geometry, Akbar-Zadeh introduced the divergence of horizontal and vertical 1-forms
on SM without defining the harmonic forms on a Finsler manifold, where SM := Uy¢p SxM and
SxM:={ye TyM|F(y) =1}, [1].

Harmonic forms in Finsler geometry are studied in (3, 4, 8, 14]. Recently, the second author
introduced a definition of harmonic vector fields on a Finsler manifold, which is slightly modified
here in the present work, see [9, 10], and Remark 10 in this article. Moreover some natural
extensions of Riemannian results, more or less linked to this question are studied in [5].

In the present work, the horizontal differential operator dy and the horizontal co-differential
operator 0y, are defined as adjoint operators. The above operators provide a Finslerian version of
a well-known Hodge theorem on the Riemannian manifolds in the following sense.

Theorem 1. Let (M, F) be a closed Finsler manifold. If o is a horizontal p-form on SM, then
Agw=0 ifandonlyif dgw=0, and dyw=0. (1)

We can thus define harmonic p-forms naturally on a Finsler manifold in the sense that, a
horizontal p-form is harmonic if and only if the horizontal Laplacian vanishes.

The definition of harmonic p-forms on SM will provide a new definition of a harmonic vector
field on a Finsler manifold in the sense that, a vector field on (M, F) is harmonic if and only if the
horizontal Laplacian vanishes.

Finally, we obtain a classification of harmonic vector fields based on the harmonic Ricci scalar
Ric defined by the equation (32).

Theorem 2. Let (M, F) be a closed Finsler manifold and X a harmonic vector field on M.

e IfRic=0, then X is parallel.
¢ If Ric > 0, then X vanishes.

This theorem is an extension of a well-known result obtained by Bochner and Yano, see
Theorem 16. Finally, this brings us to the following fundamental results.

Theorem 3. Let (M, F) be a Finsler manifold. Every cohomology class H' (M) contains a unique
harmonic representative.

Corollary 4. In a closed orientable Finsler manifold with a positive harmonic Ricci scalar Ric > 0,
the first Betti number vanishes.

In Section 2, the necessary tools, concepts and definitions of Finsler geometry using the
Cartan connection are stated. In Section 3, the definition of Ag (SM) the space of horizontal
p-forms and the definition of dy the horizontal divergence operator on the unit fiber bundle
SM with an inner product (-,-) on Ag (SM) are expressed. In Section 4, the definition of the
horizontal (co-differential) divergence, a horizontal Laplacian and a new type of harmonic p-
form are introduced using the horizontal Laplacian. Section 5 deals with harmonic vector fields
on Finsler manifolds where the proof of Theorem 2 is presented. In Section 6, we prove that a
closed orientable Finsler manifold with a positive harmonic Ricci scalar has zero Betti number.
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2. Preliminaries and notations

We first recall some Riemannian definitions of harmonic analysis. Let (M, g) be a compact and
orientable Riemannian manifold of dimension 7. A p-form on (M, g) for 1 < p < n is given by

1 . .
0= % Lip XA Ad',

where the indices i1,..., i, run over the range 1,..., n and the coefficients are components of the
skew-symmetric tensor fields of type (0, p). The differential de is a (p + 1)—form given by
1 .
do = (p+1) —(V iPi..ip vl Piiy...ip = vlp(pll dp 1z)dx A dxll A---Adx'?,
where the coefficients are components of the skew-symmetric tensor fields of type (0, p + 1) and
V; are the components of Levi-Civita covariant derivative. The co-differential 6¢ isa (p—1)—form
given by

op=- &'V, .i,dx? A~ ndx?,

(p—-1!
where the coefficients are components of the skew-symmetric tensor fields of type (0, p —1). The
co-differential of a scalar function is defined to be zero. It is easy to verify that d(dy) = 0 and
6(0¢) =0, see for instance [13]. In Riemannian geometry a differential form ¢ is called harmonic
if it satisfies d¢ = 0 and 6¢ = 0. A vector field X is said to be harmonic if its associated 1-form
is harmonic. It is well known that a necessary and sufficient condition for a p-form ¢ to be
harmonic is

= (6d+dd)p =0, @)

where A is called Laplacian, see [13] for more details.

