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1. Introduction
1.1. Fractional operators and related spaces

In [27,28], for a parameter « € (0, 1), the third and fourth authors introduced the space of functions
with bounded fractional variation

BVER"):={f e L'®R™):ID*fI[R") < +oo0},

where
|IDY fI(R") := SUp{fW fdiv¥@dx:¢e CPRYERY), @l romn;rr < 1} (1
for all f € L' (R™), and the distributional fractional Sobolev space
SPPR™M:={felPR"):3V*feL’R";R"} )

for all p € [1, +o0] (see Section 2.2 for a precise definition). Here and in the following,
-0 () - fx)
VO (0 = fhna [ y-9fW-f

|_V— x|n+a+l

dy, xeR" 3)

d
an -0 @) - )

|y_x|n+a+1

div® @(x) := tn,a i dy, xeR", 4)

are respectively the fractional gradient and the fractional divergence operators, where
o T ( n+(2x+1 )
Mn,a = 2%72 T ioay -

r(=%)

(5)

These two operators are dual, in the sense that

f fdiv“(pdxz—f @-V*fdx
R" Rr

for all sufficiently regular functions f and vector fields ¢. For an account on the existing literature
related to these operators, we refer the reader to [13,14,27,28,41,60,63-70] and to the references
therein.

While the first paper [28] was focused on some geometric aspects of BV® functions, the sub-
sequent work [27] was inspired by the celebrated Bourgain-Brezis—Mironescu formula [16] and
the I'-convergence result of Ambrosio-De Philippis—Martinazzi [3] and dealt with the asymptotic
behavior of the fractional a-variation as @ — 17. As already announced in [27], the main aim
of present paper is to study the asymptotic behavior of the fractional a-variation as & — 0¥, in
analogy with the asymptotic result of Maz'ya-Shaposhnikova [49, 50].

1.2. Asymptotic behavior of fractional operators

The asymptotic behavior of the standard fractional seminorm |- ]y«r@r) was completely under-
stood since the groundbreaking work of Bourgain-Brezis—Mironescu [16] and the subsequent de-
velopments of Davila [29] and Maz'ya-Shaposhnikova [49, 50]. Here and in the following,

, If) - f»IP
we P([Rn)z{feLP([R”) Wutp[Rn) fnfn x—y|rpa dxdy<+oo}

is the well-known Sobolev-Slobodeckij space of parameters a € (0,1) and p € [1, +00) (see [31] for
an introduction and the related literature). Precisely, for p € [1, +00),

Jim (1= @) [f1yap gy = Anp IV I gony 6)

for all f € WhP(R™), while
llm a [f wa, p(Rn) n,p ”f”fp(Rn) (7)
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for all f € Uge,1y W*P(R"). Here Ay p, By, > 0 are two constants depending uniquely on n
and p. When p = 1, the limit in (6) holds for the more general class of BV functions, that is,

lim (1-a) [flwai@n = An1 IDSIR") ®)

forall f € BV(R™).
The limits in (6) and in (8) can be recognized as special consequences of the celebrated
Bourgain-Brezis—Mironescu (BBM, for short) formula

p
mJ,. ). P@=FOW e yhasdy={ oIV T forpedore, g
k%+oo reJre |x—yIP Cn1 IDfIR™)  forp=1,

where C;,, > 01is a constant depending only on r and p, and (0¢) ken © loc([0 +00)) is a sequence
of non-negative radial mollifiers such that

f@kﬂxl)dx:l forall keN
Rn

and
+00

lim ox(M " tdr=0 foralls>0.
k—+00J§

Since its appearance, the BBM formula (9) has deeply influenced the development of the asymp-
totic analysis in the fractional framework. On the one hand, the limit in (9) has led to several
important applications, such as Brezis’ celebrated work [19] on how to recognize constant func-
tions, new characterizations of Sobolev and BV functions and I'-convergence results [6-8,11, 18,
46,47,52-54,59], approximation of Sobolev norms and image processing [21,23-25], and last but
not least fractional Hardy and Poincaré inequalities [17,37,58]. On the other hand, the BBM for-
mula (9) has inspired an alternative route to fractional asymptotic analysis by means of inter-
polation techniques [51, 61]. Recently, the BBM formula in (9) has been revisited in terms of a.e.
pointwise convergence by Brezis-Nguyen [22] and in connection with weak LP quasi-norms [26],
where the now-called Brezis-Van Schaftingen-Yung space

‘| f-fl e
|X—y|5+a L’;,(R"X[R")

defined for a € (0,1] and p € [1, +00), has offered a completely new and promising perspective in
the field [32].

The limits (6)-(9) have been linked to variational problems [10], generalized to various func-
tion spaces, such as Besov spaces [42, 76], Orlicz spaces [2, 34, 35] and magnetic and anisotropic
Sobolev spaces [44, 55-57, 71], and extended to several ambient spaces, such as compact con-
nected Riemannian manifolds [43], the flat torus [5], Carnot groups [12,48] and complete dou-
bling metric-measure spaces supporting a local Poincaré inequality [30].

The asymptotic behavior of the fractional gradient V¥ as @ — 1~ was fully discussed in [27]
(see also [14, Theorem 3.2] for a different proof of (10) below for the case p € (1, +o00) via Fourier
transform). Precisely, if f € WP (R") for some p € [1,+00), then f € S¥P(R") for all a € (0, 1) with

BSY®P(R") = { feLl, ®R™:

(}LIIII_ IVYf =V fllLr ®n;rry = 0. (10)
If f € BV(R") instead, then f € BV*(R") for all a € (0, 1) with
DYf —=Dfin.ZR";R") and |ID*f| — |Df|in #(R")asa — 1~

and
lirrllilD“fl([R")z IDfI(R™). 11
P
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1
We underline that, differently from the limits (6) and (8), the renormalizing factor (1 — a)? does
not appear in (10) and (11). This is motivated by the fact that the constant u,  encoded in the
definition (3) of the operator V* satisfies
l-a

Wn

Una ~ asa— 1.

Concerning the asymptotic behavior of V¢ as a — 07, at least for sufficiently regular functions,

the fractional gradient in (3) is converging to the operator
Y= - f&x)

|y_x|n+1

VO£ (%) = tno N dy, xeR". (12)
Here and in the following, ;¢ is simply the limit of the constant y, o defined in (5) as @ — 0*
(thus, in this case, no renormalization factor has to be taken into account). The operator in (12)
is well defined at least for all f € C°(R™) and, actually, coincides (possibly up to a minus sign,
see Section 2.1 below) with the well-known vector-valued Riesz transform Rf, see [39,72,73]. The
formal limit V¥ — R as @ — 0% can be also motivated either by the asymptotic behavior of the
Fourier transform of V¥ as ¢ — 0* or by the fact that V* = VI;_, — VI; = R for « — 0%, where
n—-a
e f=2ont L0 f [

r(3) Jrelx—yn=@
stands for the Riesz potential of order a € (0, n). In a similar fashion, the fractional a-divergence
in (4) is converging as @ — 0% to the operator

(y=x)-(@p(y) —p(x)) d
|_V— x|n+1

dy, xeR",

div® p(x) = o - y, xeR”",

which is well defined at least for all ¢ € C°(R";R").

As a natural target space for the study of the limiting behavior of V¥ as ¢ — 0%, in analogy with
the fractional variation (1), we introduce the space BVO([R") of functions fe LY(R™) such that the
quantity

ID fI(R") := sup{fw fdiv’pdx:pe CPRYR), @l comnpn < 1}

is finite. As for the BV¥ space, it is not difficult to see that a function f € L!(R") belongs to
BV°(R"™) if and only if there exists a vector-valued Radon measure D° f € .# (R";R") with finite
total variation such that

fnanfdiv()(pdxz—ﬁ;n(p'dDof forall ¢ € C2°(R";R™).

Surprisingly, it turns out that D° f < .#" for all f € BV°(R"™), in contrast with what is known for
the fractional a-variation in the case a € (0, 1], see [28, Theorem 3.30]. More precisely, we prove
that

feBV'RY = fe H'®R"), withDf=Rf.Z"in . #R";R"), (13)
where
H'®RM ={fel'®"):Rf e L' R";R™)}
is the well-known (real) Hardy space.

Having the identification (13) at disposal, we can rigorously establish the validity of the
convergence V¥ — R as a@ — 0*. For p = 1, we prove that

111'161_'. IIVaf— Rf”Ll(IR”;IRn) =0 (14)
a—

for all f € H'(R™) NUge,y) W' ([R™). For p € (1,+00) instead, since the Riesz transform (12)
extends to a linear continuous operator R: LP(R") — LP(R";R"), the natural target space for the
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study of the limiting behavior of the fractional gradient is simply LP (R"; R"). In this case, we prove
that

lim [VYf~Rfllzr@erm =0 (15)
a—07

for all f € Uae(O,l) Sa’p(Rn).

The limits in (14) and (15) can be considered as the counterparts of (7) in our fractional setting.
However, differently from (7), in (14) and in (15) we obtain strong convergence. This improvement
can be interpreted as a natural consequence of the fact that, generally speaking, the LP-norm of
the fractional gradient V* allows for more cancellations than the W%P?-seminorm.

Since the Riesz transform (12) extends to a linear continuous operator R: H'(R") —
H'(R™;R™), the limit in (14) can be improved. Precisely, we prove that

111'51+ ||vaf—Rf||Hl(Rn;Rn) =0 (16)
a—
for all f € Uge(o,1y HSV*(R"). Here

HS™'®R" ={fe H'®R"):V*f e H' R";R™}

is (an equivalent definition of) the fractional Hardy-Sobolev space, see [74] and below for a more
detailed presentation. One can recognize that

H®RYn U w*'®H= | HS*'®R",
ae(0,1) ac0,1)
so that (16) is indeed a reinforcement of (14).
Naturally, if f ¢ H!(R"), then we cannot expect that V¥f — Rf in L'(R";R") as @ — 07.
Instead, as suggested by the limit in (7), we have to consider the asymptotic behavior of the
rescaled fractional gradient a V¥ f as @ — 0*. In this case, we prove that

f fx)dx
Rﬂ

for all f € Ugeo,) W' (R™). Note that (17) is consistent with both (7) and (14). Indeed, on the
one side, by simply bringing the modulus inside the integral in the definition (3) of V¥, we can
estimate

lim af IV f(x)|dx = nwplno
Rn

a—0*

. a7

j';n IV“f(x)I dx < /Jn,a[f] wal(rn)

for all f € WL (R") (see also [28, Theorem 3.18]), so that, by (7), we can infer

limsupafw Ivaf(x” dx < Hn,o (xllr}')l+ a [f] W“'l([R") = l,tn,an’1 ”f”Ll (R™)

a—0*

for all f € Uge0,1) W' (R™). On the other side, if f € H!(R"), then

f fx)dx=0
Rn

(see [73, Chapter III, Section 5.4 (c)] for example), and thus for all f € HY(RM N Uaeo,1) waelwn)
the limit in (17) reduces to

lim af V¥ f(x)|dx =0,
a—0" Rn

in accordance with the strong convergence (14).

