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1. Introduction and main result

2N
==, N=3 .

Let Q be a smooth bounded domain in RY, N =1, and 2* ={ N-2 N 12 We consider the
+00, =1,2.

following Kirchhoff type boundary value problems

a+bf |Vu|2dx)Au=g(x,u) in Q,
Q (1

u=0 on 0Q),

where a>0,b>0and g: Q xR — R s a suitable continuous function.
* Corresponding author.
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When N=1,Q=(0,L), a=1and g(x, u) = g(x), solutions of Eq. (1) are related to the stationary
states of the hyperbolic equation
oul? . \ o
u q ) u

u L

(1o ) 1G] o) 5
which was proposed by Kirchhoff in 1883 to describe the small transversal oscillations of an
elastic clamped string. For this reason, Eq. (1) is often called Kirchhoff equation.

Over the past 20 years Eq. (1) has been extensively studied by using variational methods, see
for example, [1,2,6-10, 12] and the references therein. See also [11] and references therein for a
broad survey.

In particular, Ambrosetti and Arcoya investigated the following special case of Eq. (1)

—(a+bf |Vu|2dx)Au:|u|p_2u inQ,
Q
u=0 on 0Q),

= g) u(oy t) = u(L, t) = 0,

2

where 2 < p <min{4,2*}, and got that
(I) there exists y¢ > 0 such that for any b € (0,7y), I;, has a mountain pass critical point u;
with Ij(u;) > 0, as well as a global minimum u, with I (1) < 0, see [2, Theorem 4.4],
where I, is the Euler functional associated with Eq. (2);
(I) if b is large, then Eq. (2) has no nontrivial solution, see [2, Remark 4.5 (ii)].
Conclusions (I) and (II) motivate us to study bifurcation-type results on Eq. (2) as the param-
eter b varies. This is the object of this paper to which we give a positive answer.

Define

g ul?
2 2
ue H\{0} |u|p

where ||ul* = [ |Vul*dx and IuIZ = o |ulPdx denote the usual norms of u in H := H,(Q) and
LP(Q) respectively. Then

f lulPdx < Apllu|” forallue H, 3)
Q

JhS)

where A, = S, % . Define

=

4—
A= P24 (—4_p)p_2
2 7P\ 2a
By using the variational methods, we obtain the following bifurcation-type theorem.

Theorem 1. Suppose thata>0,b>0,2 < p < min{4,2*}. Then

(i) Eg. (2) has no nontrivial solutions for any b > A;
(i) Egq. (2) has at least two positive solutions for any b < A;
(iii) Eg. (2) has at least a positive solution for b = A.

According to Remark 7 below, we can give the rough graphs of the mountain pass value c¢; and
the local minimum value m;,.

From [2] we know that for any b € (0,yy), I, possesses a global minimum. But if b € (0, A) is
close to A, then 0 is a global minimum. So we need to select an appropriate constraint in order to
obtain a local minimum.

The Euler functional associated with Eq. (2) is

a b 1
I (w) = = llull® + < lul* - —[ |ulPdx.
2 4 pJa
Obviously, Iy, is of class C! and

(Il’](u),v)z(a+b||u||2)f Vu-Vvdx—f [ulP2uvdx
Q Q
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Figure 1.

forall u,ve H.

2. Proof of Theorem 1

To prove Theorem 1, five lemmas are in order.
Lemma 2. Suppose thatb>0 and?2 < p <min{4,2*}. Then I, is coercive on H.

Proof. From (3) we have

a b 1
Ip(w) = —llul®+ = lul* - —f lulPdx
2 4 pJa

a b A
> = full?+ - ul* - =2 ulP.
2 4 p
Since 2 < p < min{4,2*}, I}, is coercive on H. O

Lemma 3. Supposethata>0,0<b<A,2<p<min{4,2*} and

(p-2)Ap
2b

Then there exist ty, € (0, Ty) and t, € (Ty, +o0) such that all nontrivial solution of Eq. (2) belongs to
theset{ue H: tp < |lu| < té}. Moreover, if 0 < by < by < A, then ty,, < t,, and My, c My,, where
My :={ue H:|ul = t}.