We then turn to the more general cases of Finsler manifolds. Let M be a connected differen-
tiable manifold, 7 : TMy — M the bundle of non-zero tangent vector where T My = TM\0 is the
entire slit tangent bundle. A point of TM is denoted by z = (x, y), where x € M and y € T, M. Let
(x") be alocal chart with the domain U € M and (x/, y) the induced local coordinates on 7~ (U),
wherey = y - € Ty, M, and i running over the range 1,2, ..., n. A (globally defined) Finsler struc-
tureon M is a functlon F:TM — [0,00) with the followmg properties; F is C*™ on the entire slit
tangent bundle TM\0; F(x,Ay) = AF(x,y) Y A > 0; the n x n Hessian matrix (g;;) = %([Fz]yiyj) is
positive-definite at every point of T My. The pair (M, g) is called a Finsler manifold, cf. [2]. De-
note by TTM, and SM the tangent bundle of T M, and the sphere bundle respectively, where
SM :=Uxem SxMand SyM :={ye TyM|F(y) =1}.

Let us consider the natural projection p : SM — M which pulls back the tangent bundle TM
to an n-dimensional vector bundle p* TM over the (2n — 1)—dimensional base SM. Given the
natural induced coordinates (x;, ;) on T M, the coeflicients of spray vector field are defined by
(cf. [11, p. 32])

1 g 0*°F* . OF?
G :=—g" -yl - (3)
4 oyhoxi axh)’
-0 J_6_
The pa1r { Bl 3y 9.1 forms a horizontal and vertical frame for T TM, where F =57 Nig a7 and
N /.= 96/ are called the coefficients of nonlinear connection. The tangent bundle TT M, of T M,

canbe spllt into the direct sum of the horizontal part HTM spanned by (2 s and the vertical part
VT M spanned by {6?/1 }. The dual basis of{ﬁxl 3y 2-1is {dx,8y"}, where

6yi:: dyi+N]‘:dxj, 4
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and we have the following Whitney sum cf. [11, p. 29].

6 0
TTMy=HTMe VTMzspan{—.}eBspan{—.},
ox! 0y!

T*TMy=H*TMe V*TM = span{dx'} ® span{5 y'}.

(5)

The Cartan connection is a natural extension of the Riemannian connection, which is metric
compatible and semi-torsion free. For a global approach to the Cartan connection one can refer
to [1]. According to the definition, the 1-forms of Cartan connection with respect to the dual basis
{dx’,6y'} are given by

. o ik
w;- = F;kdx +C}k6y ,

where, Fj.  and C; i are the horizontal and vertical coefficients of Cartan connection respectively
defined by

. 1 5 ) I
L= 58’ 08k +0kgj1—018jk), Cip:= Egl 018k
and §; := %, 0;:= -9 Inlocal coordinates we have
x! ay!

Vidj = F;kaj, Vidj = C}ka]’,

Vkﬁj = F;ké,-, Vk(Sj = C}kéi’
wherein, V3:=V 5 ,Vp:=V 5 .

oxk Byk &
Let us consider the components of an arbitrary (2,2)-tensor field Tl.]s on TM. The horizontal

and vertical components of the Cartan connection of Tl.]sk in a local coordinates are given
respectively by