C. R. Mathématique — 2022, 360, 589-626
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1.3. Fractional interpolation inequalities

While (17) is proved by a direct computation, the limits (14), (15) and (16) follow from some new
fractional interpolation inequalities.

Let a € (0,1) be fixed. In the standard fractional framework, by a simple splitting argument, it
is not difficult to estimate the W#!-seminorm of a function f € W% (R") as
RB

p

for all R > 0 and B € (0,a), where ¢, > 0 is a dimensional constant. If we choose R =
IFIMe [f171e - then (18) gives

[f] WA (R = Raiﬁ [f] wal(Rn) +Cp ”f"Ll(R”) (18)

Ll (R”) Wa,l(Rn)’
ATURE
flwsiem = |1+ F IIfIILl(Rn) [f] Weal @n) 19)
for all B € (0, @). Inequality (19) implies the bound
1
[f]W/j'](R") :O(ﬁ) forﬁ—>0+, (20)

in agreement with (7).

In a similar fashion (but with a more delicate analysis), an interpolation inequality of the
form (19) has been recently obtained by the third and the fourth author for the fractional
gradient V. Precisely, if f € BV*(R"), then

B B
1_7 =
[f]Bvﬁ(Rn) = Cn,a,p ”f”Ll &n) [f]gV“([R") (21
for all § € (0, @), where ¢, o g > 0 is a constant such that
Cnap~1 forp—a” 22)

and )
C"’a’ﬁzo(ﬁ) for §— 0%, (23)

see [27, Proposition 3.12] (see [27, Proposition 3.2] also for the case @ = 1). Here and in the
following, we denote by [ f]pve®n) the total fractional variation (1) of f € BV*(R"). Thanks to (23),
inequality (21) implies the bound

1
[f1gvs@n :O(E) for — 07, (24)

coherently with (17).

Although strong enough to settle the asymptotic behavior of the fractional gradient V/ when
B — a” thanks to (22), because of (24) inequality (21) is of no use for the study of the strong L
limit VA — R as B — 0. To achieve this convergence, we thus have to control the interpolation
constant ¢, q g in (21) with a new interpolation constant ¢y, o > 0 independent of § € (0, @), at the
price of weakening (21) by replacing the L'-norm with a bigger norm.

This strategy is in fact motivated by the non-optimality of the bound (24) since, in view of the
limit in (17), we can still expect some cancellation effect of the fractional gradient for a subclass
of L'-functions having zero average. Note that this approach cannot be implemented to stabilize
the standard interpolation inequality (19), since the bound in (20) is in fact optimal due to (7).

At this point, our idea is to exploit the cancellation properties of the fractional gradient VA by
rewriting its non-local part in terms of a convolution kernel. In more precise terms, recalling the
definition in (3), for R > 0 we can split

V=V, f+Vl f (25)

C. R. Mathématique — 2022, 360, 589-626
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with
VfRf(x) = .Un,ﬁ/ fKpr(y—x)dy, xeR", (26)
> n

for all Schwartz functions f € %(R"), where the convolution kernel Kg g is a smoothing of the
function

y= T X[R+00) (VD).

_Jy
| y|n+ﬁ+
By the Calderén-Zygmund Theorem, we can extend the functional defined in (26) to a linear
continuous mapping Vﬁ R: H'(R™) — L' (R™;R") whose operator norm can be estimated as

IV2 ol pp <caR™P forall R>0, @7

for some dimensional constant c¢,, > 0. By combining the splitting (25) with the bound (27) and
arguing as in [27], we get that
a=p B
[f]Bvﬁ([Rn) =cnallfll Hoi ®") [f]gva(Rn) (28)

forall e [0,a) and all f € H!(R™)NBV%*(R"™), whenever a € (0,1]. Exploiting (28) together with an
approximation argument, we thus just need to establish (14) for all sufficiently regular functions,
in which case we can easily conclude by a direct computation.

To achieve the limit in (15) for p € (1,+00) and the stronger convergence in (16) for the
case p = 1, we adopt a slightly different strategy. Instead of splitting the fractional gradient as
in (25), we rewrite it as

B B
VP =R(-A)z, (29)
where £ - e
B L x+y)—f(x
(_A)Zf(X).—Vn,ﬁ\Lnlledy, XERn,

is the usual fractional Laplacian with renormalizing constant given by

Vi = 2Pn2 g (%ﬁ)

)

Since the Riesz transform extends to a linear continuous operator on LP(R") and H(R") as
mentioned above, to achieve (15) and (16) we just have to study the continuity properties of

B
(—A)z. To this aim, we rewrite (—A) 2 as

(—A)? = Ty, 50 Ad+(-0)2) (30)
where
Tigpf = f*F Hmap), feF R, 31)
& is the Fourier transform, and
Mg ﬁ(f) = ﬂ’ e R".
' 1+[S]®

Exploiting the good decay properties of the derivatives of mg,g (uniform with respect to the
parameters 0 < f < a < 1), by the Mihlin-H6rmander Multiplier Theorem the convolution
operator in (31) can be extended to two linear operators continuous from L”(R") to itself and
from H!(R") to itself, respectively. Going back to (29) and (30), we can exploit the continuity
properties of the (extensions of) the operator Ty, , to deduce two new interpolation inequalities.
On the one hand, given p € (1, +00), there exists a constant c;,, > 0 such that
a-p By
IV Flo@sen < np IV F I otn oy 1V £l g (32)

C. R. Mathématique — 2022, 360, 589-626
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forall0 <y <f<a<1andall fe SYP[R". In the particular case y = 0, thanks to the LP-
continuity of the Riesz transform, we also have
ap b
VP Lo @nsem < Cnp 15 gy 1V F1 Ep nigeny (33)
forall0 < < a<1andall f e S*P(R"). On the other hand, there exists a dimensional constant
¢, > 0 such that
a-p by
IV fllin @iy < €n 97 Il oy 19 U g (34)
forall0 <y <pf<a<1andall fe HS®!(R"). Again, in the particular case y = 0, thanks to the
H! -continuity of the Riesz transform, we also have
a—p B
IVP fll ®urm) < Cnl Il 1 ®") IIVafIII‘fp @R (35)
forall0< f<a<1andall fe HS®!(R"). Having the interpolation inequalities (33) and (35) at
disposal, as before we just need to establish (15) and (16) for all sufficiently regular functions, in
which case we can again conclude by a direct computation.
As the reader may have noticed, in the above line of reasoning we can infer the validity of (32)
and (34) only if we are able to prove the identifications

fESYPR") < fe(d-A)"2(LPR") <= fel’®R")NI.(LPRM), (36)
for p € (1, +00), and
fEHSYIR") = fe(d-A)"%(H'R") < feH' RN I,(H R), (37)

respectively, with equivalence of the naturally associated norms, where (Id —A)~% is the standard
Bessel potential. While (37) follows by a plain approximation argument building upon the results
of [74], the identification in (36) is more delicate and, actually, answers an equivalent question left
open in [28], that is, the density of CZ°(R") functions in S*” (R"), see Appendix A for the proof. In
other words, the equivalence (36) allows to identify the Bessel potential space

LYPR™) := (Id-A)"% (LPR™) = {f €S R"):(Id-N)? fe L’”(IR”)}

with the distributional fractional Sobolev space S*P(R") in (2). Thanks to the identification
LYP(R™) = S®P(R™), many of the results established in [13, 14] and in [66, 67] can be proved in
a simpler and more direct way. See also Appendix B for other consequences of this identification.

1.4. Complex interpolation and open problems

To achieve the interpolation inequalities (28) and (32)-(35), we essentially relied on a direct
approach exploiting the precise structure of the fractional gradient in (3). Adopting the point of
view of [51, 61], a possible alternative route to the above fractional inequalities may follow from
complex interpolation techniques.

According to [15, Theorem 6.4.5(7)] and thanks to the aforementioned identification
LYP[R™) = SYP([R™), for all a,J € (0,1) and p € (1, +00) we have the complex interpolation

(LP R, S¥P R™) 9 = S"*P R™). (38)
Here and in the following, we write A = B to emphasize the fact that the spaces A and B are the

same with equivalence (and thus, possibly, not equality) of the relative norms. As a consequence,
(38) implies that, forall0 < S < a <1 and p € (1, +o0), there exists a constant Cna,pp >0 such that

ap b
”f”sﬂ,p(Rn) = Cn,a,ﬁ,p ||f||L,Z'(Rn) ”f”ga,p(Rn) (39)

C. R. Mathématique — 2022, 360, 589-626
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forall f € S*P(R™). In a similar way (we omit the proof because beyond the scopes of the present
paper), for all a,J € (0, 1) one can also establish the complex interpolation

(H'(R™), HS® ®™) (9 = HS™! ®R™), (40)

and thus, for some constant ¢, g, >0,

a-p B
”f“Hsﬁ,l(Rn) = Cn,a,p ”f”Hli(Rn) ”f”IC—!IS“'l([R”) (41)

for all f € HS®'(R").

Inequalities (39) and (41) suggest that, in order to obtain (33) and (35) with complex interpo-
lation methods, one essentially should prove that the identifications (38) and (40) hold uniformly
with respect to the interpolating parameter. We believe that this result may be achieved but, since
we do not need this level of generality for our aims, we preferred to prove (32)-(35) in a more di-
rect and explicit way.