1
4-p
b=

Proof. Suppose that u € H is a nontrivial solution of Eq. (2). Then combining with (3) we have
allul’? + bllu)* = fQ ulPdix < Aplull”.

Thus

blul* - AplulP?+a=<o.
For ¢ >0, define hy(t) = bt* — AptP~* + a. Then k) (Tj) = 2bT, — (p—2) A, Tl’f_g =0, hj,(1) <0 for
all € (0, Tp) and h;(t) > 0 forall ¢ € (T, +00).

When b < A, hy(Tp) = T} 2(bT, - Ap) + a < 0. Combining with /,(0) = a > 0 and
lim;—. 00 hp(2) = +oo implies that there exist 7, € (0, Tp) and ;) € (Tp, +o0o) such that hy(tp) =
hy(t) =0, hy(2) > 0 forall £ € (0, t) U (1, +00) and hy(2) <O forall £ € (tp, 1)). So 1y < ||ull < .

If 0 < by < by < A, then hy, (13,,) < hy, (1p,) = 0. So there exists 7}, € (0, #,,) such that hy,, (£p,) =0
and hy, (£) >0forall £ € (0, t,,). Hence My, < Mj,. O

From Lemma 2, my, := infyep, Ip(u) is well defined. We consider the constraint problem
my, = infyepr, I (1) in order to obtain a local minimum solution of Eq. (2).
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Lemma 4. Suppose thata>0,0<b < A and?2 < p <min{4,2*}. Then I}, satisfies mountain pass
geometry, i.e., there exist ap > 0 and vy, € H such that | vp| > t, and infy =, Ip(1) = ap > Ip(vp).
Moreover, I,(vy) = my,.

Proof. From (3) we have

1
llull=1,

b 1
inf Ip(w) = inf (fnun%—nuu‘*——f |u|”dx)
Null=t, \ 2 4 pJa

. a b A
> inf (—|Iu||2+—||u||4——p||u||p)
lul=t,\ 2 4 p

2 4 p
For t > 0, define f,(f) = “7‘2 + bel - A’;tp. Then fl;(t) =at+bt® —Aptl’—l =thp(t)>0forall t e
0, tp) U (II,O,+OO) and fl;(t) <0 forall £ € (tp, l';)) Thus fb(tb) > fb(O) =0and fb(tb) > fb(Tb) > fb(t)
forall t € (Ty, t,].
The infimum S, can be achieved by a positive function e € H and fQ le|Pdx = A,,IIeII”. Let
vp = ”Tj“"e. Then ||vpll = T > t, and

aT?> bT} AT
Iy(vp) = by b _"Pb_ Jo(Tp).
2 4
Hence inf) =4, Ip (1) = ap := fp(1p) > fi(Tp) = Ip(vp) = my,. O

Lemma 5. Suppose thata>0,0<b < A and?2 < p <min{4,2*}. Then there exists {u,} c My, such
that I (un) — my, and Iy (u,) — 0.

Proof. By Ekeland’s variational principle [5], there exists u, € M}, such that
1
myp < Ip(uy) <mp+ —
n
and for any v € M),
1
Ip(v) = Ip(un) = _Z” up—vll.

Thus I, (1) — my. From Lemma 4 we know that for n large enough, ||u,| > t;. For any h € H and
Ikl =1,let v = u, + th for t small enough, we have

I th) -1 1
t—0*

t n
Similarly,
1 —th) -1, 1
I (1), ~ Ty = lim 22 = I = I00) 1
t—0+ t n
Then
1
KT, (un), )| < — =o().
According to the arbitrariness of & we have I 1,7(”") — 0. O

Lemma6. Supposethata>0,b>0and2 < p <min{4,2*}. If{u,} satisfies sup,, I,(u,) < +oo and
Ii)(un) — 0, then {u,} contains a convergent subsequence.
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Proof. Since {u,} satisfies sup,, I(1,) < +oo, from Lemma 2 we have {u,} is bounded in H. Then
there exists u € H such that up to a subsequence, u, — uin H, u,, — uin LP(Q) and u,(x) — u(x)
a.e. in Q. Combining with the Hoélder inequality implies