Jk _ jk _ mjkpp _ pikpp pkj JPrk
VinTig =0nT;s = Tps Uy = T U + T T+ Tid T

o njk _ & gjk  gjkap ik ap pk ~Jj ip ~k
VT =0nTig = Tps Cpy = Tiy C + Ti5 Cop + T Cppe
The curvature tensor in Cartan connection is given by the hh-curvature, hv-curvature and vv-
curvature with the following components, cf. [1];
h _sth _s.1h I +h 1l ph 1 ~h
Rieij =0l =0 i + Tyl = Tyl Uy + Ry G
h _ A~ 1rh rh r ~h _ ~r rh N all
Pyjj =0kl =0iCrj + T Crj = Gy T + 0 N; Gy
h _ ~h or h ~r
Qrij =CrjCri = CriCyjo
respectively where

SN} 6N: .
_ _ _ . mpi
= ok " aw Y Pk ©
Trace of the hh-curvature of Cartan connection is denoted by R; ; := Rf 1 which is not symmetric
in general.

Let (M, F) be a Finsler manifold, 7 : TMy — M the bundle of non-zero tangent vectors and
7*TM the pullback bundle. The tangent space TxM, x € M can be considered as a fiber of the
pullback bundle 7* T M. Therefore a section X on 7* T M is denoted by X = X*(x, ) %. The Ricci
identity for Cartan connection is given by the following equation

VeViX' =VpVi X' =X"Rl,, -V, X'R],, (7)

cf. [1]. Now we are in a position to define some basic notions on harmonic forms on Finsler
manifolds.
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3. The p-forms and horizontal operators

Here and everywhere in this paper, we assume the differential manifold M is compact and
without boundary or simply closed. Let (M, F) be a closed Finsler manifold, z: M — SM a unitary
vector field and w = u;dx’ the corresponding 1-form on M. A volume element on SM is given by

n(rg—l)
n= %w A (dw)"™!, cf. [1]. We denote the space of all horizontal p-forms on SM by A%(SM)
or simply A,
NSM) = {pi i, i, (DVdx Adx2 A ndx™ | @i i, i, € CO(SMD}. ®

Let 7 = a;(z)dx’ be a horizontal 1-form on SM. The co-differential or divergence of = concerning
the Cartan connection is defined by

o =—(Va;—a;jvyT)), €)
where, Tiij = Cyij = %%, are the components of Cartan tensors and Vy = yiVi cf. [1, p. 223].
Also, we have
R —f (Va;—a;jVoT))n= —f (Vjal —a/VoTj)n=0, (10)
SM SM SM

where a’ = glia i, cf. [1, p. 67]. Let us denote the horizontal part of the differential d= by
1 . .
Hdrx:= E(Viaj -Va;)(z) dx' Adx/,
cf. [1, p. 224]. According to the above discussion, we are in a position to define a horizontal
differential operator in the following sense.

Definition 5. Let (M,F) be a Finsler manifold and ¢ = ﬁﬁﬂil...i,, (2)dx’t A -~ AdxiP € Ag a
horizontal p-form on SM. A horizontal differential operator is a differential operator on SM
given by
AH H
dg:Ay, — Apy

(11
p—dgo,
where, for1<i,ix <nandl <k < p, we have
1 . . ;
dy = ——=Vigi i, = Vi, Qiisecipy === Vi, @i, ip )X AdXT Ao ndx. (12)

(p+1)!
Let ¢ and 7 be the two arbitraries horizontal p-forms on SM with the components ¢ iy ip and
i i respectively. We consider an inner product (-,-) on A% as follows

— Lo
(¢, ) := fSM S O iy (13)
where, @'t = ghlv  glvivg; ;.

4. The horizontal Laplacian and harmonic p-forms

Using the above concepts, we define the horizontal Laplacian. This definition of Laplacian is
different from those given in [1,4] and [11].