We do not know if also inequality (28) can be achieved by complex interpolation methods. In
fact, we do not even know if the spaces (H' (R™), BV (R™))(9) and BVY(R™) are somehow linked for
9 € (0,1) (for arelated discussion, see also [66, Section 1.1]). By [15, Theorems 3.5.3 and 6.4.5 (1)],
we have the real interpolations

(L' ®R™), W RM)g,p = (L' (R"), BV(R™)g,, = BY ,(R")

for all 9 € (0,1) and p € [1,+oc], where ng([}'&”) denotes the Besov space as usual (see [15,
Section 6.2] or [45, Chapter 14] for the definition). By [15, Theorem 4.7.1], we know that

(H'R™), BV(R™) g, < (H'(R™), BVR™)9) < (H' R™), BV(R"))9,00
for all 9 € (0,1). Since H'(R™) c L' (R™) continuously, on the one side we have
(H'(R™), BV([R™)p,1 < (L'(R"), BVR™)g, =B, ®") = WP R")
and, on the other side,
(H'R™), BV(R™)g,00 < (L' R"), BV (R™) 900 = BY  R"),

for all © € (0,1). On the one hand, the continuous inclusion W (R") c BV¥(R") is strict for
all @ € (0,1) by [28, Theorem 3.31]. On the other hand, the inclusion BV*(R") c Bffoo(lR”) holds
continuously for all « € (0,1) as a consequence of [28, Proposition 3.14], but it also holds strictly
when n =2, see Theorem 32.

1.5. Organization of the paper

We conclude this introduction by briefly presenting the organization of the present paper. Sec-
tion 2 provides the main notation, recalls the needed properties of the fractional operators V¢
and div® and, finally, deals with the properties of the space HS®!(R"). Section 3 is devoted to the
proof of the identification BVOR™) = HL(R™), together with some useful consequences about the
relation between H!(R") and W%1(R™). In Sections 4 and 5, the core of our work, we detail the
proof of the interpolation inequalities (28), (32) and (34) and, consequently, we prove both the
strong convergence of the fractional gradient V® as @ — 0" given by (15), (16) and the limit (17).
We close our work with three appendices: in Appendix A we prove the density of CZ°(R") func-
tions in S*P(R"); in Appendix B we state some properties of S®P-functions; in Appendix C we
establish some continuity properties of the map a — V<.
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2. Preliminaries

We start with a brief description of the main notation used in this paper. In order to keep the
exposition as reader-friendly as possible, we retain the same notation adopted in the previous
works [27,28].

2.1. General notation

We let .£" and 7% be the n-dimensional Lebesgue measure and the a-dimensional Hausdorff
measure on R” respectively, with a = 0. A measurable set is a .Z""*-measurable set. We also use
the notation |E| = Z"(E). All functions we consider in this paper are Lebesgue measurable.
We let B;(x) be the standard open Euclidean ball with center x € R" and radius r > 0. We set
B, = B,(0). Recall that w,, := |B1| = n%/F(”T*z) and " 1(0B;) = nw,,, where T is the Euler’s
Gamma function, see [9].

For m €N, the total variation on Q of the m-vector-valued Radon measure p is defined as

|ul(Q) := sup{fg(p'dﬂ:we CE(GR™), Nl oo;rm) < 1}-

We thus let .Z (Q; R™) be the space of m-vector-valued Radon measure with finite total variation
on Q.

For k € Ngu{+oo} and m € N, we let Cf(Q; R™) and Lip,(€2;R™) be the spaces of Ck—regular and,
respectively, Lipschitz-regular, m-vector-valued functions defined on R” with compact support
in the open set Q c R”.

For m € N, we let & (R";R") be the space of m-vector-valued Schwartz functions on R”. For
keNpU {+oo} and m e N, let

F(RR™) = {f e (RR™) :f x? f(x)dx =0 for all a € Njf with |a] < k},
Rﬂ

where x? := xfl “...-x3" for all multi-indices a € Njg. See [39, Section 2.2] for instance. We let
&' (R™;R™) be the dual of #(R";R™) and we call it the space of tempered distributions. See [39,
Sections 2.2 and 2.3] for instance.

For any exponent p € [1,+o0], we let L” (Q;R™) be the space of m-vector-valued Lebesgue p-
integrable functions on Q.

We let

FP@= [ foe T, ferr,

be the Fourier transform of the function f € LY(R";R™). As it is well known, the Fourier transform
maps & (R";R™) onto itself and may be extended to #' (R";R™) (see [39, Sections 2.2 and 2.3] for
instance).
We let
WP (QR™) = {ue LP(Q;R™) : [ulyrp qmem) = IVl 1p @rnmy < +00}
be the space of m-vector-valued Sobolev functions on Q, see for instance [45, Chapter 10] for its
precise definition and main properties. We denote by

BV(Q;R™) = {ue L' (QGR™) : [ulpvamrm) := |Dul(Q) < +oo}

the space of m-vector-valued functions of bounded variation on Q, see for instance [4, Chapter 3]
or [33, Chapter 5] for its precise definition and main properties.
For a € (0,1) and p € [1, +o0), we let

[u(x) —u)|?

1
P
WP (Q;R™) = {u e LP(Q;R™y: [ulwar@rm:= (L o Tx—ympa dxdy) < +OO}
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be the space of m-vector-valued fractional Sobolev functions on Q, see [31] for its precise
definition and main properties. For a € (0,1) and p = +oo, we simply let
WO Q;R™) ;= ue L®(Q;R™:  sup lux) —uy)l < 400§,
X,y€Q, x#y [x—yl@
so that W*°(Q;R™) = Cg'“ (Q;R™), the space of m-vector-valued bounded a-Holder continuous
functions on Q.

Given «a € (0, n), let
(n*(l

r(45%) £
dy, R, 42
r(%) .[I‘Qn |x_y|n_a 2% X € ( )

be the Riesz potential of order a € (0, n) of f € C°(R"*;R™). We recall that, if a, f € (0, n) satisfy
a + B < n, then we have the following semigroup property

Iy (Iﬁf) = Ia+ﬁf (43)
for all f € CX(R™;R™). In addition, if 1 < p < g < +oo satisfy
1 1 «a

a p n
then there exists a constant Cy, o, > 0 such that the operator in (42) satisfies

Iof(x):= 2 %2

”Iaf”Lq(R”;[Rm) = Cn,a,p”f”LP([R”;Rm) (44)
for all f € C°(R"; R™). As a consequence, the operator in (42) extends to a linear continuous
operator from LP (R";R™) to L9 (R";R™), for which we retain the same notation. For a proof of (43)
and (44), we refer the reader to [72, Chapter V, Section 1] and to [40, Section 1.2.1].

Given a € (0,1), we also let
fx+y-fx)

(—A)2 f(x):= vn,afw iy

be the fractional Laplacian (of order a) of f € Lip, (R";R™), where

(*3%)

)

dy, xeR”", (45)

Vpa =217 ae0,1).

For ¢ €(0,1) and p € (1, +00), let
LYPR™R™) : = (Id—A) "2 (LP R";R™)
= {fey’([Re";[R{m):(Id—A)%feL”(IR”;[R%m)} 40
be the m-vector-valued Bessel potential space with norm
If o @rsmy = 10d=8) % fllp@nm,  f€LPR:R™), 47)

see [1, Sections 7.59-7.65] for its precise definition and main properties. We also refer to [62,
Section 27.3], where the authors prove that the space in (46) can be equivalently defined as the
space

LP(R™;R™) N I (LP (R™;R™) = {f e LPR™;R™): (-A)? f e LP(R"; Rm)}, (48)
see [62, Theorem 27.3]. In particular, the function
F I flp@enm + (=A% flrp@nmm, feLYPRY;R™), (49)

defines a norm on L%P(R"; R™) equivalent to the one in (47) (and so, unless otherwise stated,
we will use both norms (47) and (49) with no particular distinction). We recall that CS°(R") is
a dense subset of L*P(R";R™), see [1, Theorem 7.63 (a)] and [62, Lemma 27.2]. Note that the
space L*P(R™;R™) can be defined also for any a = 1 by simply using the composition properties
of the Bessel potential (or of the fractional Laplacian), see [1, Section 7.62]. All the properties
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stated above remain true also for a = 1 and, moreover, LXP (R";R™) = W5P (R"; R™) for all k € N,
see [1, Theorem 7.63 (f)].
For m € N, we denote by
H'®R™%;R™) = {f e L'®R";R™): Rf € L' R";R™™)}
the m-vector-valued (real) Hardy space endowed with the norm

”f”Hl (R?;R™) = ”f"Ll([R";Rm) + "Rf"Ll(Rn;[Rmn)
forall f e H!(R™R™), where Rf denotes the Riesz trasform of f € H(R™R™), componentwise
defined by

n+l

Rfix):=n""2 T

"—“) 1imf VIO 40 veRrn i=1,...m. (50)
2 ) e=0tJyyisep  IyIMH!
We refer the reader to [40, Sections 2.1 and 2.4.4], [72, Chapter III, Section 1] and [73, Chapter III]
for a more detailed exposition. We warn the reader that the definition in (50) agrees with the
one in [73] and differs from the one in [40, 72] for a minus sign. We also recall that the Riesz
transform (50) defines a continuous operator R: LP(R™;R™) — LP(R";R™") for any given p €
(1,+00), see [39, Corollary 5.2.8], and a continuous operator R: H' (R%R™ — HYRYR™),
see [73, Chapter III, Section 5.25].

In the sequel, in order to avoid heavy notation, if the elements of a function space F(Q;R™)
are real-valued (i.e. m = 1), then we will drop the target space and simply write F(Q).