U lnlP % 1y (uy — wydx S[ ln P~y — uldx
Q Q

< )ty — uly

=0(1).
Note that

f Vun-Vudxzf IVuIde+0(1)
Q Q
and
0(1) = (I}, (up), up — uy = (a+ bl un||2)f V- Viup - u)dx—f P~ up (up — w)dx.
Q Q

Thus ||uy, |l — |ull. Therefore, u;,, — uin H. O

Proof of Theorem 1.

Conclusion (i). Eqg. (2) has no nontrivial solutions for any b > A.
Suppose that u € H is a nontrivial solution of Eq. (2). Then using (3) and the Young inequality
we have
a||u||2+b||u||4=fﬂ|u|”dx

< Apllull”
4-p 4-p

2a \ 2 4— z
= ( ) lul*=P A (—) llu)?P=4
4-p

@

So b < A. Conclusion (i) holds.

Conclusion (ii). Eq. (2) has at least two positive solutions for any b < A.
From Lemma 5 and Lemma 6 we have that there exists u € Mj, such that I,(u) = m;, and
II’](u) = 0. Note that I,(|u|) = Ip(u) = mp and |||ulll = |ull > t,. Forany h € H,
Ip(lul + th) — Ip(lul) >0
t

(IZ,(IMI), h) = lim
t—0+

and
Ip(lul - th) — I (Jul) -
. >
Then I;(I u|) = 0. That |u| > 0 follows from the strong maximum principle. In fact, |u| is a ground
state solution. Indeed, from Lemma 3 one has v € M}, for any v € {v € H\{0} : I, (v) = 0} and then

Ipy(v) = mp = Ip(lul).
According to Lemma 4, we define

0.

(I (lul),~h) = lim
t—0%

cp = inf max I, 1),
b Y€l te[0,1] by (D)

where

I'py ={yeC(0,1], H) : y(0) = 0,y(1) = vp}.
Then ¢, = ap > my and combining with Lemma 6, we know that ¢;, is a critical value by the
mountain pass lemma [3]. From Theorem 10 in [4] we want to state positivity property of the
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mountain pass solution. We take p(u) = |u| in [4, Theorem 10] and obtain a critical point u = 0.
The strong maximum principle implies © > 0. Conclusion (ii) holds.

Conclusion (iii). Eq. (2) has at least a positive solution for b = A.
Because S, can be achieved by some positive normalized function v € H, i.e., Sp = || v|? and
1

lvlp =1, SF v is a positive solution of the following semi-linear elliptic equation

—Au=ulP%u inQ,
6)]

u=0 on 0Q).

1
By scaling the function w := (4 Lyzr s 5 v solves the following equation
2a

u=uP?u inQ,
u=0 on 0Q.

Moreover, by calculating one has a+ b|| w|? = 2“ . It shows that w is a positive solution of Eq. (2).

Conversely, if w is a positive solution of Eq. (2), then (a+ bl|lw|®>F? = ? w is the one of Eq. (5). Then
when the positive solution of Eq. (5) is unique, the one of Eq. (2) is also unique, for example, when
Q isball or p is close to 2. Conclusion (iii) holds. 0

Remark 7. We prove some properties of critical values mj and cy,.

(i) myp and c;, are monotone increasing functions on (0, A);
(ii) mp := hmh_.A myp and cp = hmb_,A cp are critical values of Eq. (2) with b = A;

(iii) mp =cp = (4 p)P Z(aSp)P 2 =Ja(u) forall ue {ue H\{0}: I’ (u) =0}
(iv) limp_ g+ mb = —oo and ¢y :=limy,_ g+ ¢ > 0.