Let (M, F) be a Finsler manifold and v a horizontal (p+1)-form on SM, given by

1
(p+1)!
We define the horizontal divergence (co-differential) of 1 by

= i i, dxt Adxt A Adx'r.
1 14

1 ..
OuW)jy...j, = —ﬁg”(Vinjl...j,, ~Vjj..jpVoTi). (14)
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Remark 6. If ¢ is a horizontal 1-form on SM, then dy reduces to §, and we have
Sup=0p=—(Vp;—@;VoT)). (15)
Definition 7. Let (M, F) be a Finsler manifold. Ahorizontal Laplacian on SM is defined by
Ap:=dybg+08gdy, (16)

where dy and 6y are horizontal differential and horizontal co-differential operators on SM,
respectively.

Now we are able to show the basic equivalence relation

Ayw=0 ifandonlyif dyw=0, and dyw=0, a7

in the following theorem.
Proof of Theorem.l. It is clear that if 6y = 0 and dgw = 0, then we have Ay w = 0. Conversely, Let
¢= %(pil iy (@dx' T A Adx'P € Ag be a horizontal p-form on SM and y a horizontal (p+1)-form
on SM, given by

1
(p+1)!

Antisymmetric property of p-forms yield

= i pdxtadxtt A---Adx'P.
i) ..ip

P VR SR S R v S PR 7 R 1 JER PN
vlk(pll,..lk_]llk+1...lpw b= vl(pll...lk_llklk+1...lpw P
— k+(k—1) D)1 g ifegr i
=(-1 Viiy iy qigipey..ipy R
o i eipey gk
= vt(l)tl...lk,llklkﬂ...lpu/ P,

Using the last equation and the inner product (13) we have

1 . .
(dH P, 1//) = LM m(vi(ﬁil"'ip —_—ee— Vip(pilml'pfli) 1//”1'“111 n
1 ;o .
- fSM m(viq)il'"in Tt Vi(Pil...i,,) 1[/”1""!’ n (18)

_ o iy
= 'vl(pll...lp y n.
sM p!

Letting al = (pil,,,ipwiil"'il’, equation (10) yields
fs Vi@, = fs @iy Vo Tin. (19)

Replacing (19) in (18) and using the metric compatibility of Cartan connection yields
Pl ,9) :f Vi@, _f @i i, Viy' iy
sM SM

:[SM¢i1-~~ipwiil..'ipv0Tin_LM¢i1"'ipviwiil..'ipn
(20)
= _LM(Viu/lll-..lp _,(//lll...lpvo Tl)(plllpn

=- SMg”gl' N8PV, = Wi, Vo T @i iy

Therefore (18) becomes

p!(dy @, y) = fs B g Guy g, 01y T
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which yields
(du @, ¥) = (9,65 ¥). 21
If ¢ = w is a p-form and y = dyw, then the equation (21) yields
(dy w,dy w) = (w,6udy w). (22)

If ¢ = 6y w and ¥ = w, using (21) we have
(dydy w, w) = (6 w, 0y W). (23)
Through the equations (22), (23) and (16) we have
(Agw, w) = (dgdy w, w) + (dgdgw, w)
= (0 w,0y w) + (dy w,dyg w) = 0.

If Ay w = 0, we conclude that §y @ = 0 and dg w = 0 which completes the proof. O

4.1. Horizontal Laplacian of p-forms

Let ¢ be a horizontal p-form on SM, by definitions of horizontal differential and co-differential
we can easily see that

1
Oudug=— (& (VY i, = Vspi, i, Yo T))

— 8" (Vi Vi @si...ip, = Vi, Psi...i,, Vo Ir)
- g”(VrVizq’il sizeip = Vio Qi si.ip VOIr) = ...

(24)

— 8" VYV, i iprs— Vi @i iy sVoTr) [dxt A Adx?,

and

Onp=- grs(vr(Psiz...ip - (Psiz..,i,,vo Tr)dxiz Aeee ndx.