2.2. Overview of V* and div® and the related function spaces

We recall the definition (and the main properties) of the non-local operators V¥ and div®,
see [27,28,69] and the monograph [60, Section 15.2].
Let a € (0,1) and set

" r(ﬂ+g+l)
Pna =291 2 —=——=.
(%)
We denote by
. yflx+y)
VEF(x):= hmf EA R o
f I'L”’“E_,w lyl>e) |y|n+a+1

the fractional a-gradient of f € Lip,(R") at x € R". We also let

. . y-ox+y)
div* o (x) := lim f AR A4S
Y Hn,a lyl>e) |y|n+a+1

e—0%
be the fractional a-divergence of ¢ € Lip.(R";R") at x € R". The non-local operators V* and div®
are well defined in the sense that the involved integrals converge and the limits exist. Moreover,
since
f“ — % _dz=0, Ye>0,

Zl>e} |Z|n+a+l
it is immediate to check that V¥¢ = 0 for all ¢ € R and

VEF(X) = tna i = H(W) = Jx)

|y_ x|n+a+1

dy, VxeR",

for all f € Lip.(R"). Analogously, we also have
(y—x)- (@) —p(x)

div® o(x) = tpa i e dy, VxeR",
for all ¢ € Lip.(R™).
Thanks to [28, Proposition 2.2], given « € (0, 1) we can equivalently write
VOf=Vh_of =h-oVf and div¥¢=divl_4¢=1L_gdivyp (51)
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for all f € Lip.(R";R") and ¢ € Lip.(R";R"), respectively.
The fractional operators V® and div® are dual in the sense that

ffdiv“(pdx:—f @-V¥fdx (52)
R” R

forall f € Lip,(R") and ¢ € Lip.(R";R"), see [68, Section 6] and [28, Lemma 2.5]. In addition, given
f €Lip,(R"™) and ¢ € Lip.(R"; R"), we have

V¥felPR") and div*¥¢eL?R";R") (53)

for all p € [1,+00], see [28, Corollary 2.3]. The above results and identities hold also for functions
fe LR and p € F(R™;R").

Given a € (0,1) and p € [1, +00], inspired by the integration-by-parts formula (52), we say that
a function f € LP(R") has bounded fractional a -variation if

|ID* fI(R™) := sup{fw fdiv*@dx: @ e CORYRY), @l rogn;rry < 1} < +00, (54)

see [28, Section 3] for the case p = 1 and the discussion in [27, Section 3.3] for the case p € (1, +o0].
Note that the above notion of fractional a-variation is well posed thanks to the integrability
property (53). Following the strategy outlined in [28, Section 3.2], the reader can verify that the
linear space

BV*P(R"):={f e LPR™) :|D* fIR") < +o0}

endowed with the norm

I fllpvar®m =l fllLr®ny + DY fIR™), feBVEPRY),

is a Banach space and that the fractional variation defined in (54) is lower semicontinuous with
respect to LP-convergence. In the sequel, we also use the notation [f]gyergn) = |D® f|(R") for a
given f € BV®P(R™).

In the case p = 1, we simply write BV®!(R") = BV*(R"). The space BV*(R") resembles the
classical space BV (R") from many points of view and we refer the reader to [28, Section 3] for a
detailed exposition of its main properties.

Again motivated by (52) and in analogy with the classical case, given a € (0,1) and p €
[1, +oo] we define the weak fractional a-gradient of a function f € LP(R") as the function V¥ f €
Ll (R™;R") satisfying

loc
f fdiv¥epdx= —f Vef-@pdx
R" R"

for all ¢ € C2°(R";R™). We notice that, in the case f € Lip,(R") (or f € & (R")), the weak fractional
a-gradient of f coincides with the one defined above, thanks to (52). As above, the reader can
verify that the distributional fractional Sobolev space

SPPR™M:={felPR™):3V*feL’R";R"} (55)
endowed with the norm

I fllser@ny ==l flr@m + IVE fllr@eryy e STPR™), (56)

is a Banach space.

In the case p = 1, starting from the very definition of the fractional gradient V%, one can
check that W*!(R"?) c S*!(R") ¢ BV¥[R") with both strict continuous embeddings, see [28,
Theorems 3.18, 3.25, 3.26, 3.30 and 3.31], and that C°(R") is a dense subset of S®L(RM), see [28,
Theorem 3.23].

In the case p € (1, +00), the density of the set of test functions in the space S*? (R") was left as
an open problem in [28, Section 3.9]. More precisely, defining

SEP (R := CR®D 57 E
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endowed with the norm in (56), it is immediate to see that Sg P(R") « $%P(R") with continuous
embedding. The space (Sg P@RM, -l sar@n)) was introduced in [66] (with a different, but equiva-
lent, norm) and, in fact, it satisfies

Sg'P(Rn) = [P (IR”)
for all a € (0,1) and p € (1,+00), see [66, Theorem 1.7]. In Theorem 25 in the appendix, we
positively solve the problem of the density of C°(R") in the space S (R"). As a consequence,
we obtain the following result.

Corollary 1 (Identification S*P = L%P), Let a € (0,1) and p € (1,+00). We have S*P(R") =
L%P(R™).

According to Corollary 1, in the sequel we will also use the symbol S*? to denote the Bessel
potential space L*P. In addition, consistently with the asymptotic behavior of the fractional
gradient V* as ¢ — 1~ established in [27], we will sometimes denote the Sobolev space whp
as S7 for p € [1, +00).

Thanks to the identification given by Corollary 1, we can prove the following result.

Proposition 2 (% is dense in S*P). Let a € (0,1) and p € (1,+00). The set H#(R") is dense in
S®P(R™).

Proof. By Corollary 1, we equivalently have to prove that the set 4 (R") is dense in L*” (R"). To
this aim, let us consider the functional M: (% (R"), |- llLr®")) — R defined as

M(f):ll;enf(x)dx, feFRM.

Clearly, the linear functional M cannot be continuous and thus its kernel % (R") must be dense
in & (R") with respect to the LP-norm. Since the Bessel potential

Ad-A)"% : (LR, |- llser@n) — (LR, |- | r@m)

is an isomorphism, the conclusion follows. O

2.3. The fractional Hardy-Sobolev space HS%! (R")

Following the classical approach of [74], for a € [0, 1] let
HS®'(R"): = (I-A)"? (H' (R™)
= {fe H'®RY: (I—A)%feHl(R")}
be the (real) fractional Hardy-Sobolev space endowed with the norm
I fll rsan @my = 1T = A)%fIIHl(Rn), feHYY®RM. (57)
In particular, HS*!(R") = H'(R") coincides with the (real) Hardy space and H"!(R") is the

standard (real) Hardy-Sobolev space. As remarked in [74, p. 130], HS%! (R") can be equivalently
defined as

H'R" NI (H' R") = {f e H'®R"):(-A)? fe H' (R”)}.
In particular, the function
F=lflgmgn + 182 flpgn, fe€HSIRY, (58)

defines a norm on HS*!(R") equivalent to the one in (57) (and so, unless otherwise stated, we
will use both norms (57) and (58) with no particular distinction). In particular, the operator

(-A)? : HS®' R") — H'(R")
is well defined and continuous.
For the reader’s convenience we briefly prove the following density result.
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Lemma 3 (Approximation by .%,, functions in HS%!). Let a € (0,1). The set %, (R") is dense in
HS*'(R™).

Proof. S:lince the set S (R") is dense in H'(R") by [73, Chaptgr III, Section 5.2 (a)], the set
(I - A)"2 (% (RM) is dense in HS®!(R"). Since clearly (I — A)™2 (Fo(R™)) © F(R™), the set
Foo(R™) is dense (and embeds continuously) in H. S®1(R"), Thus the conclusion follows. O

Exploiting Lemma 3, for a € (0,1), the space HS*!(R") can be equivalently defined as the
space
{fe H'®R™):V*f e H' R";RM)}
endowed with the norm
= 1fllmgn+ ||Vaf||H1([Re";[R")‘
Indeed, if f € S (R"), then, by exploiting Fourier transform techniques, we can write V¥ f =
R(-A)2 f, so that there exists a dimensional constant ¢, > 0 such that

CZIH(_A)%]C”Hl ®n) = ||vaf||H1 ®R™RY) = Cn||(_A)%f||Hl ®R") (59)
for all f € .%(R™), thanks to the H'-continuity property of the Riesz transform and the fact that
n
Y Ri=-1 onZ®R").
j=1
By Lemma 3, the validity of (59) extends to all f € HS*!(R") and the conclusion follows. As a
consequence, note that HS%! (R") c S*!(R"™) for all a € (0, 1) with continuous embedding.
We note that the well-posedness and the equivalence of the definitions of HS*!(R") given

above and the stated results hold for any a = 0 thanks to the composition properties of the
operators involved. We leave the standard verifications to the interested reader.

3. The BV°(R") space
3.1. Definition of BV’(R™) and Structure Theorem

Somehow naturally extending the definitions given in (51) to the case a =0, for f € Lip.(R") and
¢ € Lip,.(R"; R") we define

VOf:=[Vf and divP¢:= I dive.

It is immediate to check that the integration-by-parts formula

ffdiv"(pdx:—f -V fdx (60)
R7 R”

holds for all given f € Lip,.(R") and ¢ € Lip,.(R";R"). Hence, in analogy with [28, Definition 3.1],
we are led to the following definition.

Definition 4 (The space BVO(R™). A function f € LYR™) belongs to the space BVO®R™) if
sup{f fdivlpdx:gpe CPR™MR™), @l rogn;rr < 1} < +o00.
Rn

The proof of the following result is very similar to the one of [28, Theorem 3.2] and is omitted.

Theorem 5 (Structure Theorem for BV functions). Let f € L' (R"). Then, f € BV'(R") if and
only if there exists a finite vector-valued Radon measure D° f € .4 (R"™;R") such that

fRnfdivo(pdx:—fRn<p-dD°f (61)
forallp e CX[R™;R"). In addition, for all open sets U c R" it holds
ID°FI(U) = sup{fw fdiv’pdx: e CRWU;RM, 9l eow;rm < 1}- (62)
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3.2. The identification BV°(R") = H'(R")
As already announced in [27], the space BV?(R") actually coincides with the Hardy space H! (R™).
More precisely, we have the following result.
Theorem 6 (The identification BV? = H'). We have BV°R") = H'R"), with
Df=Rf.Z" in.# R";R")
for every f € BVO(R™).
Proof. We prove the two inclusions separately.