Proof of (i). For any by, b, € (0,A) and b; < by, from Lemma 3 we have M}, € M}, . Then

myp, = inf Ip (w) < inf Iy (u) < inf I, (u) =my,.
b] uEMh1 bl uEMh2 bl uEMh2 bz b2

Fix by € (0,A). For any y € I'y,, maxo<;<1 Ip, (¥ (£)) = fu,(tn,) > fu,(Th,) > fp,(2) for all ¢ €
(T, tzz], where the symbols are from Lemma 3 and 4. According to the definition of T}, there
exists by € (0, bp) such that Ty, < Tj, < ti)z. For any b € (b1, by), we define

20, <ts<
y) = [Ty, + 2t =1)(Tp — Tp,)le
llell

Theny €Ty, Ty, < Tp, + 2t = 1)(Tp— Tpp,) < Tp < Tp, < t’ forall r € [1,1]. Thereby, one has

’

— N | —

st<

)

D= O

max I, ¥(8) = max T, (T, + 21 = 1) (T = Tp,)) < [, (Thy,) < rnax 1b2 (y(1)

—<[< —<[_

and then

0max I, (y(1) = max I;,Z y@®) = max Ibz @) > max Ih(y(t)) = Cp.
<t< O<t<

In view of the arbitrariness of y, we have Cphy = Cp.

Proof of (ii). Foranybe (%,A), there exists a positive function uj, € H such that Ij (up) = my and
I}, (up) = 0. Combining with (3) implies

A
4 2 4
E”ub” < allupll” + bllupll =fﬂlub|pdeApllubll’”-

C. R. Mathématique — 2022, 360, 247-254
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24, 1
Thus ||up |l < (=52) "7 . From

a A
my = Iy(up) < = | upll?® + 7! upll*

it follows that m, has a upper bound on (%,A). We set mp = SUP A ppep M- For any € > 0, there
exists b, € (%,A) such that mp —& < my,, < my. Take § = A — b,. When A —§ < b < A, by using
the monotonicity we have mj — € < my, < my, < mp < my +¢, i.e., my is left continuous at A
(mp = lim,_.n- mp). Let {b,} < (4, A) be an increasing sequence and b, — A. Then my,, — mx
and there exists a positive sequence {u,} ¢ H such that I, (u,) = my, and I;n(un) =0. So

24, -1
llunl < (=5£)™7 and then

A=by A=by
lunll* = my, + lunll* — ma,

In(up) = I, () +

1T ()l = sup (I (), v) = sup (A—by)l unl® | Vun-Vvdx—o0.
lvli=1 lvli=1 Q
From Lemma 6, we know that there exists a nonnegative u € H such that up to a subsequence,
u, — uin H. Hence I (1) = mp and I}, (1) = 0. The strong maximum principle implies that u is
positive.
The case of ¢, is proved to be completely similar.

Proof of (iii). Let ;\(u) =0, then from (4) we have
allul®+ Allul* :fQ|u|”dx = Apllull”.

Let h(f) = At® - Apt”"2 +afort>0.Then h'(T)=0, h'(¢t) <0forall t€ (0, T) and /'(#) > 0 for all
t € (T, +o00), where

1
i-p

(p—-2)A
T= [—p Ay
2A
Since h(T) = TP2(A T4”’—Ap) +a =0, T is a unique positive solution of equation At? —-Ap P24+
a = 0. Thereby, for any u € {u € H\{0}: I}\(u) =0} we have || u|| = T and

1
In(u) = Iz (w) - ;(I}\(u),w

:(p—Z)aTz_(4—p)AT4
2p 4p
2
-2( 2 \r2 r_
= p_ (_) r (asp) PI—JZ .
4p \4-p

Then

2

p=2( 2 \rz r
mEen= ) @S

Proof of (iv). From Lemma 3 we know that 5 is a monotone increasing function on (0, A). Fix
w € H, ||lw| = 1. For any L > 0 there exists B > t% such that
aB? BP
Iy(Bw) = — | w|? - —f lwPdx < -L-1.
2 p Jo

Then there exists b € (0, %) such that

boB*
Iy (Bw) = Io(Bw) + = —llwll* < ~L.