(p-1!
On the other hand, by definition we have

1
dudu g = o 8" Vi, Ve @si...i, = Vi, @sis...i, Vo Tr)
—8" (Vi Ve@siis...iy = Viy Psi i...i, Vo Tr)) — ... (25)
~ 8" Vi,V @siy..ipris = Vip Psiy.eipyi, VoTr) [dx't A+ Adx'.
The equations (24) and (25) yield

1
(6u dn +du bn)e = o 8" (ViVspi i, = Vi, i, Vo Tr)

- 8" (Ve Vi @siy...ip = Vi, Vi Psis...i,)

— 8" (ViViy®i sis...iy = Vi, V@i sis..ip) = -+ 26)
8" (ViVi, @i ipys = Vi, Vr@i iy ys)

= 8" (Psi...i, Vi, Vo Tr + @i siz...i, Vi Vo Ir

+o 4 @i iy sVi,VoT,) [dx't Ao Adx.

In particular for an arbitrary horizontal 1-form ¢ = ¢;(z)dx’ on SM, the above equation

reduces to rs
(Oudu+dydu)e = —[g (ViVsi = ViV Ty)

-8V, Vigs=ViVrgs) 27)
8" s ViV T)|dx'.
This fact gives rise to a new definition of horizontal harmonic vector fields on Finsler manifolds.
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Definition 8. A horizontal p-form ¢ on SM is called horizontally harmonic if we have
AH P = 0.

The horizontal harmonic p-forms will be referred to in the following as h-harmonic p-forms or
simply h-harmonic.

Remark 9. C. Bertrand and A. Rauzy, using a horizontal lift of a p-form on M to SM have
defined the Laplacian on a Finsler manifold which is different from our point of view. More
intuitively, they construct a sub-elliptic operator on the associated unitary bundle and give a
lower bound for the first eigenvalue of this operator by using the horizontal Ricci tensor of the
Berwald connection, see [4].

5. The harmonic vector fields on Finsler manifolds

Recently, one of the present authors has introduced in a joint work a definition for harmonic
vector fields on Finsler manifolds using the Cartan and Berwald connections in the following
sense.

Remark 10. Let (M, F) be a closed Finsler manifold. A vector field X = X "% on M is called
harmonic if its corresponding horizontal 1-form X = X;(z)dx’ on SM satisfies AX = 0 or dX =0
and 6 X =0, where
dX = —(Di X —Din)dx Adx! — —dx' Ady/,
2 oy’ (28)
0X = —(Vij —XjVOT]) = —g”D,‘X]‘,
and V and D are the covariant derivatives of Cartan and Berwald connections, respectively,
cf. [9,10].

The above definition of harmonic vector fields and the corresponding harmonic 1-forms have
some inconveniences. First, it could not be easily extended to the harmonic p-forms on Finsler
manifolds. In particular, the occurrence of the mixed terms of differential and co-differential
could not be readily established in the Finsler setting. Second, the both Berwald’s and Cartan’s
covariant derivatives must be considered in this calculations which needs more preliminaries for
this definition. Finally, contrary to the definition of harmonic vector fields on the Riemannian
manifolds, we do not have the following proper bilateral relation in general;

Ap=dép+0dp=0 < dp=0 and 6b¢=0. (29)
The remedy lies in a slight modification of definition in the following sense. Let X = X' (x) % be
avector field on M. One can associate to X a 1-form X on SM defined by
oy
F )
where X; = £(VoX; - y;Vo(y/ X;)F~2), and z € SM [1]. The horizontal part of the associated 1-
form X on SM is called associate horizontal 1-form and denoted by X = X; (z)dx".

i

X =X;(2)dx' + X;

Definition 11. Let (M,F) be a Finsler manifold. A vector field X = X "(x)% on M is called
harmonic related to the Finsler structure F if the associate horizontal 1-form X = X;(z)dx" is h-

harmonic on SM.