Proof of H'(R") « BVO(R"). Let f € H'(R") and assume f € Lip,(R"). By (60), we immediately
get that D°f = Rf " in .4 (R";R"™) with Rf = V°f in L} (R";R"), so that f € BV°(R"). Now let
fe H(R"). By [73, Chapter III, Section 5.2 (b)], we can find (fi) ke < H! RN C(R™) such that
fi — f in HY(R") as k — +oo. Hence, given ¢ € C°(R";R"), we have
f fedivlpdx = —f ¢-Rfidx
R" R"

for all k € N. Passing to the limit as k — +oo, we get
fRnfdiVO(pdx:—fRn(p-Rfdx
so that f € BVO(R") with D f = Rf .£" in .# (R";R") according to (62).
Proof of BV(R") c H'(R"). Let f € BVO(R™). Since f € L'(R™), Rf is well defined as a (vector-
valued) distribution, see [73, Chapter III, Section 4.3]. Thanks to (61), we also have that (R f (p) =

(DO f, ) for all ¢ € CX(R™;R™), so that Rf = D° f in the sense of distributions. Now let (9¢)e>0 ©
C(R™) be a family of standard mollifiers (see e.g. [28, Section 3.2]). We can thus estimate

IRS * 0ell 11 @nsmny = 1 D° f * 0ell 1 ey < ID° FIR™)

for all € > 0, so that f € H'(R") by [73, Chapter III, Section 4.3, Proposition 3], with D° f = Rf.£"
in . (R";R™). O

3.3. Relation between WL (R") and H* (R™)

Thanks to the identification established in Theorem 6, we can prove the following result. See
also [28, Lemma 3.28] and [27, Lemma 3.11].

Proposition 7. Leta € (0,1). The following hold.
() Iff € H' (R, then u:= I, f € BV®#-a (R") with D®u=Rf.L" in .4 R";R").
(ii) Ifue W®'(R™), then f:= (-A)*?ue H' (R") with

”f”Ll (R™) = Ivtl’l,*ll [u] wal (R™) and Rf = Vau a.e. ln Rn.
Proof. We prove the two statements separately.

Proof of (i). Let f € H' (Qll%”). By the Stein—Weiss inequality (see [65, Theorem 2] for instance), we
know that u := I, f € L#-a (R"). To prove that |[D%u|(R") < +oco, we exploit Theorem 6 and argue
as in the proof of [28, Lemma 3.28]. Indeed, for all ¢ € C°(R"; R"), we can write

/ fdivlpdx = f fI,div* @dx = f udiv® pdx
Rll Rn Rn
by Fubini’s Theorem, since f € L' (R") and I, |div* ¢| € L®(R™), being
Io|div® | = Io| 1 divegl < I I _g|divel = I |dive| € L°R")

thanks to the semigroup property (43) of the Riesz potentials. This proves that D%y = D°f =
RfZL"™in . (R";R™), again thanks to Theorem 6.
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Proof of (ii). Let ue W% (R"). Then f := (-A)%'?u satisfies
u(y) — u(x)
11t @y = e f fR BV dy

R7 n |y_x|n+a dxs“ﬂ,—(x[u]wa,l(Rn).

To prove that f € H!(R"), we exploit Theorem 6 again. For all ¢ € C°(R";R"), we can write
f udiv® pdx = f u(-A)? div’ pdx = f fdivlpdx
R" R" R"

by Fubini’s Theorem, since u € L'(R") and div’¢ € Lip,(R";R"), proving that D°f = D%
in .# (R™R™). Since D%u = V%u ¥" with V%u € LY(R";R") by [28, Theorem 3.18] and Dof =
Rf " by Theorem 6, we see that f = (-A)*?u € H'(R") and Rf = V*u .#"-a.e., concluding the
proof. O

We end this section with the following consequence of Proposition 7.

Corollary 8. The following statements hold.

D H'®" NUaeony W' ®") =Uge,1) HS*' R").

(ii) UaE(O,l) Sa’p(Rn) = UaE(O,l) wap (Rn) fOT allp € [1,+00).
Proof. We prove the two statements separately.

Proof of (i). On the one hand, we have H!(R") n WEL(R") «¢ HS*!(R") for all a € (0,1) by
Proposition 7 (ii) in virtue of the discussion made in Section 2.3. On the other hand, H SHLRY) <
HY(R™ n S®!(R™) for all a € (0,1) as remarked at the end of Section 2.3. Since we already know
that S®!(R") c WY ! forall0<a' <a <1 by [28, Theorems 3.25 and 3.32], this proves (i).

Proof of (ii). Since L**¢P(R") c WP (R") c L4 &P(R") for all a € (0,1), p € (1,+00) and 0 < € <
min{a, 1 — a} by [1, Theorem 7.63 (g)], thanks to the identification established in Corollary 1 we
immediately deduce the validity of (ii) for all p € (1,+00). If p = 1, then (ii) is a consequence
of [28, Proposition 3.24 (i) and Theorems 3.25 and 3.32]. O
4. Interpolation inequalities

4.1. The case p =1 via the Calderén—-Zygmund Theorem

Here and in the rest of the paper, let (nz) g0 < C2°(R") be a family of cut-off functions defined as

mﬂx):n('—?), for all xe R"” and R > 0, (63)
where 1 € C2°(R) satisfies
0<sn<1, n=1on —%,%], suppnc[-1,1] Lip(n) <3. (64)
Fora € (0,1) and R >0, let Ty g: L (R") — &' ([R";R") be the linear operator defined by
Ta,Rf(x):zjénf(y+x)%mdy, xeR", (65)

for all f € #(R™). In the following result, we prove that T, r is a Calderén—-Zygmund operator
mapping H' (R") to L' R";R").

Lemma 9 (Calderé6n-Zygmund estimate for T, g). There is a dimensional constant T, > 0 such
that, for any given a € (0,1) and R > 0, the operator in (65) uniquely extends to a bounded linear
operator Ty p: H' (R™) — L' (R™;R") with

|| Ta,Rf”Ll(Rﬂ;Rn) = TnR_a”f”Hl([Reﬂ)
forall f € H' (R™).
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Proof. We apply [40, Theorem 2.4.1] to the kernel

x(1-ngrx)
Ka,R(X) = W’ XERn, x#0.
First of all, we have
1-ngr(x) _2¢
|Ka,R(X)|S|x|Tiﬁw, xelR",x#O,
so that we can choose A; = 2nw, R~ % in the size estimate (2.4.1) in [40]. We also have
x|
10" (%) 1-nr) 2@ ;
IVKa,r(X)| < cpy R x|ira + x|rart = nRa Tt xeR", x#£0,

where ¢, > 0 is some dimensional constant, so that we can choose A, = ¢}, R~% in the smoothness
condition (2.4.2) in [40], where c}, > ¢, is another dimensional constant. Finally, since clearly

f Ko r(x)dx=0
{m<|x|<M}

for all m < M, we can choose A3 = 0 in the cancellation condition (2.4.3) in [40]. Since A; + Az +
Az = cjyR™“ for some dimensional constant ¢}, = c},, the conclusion follows. O

With Lemma 9 at our disposal, we can prove the following result.

Theorem 10 (H! — BV interpolation inequality). Let a € (0, 1]. There exists a constant c, o > 0
such that
(a—p)/ /
[f]BVﬁ(IR”) < Cn,a ”f”gl(l}gn)a [f]gVaa(Rn) (66)

forall Be [0,a) and all f € H' (R™) n BV¥(R").

Proof. Let a € (0,1] be fixed. Thanks to Theorem 6, the case = 0 is trivial, so we assume f €
(0, ). We can also assume that [ f]gye®n) > 0 without loss of generality, since otherwise f =0.2"-
a.e. by [28, Proposition 3.14] (note that the validity of [28, Proposition 3.14] for all f € BV*(R")
follows by a simple approximation argument, thanks to [28, Theorem 3.8]). Hence, in particular,
we can assume || f||;1gn) > 0. We divide the proof in three steps.

Step 1: stabilityas § — 0". Let f € H'(R™ n BVE([R") and assume f € Lip,(R™. By [27,

Lemma 2.3], we can write

}’(f(J/+x)—f(X))d
|y|n+ﬁ+l

3 y(f(y+x) - f(x)) y(f(y+x) - f(x))

= finp URnnR(y) e dJ’+fRn(l—77R(J’)) g

for all x € R” and all R > 0. On the one hand, for a < 1, by [28, Proposition 3.14] we can estimate

Yy +0-fx) 1
[I;Q" |y|n+ﬁ+1 dy' dxszR |y|”+.5 f[R" lf(y+x)— f(x)|dxdy
dy

S)/n,alD“ﬂ(R")fB W
R

VA £ ()| = pn

(67)

nry)
Rn

(68)
a-p

a-p

for all R > 0, where y,,, > 0 is a constant depending only on n and a. If @ = 1 instead, we simply
have
J.
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for all R > 0 (by [4, Remark 3.25] with Q = R", for instance). On the other hand, by Lemma 9 we

have
f f(I—TIR(J’))y(f(y+X)_f(X))dy‘dx=f f(l—nR(y))—yf(y”)dy'dx
RrR” |JR" r? |JRrn |y|n+ﬁ+1

| y| n+p+1
< T R7PI fllip ey
for all R > 0, where 7, > 0 is the constant of Lemma 9. Combining the above estimates, we get
Ra—P
-B

(69)

IDP FIR™) < n p (nwnyn a [flpva@n +ToR™P ||f||H1(W))

R
= HUn,p maxiz ,, 1W, Y n,at a5

for all R > 0, where we have set y,, ; := 1 by convention. With the choice R = ||f||};f‘(w) [f]l‘ﬂl//o?‘(R,,),
we get

[flavagn + R Pl (R"))

zﬂn,ﬁ maxi{T,, 1w,y n,a}t
-p
for all f € H'(R") n BV*(R") such that f € Lip, (R"). Using a standard approximation argument

via convolution, thanks to [28, Proposition 3.3] inequality (70) follows for all f € H!(R") n
BVE(R™).

n
IDPFIR") < i Ulavan

Step 2: stabilityas § — a~. If @ < 1, then by [27, Proposition 3.12] we know that

Hn1+p-a RaP R B
i B—a @+ g 71
n+p-a a_ﬁ[f]BV ®") (R @)

B
forall f € BV*(R™) and all R > 0, where

IDP £I(R™) < dyy q

dn,a = max{nwn, (n+a)lIV yp, ||Ll([pgn;[Rn)} )
so that [27, Theorem 4.9] implies
dpg = lin11 dpa=n+1) nw, < +oo.
et

If a = 1, then by [27, Proposition 3.2 (i)] inequality (71) holds with a = 1 for all f € BV(R"). Since
I fll1®ny >0, choosing R = [f]}g/“,"a(w) I £I71/¢ and using the inequality I fll ey < 1 FI g gny, we

LY([R™)
can estimate
d Hn,1+p-a
B n n,a ) (a— ﬁ)/a ﬁ/a
IDPAIRY = 5o g —a i /Tavage (72)

forall f € H'(R™) n BV*(R").
Step 3: existence of ¢, ,. Combining (70) and (72), we get

IDPFIR™) < @ule, B IF 1 s o 1F) e

for all f € H'(R™) n BV*(R"), where

z.un,ﬁ maxi{T, nwnYn,a} dn,a Hn,1+B-a
a-p "Bla-PB) n+f-a

We observe that, for all fixed a € (0,1], ¢,(a,B) is continuous in § € (0,a). Thanks to [27,

Lemma 4.1], we notice that for all « € (0,1) we have

<pn(a,ﬁ):=min{ } 0<fB<ac<l.

dn,a lim Hn1+p-a _ dn,(x
n p—a- a-p anw,’

B—a”
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while in the case @ = 1 we obtain

, . . Hnp Hn,p
l 1’ = 2 y 1 y d
Jim g (1,) rnm{ max{ty, nwon} i 15 T Ba-pin+p- 1>}
1 . { dn1 }
= — min<{ 2maxi{T,, hwy}, — ¢.
Wy n

In addition, for all @ € (0, 1], we get

2Up,0Max{T ,, N,y n ol
" .