C. R. Mathématique — 2022, 360, 247-254
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So for any b € (0, bp), we have |Bw| = B > ta > tp, > f and then
2
my = inf I(u) < I(Bw) < Ip,(Bw) < —L,
ueMy

ie., limb*,()‘*‘ mp = —0Q.

Since cjp, is a monotone increasing function on (0, A) and ¢, > 0 for all b € (0, A), we obtain
that limy,_ ¢+ ¢ exists. In the following, we prove co := limy,_¢+ ¢ > 0. We adopt the symbols of
Lemma 3 and Lemma 4. Define # = (Aip)ﬁ. Then fy < T}, and hy (o) = btz > 0. Since 1, < Tj,
hy(tp) =0and h;ﬂ(t) <0forall ¢ € (0, T), we have fy < t,. Combining with fl;(t) >0forall £ € (0, t)
implies f3,(tp) > fp(%). Then we get

p

: a Ap po)_p-2ar?
inf Ip(w) > ap = fy(ty) > (t)ztz(———tp ):— >0.
hul=t, " b=fo)> o) = 155 = =7l 2p p
p
2 472 2 472
TherebycbzabzZ;p“l.Hencecoz’%“l >0.
AP? Ay?

Acknowledgments

The authors express their gratitude to the reviewer who made many helpful suggestions and
pointed out kindly to us a simple proof of Theorem 1 (iii) which led to an improvement of the
original manuscript.

References

[1]1 A. Ambrosetti, D. Arcoya, “Remarks on non homogeneous elliptic Kirchhoff equations”, NoDEA, Nonlinear Differ.
Equ. Appl. 23 (2016), no. 6, article no. 57 (11 pages).

[2] , “Positive solutions of elliptic Kirchhoff equations”, Adv. Nonlinear Stud. 17 (2017), no. 1, p. 3-15.

[3] A. Ambrosetti, P H. Rabinowitz, “Dual variational methods in critical point theory and applications”, J. Funct. Anal.

14 (1973), p. 349-381.

H. Berestycki, I. Capuzzo-Dolcetta, L. Nirenberg, “Variational methods for indefinite superlinear homogeneous

elliptic problems”, NoDEA, Nonlinear Differ. Equ. Appl. 2 (1995), no. 4, p. 553-572.

[5] 1. Ekeland, “On the variational principle”, J. Math. Anal. Appl. 47 (1974), p. 324-353.

[6] G.M. Figueiredo, A. Sudrez, “Some remarks on the comparison principle in Kirchhoff equations”, Rev. Mat. Iberoam.

34 (2018), no. 2, p. 609-620.

Z. Liang, E Li, J. Shi, “Positive solutions to Kirchhoff type equations with nonlinearity having prescribed asymptotic

behavior”, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 31 (2014), no. 1, p. 155-167.

, “Positive solutions of Kirchhoff-type non-local elliptic equation: a bifurcation approach”, Proc. R. Soc. Edinb.,
Sect. A, Math. 147 (2017), no. 4, p. 875-894.

[9] D. Naimen, “On the Brezis-Nirenberg problem with a Kirchhoff type perturbation”, Adv. Nonlinear Stud. 15 (2015),

no. 1, p. 135-156.

[10] K. Perera, Z. Zhang, “Nontrivial solutions of Kirchhoff-type problems via the Yang index”, J. Differ. Equations 221
(2006), no. 1, p. 246-255.

[11] P. Pucci, V. D. Radulescu, “Progress in nonlinear Kirchhoff problems [Editorial]”, Nonlinear Anal., Theory Methods
Appl. 186 (2019), p. 1-5.

[12] J.-J. Sun, C.-L. Tang, “Existence and multiplicity of solutions for Kirchhoff type equations”, Nonlinear Anal., Theory
Methods Appl. 74 (2011), no. 4, p. 1212-1222.

(4

[7

(8]

C. R. Mathématique — 2022, 360, 247-254



	1. Introduction and main result
	2. Proof of Theorem 1
	Acknowledgments

	References