Remark 12. According to this definition of the Finslerian harmonic vector field, if X is a
harmonic vector field concerning the Finsler structure F, then the associate horizontal 1-form
X = X;(2)dx', is h-harmonic on SM, where X;(z) is a real function on SM and z = (x, y) € SM.
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Theorem 13. Let (M, F) be a closed Finsler manifold. A vector field ¢ = ¢’ % on M is harmonic if
and only if
8 (ViVspi = VsiVoTr) = 'Ry =V R + 9"V Vo T (30)
Proof. The Ricci identity (7) yields
g (Vi Vigps=ViVrps) =V, Vip" =V;V, "
=¢'R},; - V"R, 31)
=¢'R;;—V,@' R,
Substituting the last equation in (27) we get the result. g

A Finsler manifold (M, F) is called a Landsberg manifold if Vo T = 0. We have the following
corollary.
Corollary 14. Let (M,F) be a closed Landsberg manifold. A vector field ¢ = (pi% on M is
harmonic if and only if

gV Vspi=¢'Rii =V R...
If (M, F) is Riemannian, then the above equation reduces to the following well known form.
8"V, Vspi = ¢'Ry;.

Let X=X i(x)% be a vector field on (M, F). Inspired by [9] and [10] and based on the Ricci

tensor, we define the harmonic Ricci scalar Ric as follows
Ric(X, X) := XkXthk—XerXjR]r.k—XkaXjVOTj. (32)

Furthermore, we obtain a classification result given in Theorem 2.

Proof of Theorem 2. Let X = X "(x)% be a vector field on (M, F) and Y and Z two 1-forms on
SM definedat z€ SMby Y = (X*V;X;)(2)dx’ and Z = (X;V;X/)(z)dx’, respectively. Using (9) we

have . ,
8Y =-V;(X* Vi x9) + X vV XIV, T;

PP e 33)
= —VjX VkX] -X VijX] +X VkX]VOTj,
and similarly ' ' '
87 =~V X*V; X7 - XkV, v X7 + X9V XV, Ty,
= —ViX*(V; X7 - X*VoTp) - X*v v X7 (34)
= VX 6 X - XFV,v; X
The difference of 6 Z and 6 Y yields
8Z-8Y =V Xk X + XF(V Vi X - ViV X)) + VXV X - xRV XV, T (35)
On the other hand we have
1 . .
dg X = E(Vin —Vin)dxl Adx?,
from which

1 . .
I XI* = 2 (ViX; =V Xp (V' X/ = v/ X7)

= Vi XpEVIXD) = (VX)X = (7, XD (VX)) + (VX (VX))
=1
T2

VXN = (Vi X)) (VI XD
Therefore
VX VX7 = VX% - 2lldg X%, (36)
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Replacing (36) and (7) in (35) we obtain
6Z-8Y =V X6 X+ X X'Ry— ka,XfR;k +IVXI2-2)dy XII* - XFViXIVe Ty (37)
If X is a harmonic vector field, then by definition of Ric given by (32) the last equation becomes
8Z-8Y = |VX|? +Ric.

By integration over SM and using (10), we obtain
f (Ric+ |VX[?)n=0. (38)
SM

If Ric = 0, or
X*X'Ry = XerXjR]r.k + X Ve XIVo Ty,
then (38) yields the first assertion. If Ric > 0, that is, if we have
X*X'R > XerXjR]r.k + XMV XTIV T,
then using the equation (38) we get the second assertion. U

Remark 15. For a closed Landsberg manifold and a harmonic vector field X on M, Theorem 2
reads

(1) EX*X'Ry = karXfR;k, then X is parallel.

) EX*XIR > Xkv, X/ RY,, then X vanishes.

Recall that if the Finsler structure F is Riemannian, then Theorem 2 reduces to the following
famous theorem of Bochner and Yano.

Theorem 16 ([12,13]). Let (M, g) be a closed Riemannian manifold and X a harmonic vector field
on M.

(1) IfRic(X,X) = X*X'R; =0, then X is parallel.

(2) If Ric(X,X) = X¥X'R; >0, then X vanishes.