13113; ¢nla,p) =

Thus, for all a € (0,1] we have ¢,(a,-) € C([0,a]), and the conclusion follows by setting ¢, o :=
maxgeo,a] Pn(a, B). O

Remark 11 (H' — W%®! interpolation inequality). Thanks to [28, Theorem 3.18], by Theorem 10
one can replace the BV%-seminorm in the right-hand side of (66) with the W®!-seminorm up to
multiply the constant ¢, o by ... However, one can prove a slightly finer estimate essentially
following the proof of Theorem 10. Indeed, for any given f € H!(R") n W*!(R") sufficiently
regular, one writes vh f asin (67) and estimates the second part of it as in (69). To estimate the
first term, instead of following (68), one simply notes that

J’(f(y+x)—f(x)) |f(y+x) - f)l
f[ﬂen f"TIR(J/) |y B ‘d <f"fBR P dydx

< R~ ﬁf / Ify+x)— f(x)ldydx
R" JBg

|y|n+a

< Ra ﬁ [f Wa,l(Rn)
for all R > 0. Hence

|Dﬁf|(Rn) = ﬂn,ﬁ (Ra_ﬁ [f] Wl (Rn) + TnR_ﬁ ”f”Hl ([R”))

for all R > 0, and the desired inequality follows by optimizing the parameter R > 0 in the right-
hand side.

4.2. The cases p > 1 and H' via the Mihlin-Hérmander Multiplier Theorem

Let 0 < f < a < 1 and consider the function

1P n
ma,ﬁ(ﬁ) _1+|¢.|ay 6 [R .
It is not difficult to see that
mgpllc:=  sup sup [¢%0% mq,p(§)| < +oo.

aeNy, lal= |2]+1 eRM\{0}

We thus define the convolution operator Tma,ﬁ : L (R") — &' (R"™) with convolution kernel given
by FHmg,p), ie.,

Timgpf =% F map), feSR". (73)
In the following result, we observe that the multipliers m,, g satisfy uniform Mihlin-Hérmander
conditionsas0<f<a<1.

Lemma 12 (Mihlin-Hérmander estimates for T;,, ﬁ). There is a dimensional constant g, > 0
such that the following properties hold for all given0< f<a < 1.
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(i) For all given p € (1,+00), the operator in (73) uniquely extends to a bounded linear
operator T, ,: LP(R") — LP R") with

1
I Timg s fllLr @y <0nmaX{p, b1 }”f”LP([R”)

forall f € LP(R™).
(i) The operator in (73) uniquely extends to a bounded linear operator Ty, ;: H'(R") —
H'(R™) with
I Tmaﬁf”Hl([R{ﬂ) <onlflmgn
forall f € H'(R™).

Proof. Statements (i) and (ii) follow from the Mihlin-Hérmander Multiplier Theorem, see [39,
Theorem 6.2.7] for the L”-continuity and [38, Chapter III, Theorem 7.30] for the H'-continuity,
where

On:=cCp sup |llmgglx <+oo
0<f=<as<l

with ¢, > 0 a dimensional constant. We leave the simple verifications to the interested reader. [
With Lemma 12 at our disposal, we can prove the following result.

Theorem 13 (Bessel and fractional Hardy-Sobolev interpolation inequalities). The following
statements hold.

(i) Given p € (1,+00), there exists a constant c,,p > 0 such that, given0<y<f<a <1, it

holds wp
”Vﬁf"Lp(an R™) = Cn p ”vyf”Lp(Rn R™) ”vaf”Lp(Rn R™) (74)
forall f € SYP(R™). Inthe casey=0and0< f <a <1, wealso have
a-p B
"vﬁf”Lp([Rn;Rn) = Cn,p ”f”L;ax(Rn) "vaf”Lap(Rn;Rn) (75)
forall f € S“P(R™).
(ii) There exists a dimensional constant c,, > 0 such that, given0 <y < < a <1, it holds
a—ﬂ By
IIV'BfIIHl(Rn :R") = Cn IIVYfII R" R IIVafIIHl ®RRY) (76)
forall f € HS®'(R™). In the casey =0 and 0 < < a < 1, we also have
a-p
IIVﬂfIIHl(Rn RM = Cn ||f||H] ® IIVafIIHl @R (77)
forall f € HS®'(R™).

Proof. Without loss of generality, we can directly assume that 0 <y < f < @ < 1. We prove the two
statements separately.

Proof of (i). Given f € S*P(R"), we can write
B a
(D)2 f=Tp,,0 (Id+(-A)2)f,
so that

B a
1(=A)2 fllLr@m = 1Ty 5 © (Id+(=2)2) fllr@wny

1 a
< onmax{p, ﬁ} If+(=A)2 fllrp@wr

1 a
<o, max{ p ﬁ} (I flzr @y + 1(=A)2 fllLr@®n))
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thanks to Lemma 12 (i). By performing a dilation and by optimizing the right-hand side, we find
that

1 a-p
(= A)ZfIILn([Ren) < Unmax{p, p—1 }”f”Lp(Rn) I(=A)2 f”Lp(Rn)
for all f e S*P(R"). Nowlet f € C(R™). Since
(- A)ZVYf R(- A) fELp(IRn R™)

because f € L**"P(R") and by the LP-continuity property of the Riesz transform, we get that
VY f e S¥P(R™;R") according to the definition given in (48) and the identification established
in Corollary 1. Repeating the above computations for (each component of) the function V¥ f €
S*P(R™;R"™) with exponents a —y and  —y in place of @ and  respectively and then optimizing,
we get

By
”vﬁf”Lp(Rn;[Rn) = ” (_A) 2 vyf”Lp(Rn;[Rn)

a-p
= CVL p ”vyf”Lp(Rn R”) ”( A) vyf"Lp“Rn R”)
a=p By

- Cn p ”vyf”Lp(Rn Rn) “v f”Lp(Rn R”)

for all f € C(R"), where
1
_ 1/2p
Cnp=0pn ' “Pmaxqp, —

n,p n {]9 p— 1 }
Thanks to Theorem 25, Proposition 30 and Proposition 33, inequality (74) follows by performing
a standard approximation argument.

In the case y = 0, inequality (75) follows from (74) by the LP-continuity of the Riesz transform.

This concludes the proof of (i).

Proof of (ii). Given f e H S®1(RM), arguing as above, we can write

B a
(-N)zf= Tngp© (Id+(—A)7)f,
so that

4 a
=A)Z £l g1 gy < O (1N g amy + =22 Fll g o)

thanks to Lemma 12 (ii). By performing a dilation and by optimising the right-hand side, we find
that

B ap
I=28)2 fll ey < On I fIl i gn) 1(=0) 2 fIIHl(Rn)
for all f € HS*!(R"). Now let f € C2°(R"). Note that V? f € H!(R";R"), because V' f € L' R";R")
and . .
div® V' f =div’ R(-A)2 f = (-A)? f € H'(R")
by Proposition 7 (ii). Moreover,
(-0)EV f=R(-A)T fe H' (R";R")

because f € HS*™"'!(R") and by the H'-continuity property of the Riesz transform. Thus V? f €
HS%!(R™;R"). Repeating the above computations for (each component of) the function V? f €
HS%!(R";R") with exponents a—y and -7 in place of a and f respectively and then optimizing,
we get
ot By
IVP £l @y < €0 1V Pl gy 1V P

for all f € C°(R"), where ¢, = 0,,n'/?. Thanks to Lemma 3, inequality (76) follows by performing
a standard approximation argument.
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In the case y = 0, inequality (77) follows from (74) by the H!-continuity of the Riesz transform.
This concludes the proof of (ii). 0

5. Asymptotic behavior of fractional a-variation as a — 0*

In this section, we study the asymptotic behavior of V¥ as ¢ — 0*.

5.1. Pointwise convergence of V* as a — 0*

We start with the pointwise convergence of V¥ to V° as a — 0% for sufficiently regular functions.

Lemma 14 (Uniform convergence of V¥ as « — 0*). Leta € (0,1] and p € [1,+o0]. For B € (0, @),
the operator

VA CRY RN N LPR") — COR™;R™)
is well defined and satisfies
8 ra=p rr P
IVZ fll oo Brsmm) < Cnyp ng | = [flcoasy, )t ———— 1 fllLrwn) (78)
“ b (5+8)7
p
forallr,R>0andall f € Cﬁ)’g (R™ N LP (R™), where
_1 1y
max{nwn,(nwn)1 P(l—%)l ﬂ} if pe (1,+00),
Cn,p =4 max{nw,, 1} ifp=1, (79)
nwy, if p=+oo.

Moreover, for € (0,) and f € C**®R") n L (R"), we have VP f € C)(R";R") and

aaplﬁ & pla-p) Bp+n
ap+n ap+n
+ ﬁ) LS I, (@0)

ap+n n
IVP £l oo s < Cn,p b, @-pBp+n (E

where cp, p is as in (79).
Finally, ifp < +ooand f € C&S(R”)OLP(R"), then Vof is well defined and belongs to CO(R™;R™),
(80) holds for B =0, for all bounded open sets U c R" we have

Jim, VP £ =V fll o smm =0, (81)

and (81) holds for U =R" if f € C*%([R"™) n LP (R") and p < +oo.

Proof. We divide the proofin four steps.
Step 1: proof of (78). Let @ € (0,1], p € [1,+00], f € C&Z(R”) NLP[R™), B € (0,a) and x € R". We
notice that, for all € € (0, 1),

yfly+x) . y(f(y+x) - f(x) yf(y+x)
LY T dy= dy+ ey |
{yl>ey 1ylHP+1 le<lyl=1} |y|rtpel {yi>1) [yl+pl

)

so that we can pass to the limit in the right hand side as ¢ — 0* thanks to Holder’s continuity and
the fact that y — IyI’”’ﬁ € L9(R"™\ By) for all g € [1,+o0]. This shows that Vﬁf(x) is well defined
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forall x e R™.If p € [1, +00), this argument works also in the case f = 0. Nowlet a € (0,1], B € [0, a),
pe(l,+o0), fe€ Cﬁ)’g (R™) N LP(R™) and x € R". By Holder’s inequality we can estimate

U yfy+x ’5f fy+x-f@I +f o+l
{l {e<lyl<r} {lyl=r}

yI>e) |y|n+ﬁ+1 |y|n+ﬁ |y|n+ﬁ
1
dy dy q
< [fleos f — i fle (f —)
GO Jy ey yn+h-a " tyl=ry ly|vPa
1
nw,r* P nw,r"-ha ) a
=Ta-p Voot (W I buree)

forall r > £ > 0, where g = %. Moreover, for p=1,if f € Cﬁ)’f([R”) N LY(R™), then an analogous
calculation shows that

f Y+ '<nwnr“‘ﬁ
{

=n’ -n=p
lyl>e} |y|ntA+L T a-p Fleoags, o +7 11 ey

for all r > ¢ > 0. Finally, for p = +oo, if 8 € (0,a) and f € C&’g (R™) N L*°(R™), then we similarly
obtain

vf(y+x) ' - nw,r -k nw,r P
. +
U{|y>e} y|n+p+1 a-p [flcoa, (x)

for all r > £ > 0. Thus we obtain VA f € Ly (R™;R™) forall f € Cﬁ)‘? (R™)n LP(R™) with B € (0, @) and
p € [1,+0o0], including f =0 if p < +o0, and (78) readily follows.

| £l zoo @y

Step 2: proof of VA f € CO(R™;R"). Let us now prove that VA f € C°(R";R") for any § € (0, a) and
fe Cﬁ)"Cx(R”) N LP(R"), where ¢ € (0,1] and p € [1,+00]. Let R>0,r>1,x€ Bg, he By, f<a’' <a
and gy (x) := f(x + h) — f(x). We notice that

(8h] coa 3,y = 2Lf I 0B, 12T 82)

Indeed, given x, x + b’ € Bry, with |h'| < |h| we have

lgn(x+R)—gn)| < |fx+h+h)— flx+h)|+|f(x+h) - f(x)
= z[f]CO'“(BRnﬂm) |h,|a
< 20fcoagg,, W17 1R

While, in the case |k| < |//|, it holds

Ign(x+h) = gn(0| = |f(x+h+h)— flx+h)|+|f(x+h) - f(x)]
= Z[f]COv“(BRHHm) |hI®

! p—
SZ[f]CO’a(BRJrthD'h,'a |h|‘1 ¢

)

therefore (82) easily follows. By plugging g, (x) in (78) with a’ in place of @ and r > 0 we obtain

p p ret v
|V f(x+h)_v f(x)l = Cn,plln,ﬁ — _n [gh]Co,a’(BR+r) +ﬁ ||gh||LP([R")
“oh 5+p)
a' -

r ) _n_
Scn,pﬁ(a/—_ﬁlma U coay, 7P ﬁ”fllm(me"))»

where C,, , 5 > 0 is a constant depending only on n, p and . The sought conclusion comes by
letting first 1 — 0 and after r — +oo.
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Step 3: proof of (80). Let o € (0,1], pe [1,+o00] and x e R”. If f € CY%([R™ N LP(R™), then arguing
as in Step 1 we can estimate
a-p —%—ﬁ

r
[f] COM(R") + ”f”Lp(R")) )

'vﬁf(x)'<c"”“”ﬁ(r ; (2 p)
+

for all § € (0,a), including § = 0 if p < 400, so that (80) follows by optimizing the parameter r > 0
in the right-hand side.

Step 4: proof of (81). Let @ € (0,1], B € (0,a), U be a bounded open set and x € U. If p € (1, +00),
then we can estimate

,un,ﬁ 0 1 dy
IVAF(x) - VO )l < [1- =22 | VO F)l + [f1coa f (——1
f f lino f Hnp[flco (B1(x) yl< Iylﬁ [y|n-a
1 If(y+x)|
+
Hnp {|y|>1}( Iylﬁ) ly1"
Hn,p nﬁﬂnﬁ
<[1- IV £l oo 7 +—[ lco.a
Iins Sl mmy a@—p Fleoawy)

1

1\79 1 q

) )
Iylﬁ) yina

where g = = 1 and U} :={y e R" : dist(y, U) < 1}. Since y — |y| "9 € LY(®R"\ By) for all qe(,+00),
also the last term vanishes as § — 0 thanks to Lebesgue’s Dominated Convergence Theorem, so
that the limit in (81) follows. If p = 1, then we can estimate the last term in the above inequality

as
Vw+ml 1
1- ) <|lfllpgm sup — [1-—=]|.
f{y|>u( ly1f) 1yl AR IyI” |yl
1 i

sup — (1 - —) _—

lyi>1 11" lylP n(1+ ﬁ) pHl

the limit in (81) follows also in this case. Finally, if f € CO*([R™) N LP (R™) and p < +o0o, then the

above estimates hold for U = R”, so that we obtain the uniform convergence VA f — V°f in
R". O

+tn gl fllLr@m) (f

{lyl>1}

Since

—0 asf—0",

Remark 15. Itis easy to see that a result analogous to Lemma 14 can be proved for the fractional
divergence operator. In particular, if ¢ € CO%(R™;R™) N LP (R™;R") for some « € (0,1] and pE
(1, +00], then div? ¢ € L2 [R") for all § € (0, a) with

pla=p) Bp+n
. ﬁ ap +n 2 ap+n ap+n ap+n
”le (P||L°°(R") = Cﬂ,p Nn,ﬁ ((X _ ﬁ) (ﬁp + n) p + ﬁ ”(p”Lp(Rn;Rn) [‘P] CO'Q(R";R")’

where ¢, > 0 is the constant defined in (79). If p < +oo, then div# @ e LR for all B € [0,a),
the above estimate holds also for f = 0 and we have

lim [|div? ¢ — div® ¢l eo@n) = 0.
i, I @ @l Loomn)
As an immediate consequence of Lemma 14 and Remark 15, we can show that the fractional

a-variation is lower semicontinuous as a« — 0%.

Corollary 16 (Lower semicontinuity of BV*-seminorm as ¢« — 0%). Iff € LY(R™), then for all
open sets U c R" it holds

D f1(U) <liminf | D f1(). 83)
m
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Proof. Given ¢ € C°(U;R"™) with [@llzeo(7;rry < 1, thanks to Lemma 14 and Remark 15 we have
f fdiv’edx= lim | fdiv*¢@dx<liminf|D®f|(U),
R? a—0* Jrn a—0*
so that (83) follows by (62). g

5.2. Strong and energy convergence of V* as a — 0*

We now study the strong and the energy convergence of V* as a« — 0*. For the strong conver-
gence, we have the following result.

Theorem 17 (Strong convergence of V* as a« — 0%). The following hold.
@ If f €Uaeoy HS*' R™), then

lim ”Vaf - Rf”Hl (R™;R?) = 0. (84)
a—0* !
(i) Ifpe(l,+o0) and f € Uge,1) S¥P(R™), then
1iIB1+ IV®f = Rfll.r @m;mm) = 0. (85)
aa
Remark 18. Thanks to Corollary 8, Theorem 17 (i) can be equivalently stated as
llm ”Vaf - Rf”Hl (R™;R™) =0 (86)
a—0"
forall f € H'R™) NUge0,y W R™).

We prove Theorem 17 in Section 5.3. For the convergence of the (rescaled) energy, we instead
have the following result.

Theorem 19 (Energy convergence of V* as @ — 07). If f € Uge0.1) WO R™), then

‘[Rnfdx

a—0*

lim af V¥ fldx = nwp,pin,o
RV!

We prove Theorem 19 in Section 5.4.

5.3. Proof of Theorem 17

Before the proof of Theorem 17, we need to recall the following well-known result, see the first
part of the proof of [36, Lemma 1.60]. For the reader’s convenience and to keep the paper as self-
contained as possible, we briefly recall its simple proof.

Lemma 20. Let m € Ny. If f € F,(R™), then f = divg for some g € Fp—1 R";R™) (with g €
S (R™;R™) in the case m = 0).

Proof. By means of the Fourier transform, the problem can be equivalently restated as follows:
if p € S (R™) satisfies 0¢(0) =0 forall a e NS’ such that |a| < m, then ¢ (&) = X1 {;y;(¢) for some
Y1,...,Wp € S (R") with 8%y ;(0) =0forall i = 1,..., n and all a € N} such that |a| < m — 1. This can
be achieved as follows. Fixed any ¢ € CZ°(R") such that
supp{c B, and (=1onB;,
we can define
! 1-4() n
vi():=C) | Oip(r&)dr+ sz‘(ﬁ(f), ¢eRY,
0

foralli =1,...,n.Itis now easy to prove that such v ;’s satisfy the required properties and we leave
the simple calculations to the reader. d

C. R. Mathématique — 2022, 360, 589-626



Elia Brue, Mattia Calzi, Giovanni E. Comi and Giorgio Stefani 615

Thanks to Lemma 20, we can prove the following LP-convergence result of the fractional a-
Laplacian of suitably regular functions as @ — 0%, as well as analogous convergence results for
the fractional a-gradient.