6. Cohomology class and Betti number

On a smooth manifold M the de Rham cohomology H}, (M) := Z'(M)/B' (M), is an equivalence
class of the closed forms on M. The fact that a closed form is not exact indicates that the manifold
has a certain global topological structure that prevents the existence of any hole or twist. The de
Rham cohomology class is therefore, a way to understand, via the tangent bundle, the global
topology of a manifold.

On a compact Riemannian manifold, every equivalence class in H (;‘R(M) contains exactly one
harmonic form. That is, every member w of a given equivalence class of closed forms can be
written as w = a +y where «a is exact and y is harmonic, i.e. Ay = 0.

The dimension of the space of all harmonic forms of degree p on a manifold M is called the
pth Betti number of the manifold.

Due to Hodge theory, the first Betti number is equal to the dimension of the space of harmonic
1-forms on M, and this space is isomorphic to HéR(M). ‘

As mentioned earlier, on a Finsler manifold (M, F), a vector field is harmonic if X = X; (x, y)dx?,
the associate horizontal 1-form on SM, is h-harmonic. Hence the definition of a harmonic form
on (M, F) is closely related to the Finsler structure F.

The following theorem will be used in the sequel.

Theorem 17 ([7]). If A is a closed, nonempty, convex subset of a Hilbert space B, then for every y
in B there is a unique x in A that minimizes the distance from y to A.
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We are now able to prove Theorem 3.

Proof of Theorem 3. Uniqueness. Let (M, F) be a Finsler manifold, a¥) = aE.” (x)dx! and a® =
aE.Z] (x)dx! the two 1-forms on M such that the associate horizontal 1-forms ¢ = ail)(x, y)dxi
and a® = a\? (x,)dx’ on SM are h-harmonic and a\" (x, y)dx’ - a'? (x, y)dx’ = dy f for some
f € C*°(SM). Using the inner product (13) and the equation (21), we have

(a';l) (x, y)dx’ - a?) (x, y)dxi,ocg.l) (x, y)dx’ - aEZ) (x, y)dx?) (39
= (aﬁ.l)(x, y)dxi - ag.z) (x, y)dxi,dHf)
= 0p@P (x, pdx’ - a? (x,y)dx"), f)
=0,/ =0,
which yields ¢V = a®.
Existence. B!(SM) is closed in Z!(SM) and it is convex [7].
Let 6 = 0;(x)dx’ € Z' (M) such that 6 = 0;(x, y)dx’ € Z'(SM) is the associate 1-form on SM.

Using Theorem 17, three is a unique minimizer, say fy € C*°(SM) such that [|0; (x, y)dxi —dufo 112
is minimized. For all f € C*°(SM) and ¢ € R we have

d .
77 10: 06 »dx’ = dp fo - ed f1°
d . .
= a(ei(xy ydx' —dgfo—tdyf,0;(x,y)dx' —dg fo— tdu f)

d ; . .
= a[(Qi(X, ydx' —dyfo,0;(x, y)dx' —dg fo) —2t0; (x, y)dx' —dp fo,dp f) + (g f,du ).

Since ||0; (x, y)dxi —dgfo- thf||2 has a unique minimum at ¢ = 0, we deduce

©i(x, y)dx' —dp fo,duf) =0, (40)

for all f € C*°(SM). On the other hand
©0i(x, Y)dx’ = dp fo,duf) = @u6;(x, y)dx" —dp fo), f). @n
The equations (40) and (41) yield 6 g (8; (x, y)dxi —dg fo) = 0 and the proofis complete. O

We then prove the corollary.

Proof of Corollary 4. Let (M, F) be a closed orientable Finsler manifold and X a harmonic vector
field related to F. Assuming Ric > 0, the second part of Theorem 2 asserts that the harmonic
vector field X related to F vanishes identically. Theorem 3 yields that the dimension of the space
of all harmonic forms of degree one is the first Betti number of the manifold. Hence the first Betti
number is b; =0. O
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