Lemma 21. Letpe[1,+o0]. If f € #(R™), then

lim 102 f = fllran = 0. (87)
As a consequence, if p € (1,+00) and f € % (R"), then

U}L%L IVYf = RfllLp@m;rn) = 0; (88)
ifp=1and f € 5 (R"), then

Lim 1V f = Rl ey = 0. (89)

Proof. Let f € % (R") be fixed. If p € (1, +00), then
IV¥f = Rfllp@nmm = IR(=A)2 f = Rf Il Lo @epm) < Cnpll (=) 2 f = fll 1o @

by the LP-continuity of the Riesz transform, so that (88) is a consequence of (87). To prove (87),
given x € R" we write

a flx+h) - f(x) fx+h) - f(x)
(A2 f(x) =V, f I = T dh+w f 1= — T dn,
! " sy |h|n+a " i< |h|+a
where
" F(M)
Vi =202 —22 ae(0,1),
r(-%)
is the constant appearing in (45). One easily sees that
1
lim Y%% ___~ (90)
a—0* nwy
On the one hand, we can estimate
fGC+hm-f) nwnVn,a
Vo, = 1 Cd4n < — PNV Fll @
naf{lhlgl} e e - Fller ®n;mey

(by the Fundamental Theorem of Calculus, see [20, Proposition 9.3 (iii)] for instance), so that

Vn,af Skl (QI
{lhl=1}

lim e =0

a—0* LP (R")
by (90) for all p € [1,+o0]. On the other hand, by Lemma 20 there exists g € & (R";R") such that
f =divg and thus we can write

flx+h - f(x) f flx+h) nOLYVna
Vn ——~dh=v, dh - ’ x
af{|h|>1} |h|ta (n>1 k|t a f)

divg(x+ h) nwpVna
= dh - . (x).
af{|h|>1} |h|ta a !

Integrating by parts, the reader can easily verify that

divg(-+h
im | v f veCEh 4y, 0
a—0* th>1 1Al LPR™)
for all p € [1, +o0]. Hence we get

WnVna| _

. [ . n
lim ~8)% £ = flogn = I flirn lim, |1+ 0
a—0* a—0*

forall p € [1,+00], so that we obtain (87) and (88). Finally, let f € ./, (R™), so that Rf € 4 (R™;R™),
R(Rf) € %([R”;[R”z) and (—A)%Rf =V?f. Then, we have

IV f = Rf i nsgry = I1=8) 2 Rf = RE I eny + (=) 2 RRF) = RRE 3 g g
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and thus
i, IVEf = Rfll i o, ey = 0

thanks (87) (which clearly holds also for vector-valued functions). Thus, we obtain (89), and the
proof is complete. O

We can now prove Theorem 17.
Proof of Theorem 17. We prove the two statements separately.

Proofof (i). Let f € HS%1(R™), By Lemma 3, there exists (fi)ken € Foo(R™) such that fi — f
in HS%1(R") as k — +oo. If B € (0, @), then we can estimate

”vﬂf—Rf”Hl(Rn;Rn) < ”Vﬁfk _Rfk”Hl(IR";[R”) + ||vﬁf_v'6fk”Hl(Rn;Rn) + ”Rf—Rfk”Hl(Rn;Rn)
a-p B

< IVP fie= R fic i sy + Enll £ = Fiell gy 19 F =V fiell 51
+cpll f = fill g @)

for all k € N by (77) in Theorem 13 (ii) and the H'-continuity of the Riesz transform, where
¢n, €, > 0 are dimensional constants. Thus

limsup VP f — Rf |l ;1 @nseny < limsup 1V fi = R ficll i @nseny + Coll £ = fiell it ey
B—0* p—0*
= eyl f = fiell i ey
for all k € N by (89) in Lemma 21, where ¢}, = ¢, + ¢},. Hence (84) follows by passing to the limit as
k — +o00 and the proof of (i) is complete.

Proof of (ii). We argue as in the proof of (i). Let f € S*P(R"). By Proposition 2, there exists
(fi) ken € S (R™) such that fi — f in S®P(R") as k — +oo. If B € (0, @), then we can estimate

IVA f = Rf i @nrmy < IVP fio = Rl o @nsmny + VP £ = VP fill oo @esmny + IR = R fill Lo s ey
a=p B
= ”Vﬁfk _Rfk”Lp(R";R") + Cn,p“f_fk”L;;l(Rn) ”vaf_vafkuzp(wn;Rn)
+Cppll f = fell L@

for all k € N by (75) in Theorem 13 (i) and the LP-continuity of the Riesz transform, where the
constants cy,p, C, p > 0depend only on n and p. Thus

limsup | VA f = Rf | v @n;en < limsup IV fi = R fill o @nsn + €5, I f = fill o
p—0* p—0*
= cypll f = fellr@n

for all k € N by (88) in Lemma 21, where cj, ,, = ¢y, + ¢, ,- Hence (85) follows by passing to the

limit as k — +o00 and the proof of (ii) is complete. O
Remark 22 (Direct proof of (14)). The proof of (14), i.e.,

lim [V*f-Rflpgugn =0 forall fe H'®R"n |J W*'RY,

a—0* a€(0,1)

immediately follows from Theorem 17 (i) and Remark 18. As briefly discussed in Section 1.3, one
can directly prove (14) by combining the interpolation inequality proven in Theorem 10 with an
approximation argument as done in the proof of Theorem 17. We let the interested reader fill the
easy details.

C. R. Mathématique — 2022, 360, 589-626



Elia Brue, Mattia Calzi, Giovanni E. Comi and Giorgio Stefani 617

5.4. Proof of Theorem 19

We now pass to the proof of Theorem 19. We need some preliminaries. We begin with the
following result.

Lemma23. Letfe LY(R™) and let R € (0, +00) be such thatsupp f < Br. Ife > R, then
lim aun,a/ f Mdy‘ dx = nwppno f fdx
a—0t R |J{ Rn

lyl>€} |y|n+oc+1
Proof. Since un,q — tn,o as @ — 0", we just need to prove that
f fdx
Rl’l

f yf(y+x)d
{

lyl>e} |y|n+a+1

lim a . 91)

a—0" Rn

y|dx = nw,
We now divide the proof in two steps.

Step 1. We claim that

lim a f
a—0" R"

Indeed, since supp f < Bg, we have that

f xf(y+x)
{l

y>e) |x|n+a+1

dy|dx =nw,

fwfdx

+
f Mdy:0 for all x € R” such that |[x+ y| = R for all |y| > ¢.
{

lyl>e} |x|n+a+1

. (92)

Recalling that € > R, we see that, for all |y| > €,
[x|<=e-R = |x+y|=R 93)

and thus we can write

xf(y+x) ' f
a ———dy|dx=a
fw f{|y|>s} xjnrart Y {x|>6—R}

[ 1
=a S
{Ix|>e—R} |x]|*+a

f —xf(y+x) dy' dx
{lyl>e}

|x|n+a+l

dx.

f fly+x)dy
{lyl>€}

Now, on the one hand, we have

£+R dr
ra+1

(94)

dx < a”lwn"f”Ll([R”)f

a —_— (y+x)d
/{£7R<\x|s£+R} [ x|t f{|y|>e}f Y Y e-R

for all @ € (0,1). On the other hand, since
|x| >e+R = Bgc B:(x)%,
we have

dx

fwfdz

1
a n+a
{Ix|>e+R} 1 x|

1
(y+x)dy|dx= af —_
f{|y|>£}f Y Y (lx|>e+R) | X9

nwy f
dz
R !

T E+R)°

for all a € (0,1). Hence, claim (92) follows by first combining (94) and (95) and then passing to the
limitas a — 0.

(95)

Step 2. We claim that
y

|y|n+a+1 + |x|n+a+l

|x+y| ( £ )n+a+1

= (I’L+3) |y|n+rx+1 ﬁ

(96)
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for all x, y € R" such that |x| > e — R, |y| > € and |y + x| < R. Indeed, setting F(z) := for all

z € R™\ {0}, we can estimate
Y

|y|n+a+1 + |x|n+a+1

‘Z|n+a+l

=|F(y)—F(=x)|<|y+x| sup |[VFI(1-8y-tx)
t€(0,1]

1
s(n+a+2)|y+x| sup .
Y e =y — txjnrart

Since
1 1

<
|(1_t)y_tx|n+a+1 ||y|—t|y+x||"+“+1
1

S —_—
(|_V| _R)n+a+1
1 ( |y| )n+a+1

|y|n+a+1 |_V|
1 £ n+a+1
= |y|n+a+1 (E—R)

for all £ € [0,1], claim (96) immediately follows. Now, recalling (93), we can estimate

a P 4y g 029 4y a
Rl iy 1™t n [ Jiyisey |x|mret
Yy
safwflyl>g}|f()’+x)l T et dydx

y X

| |n+a+1 +| |n+oc+1

dydx

),
{lx|>e—R} |y|>e}

n+a+1 |y+x|
<a(n+3) f f [f(y+x)| ———dydx
( —R {xl>e—R Jilyl>el T |y|ra+t Y

for all @ € (0,1) thanks to (96). Since

1 © dr
a _ |[f(y+ )|y +x|dxdy < anw,R| fll n/ —_—,
f{\y\x} |y|rratl /{|x|>5—R} T Y Y nRI g e rat2
we conclude that
limsup |« yf(y—erl)dy‘dx—af f Mdy'dx'=0. 97)
a—0* fyl>er [yI"Fe* {lyl>ep 1x]Fe*
Thus (91) follows by combining (92) with (97) and the proof is complete. g

Thanks to Lemma 23, we can prove the following result.

Lemma24. Let f € L'(R") andn > 0. There exists € > 0 such that

yf(y+x)d

limsup iyisel ynrar

a—0"

dx—nw,pno

fwfdx

Proof. Let 7' > 0 be such that 1 = 2nw,pe7'. Since f € L'(R"), we can find R > 0 such that
fB}c? |fldx <n'.Lete > R and g := fyp,, which satisfies g € L' R") and supp(g) < Bg. Then

yfy+x) dy’

{|_}">E} |y|n+a+1

aln,a y

ygly+x

{|_}/‘>E} |y| n+a+l

= f\yl>£} lyla f [fy+x) - gly+x)ldxdy

_ nowyll f - g||L1(Rn) < nw, ,
ae? agd '’

dy‘dx‘
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Since clearly

fwfdx

by Lemma 23 we conclude that

e
[Rn

<If-glpgm<n,

. yf(y+x)
limsup |a f f —— —dy|dx—nw f dx
a0 | E S yyisey Tyrrarm nbn0| Jon
+
<limsup a,u,,,af f &Jrj)dy dx—nwnun'of gdx
a—0* re iy [yI"T¢ R"

+ (nwnpn,() +nwy lim, pn,as_“) n'
a—0

=2nwppinon =1

and the proof is complete. O
We are now ready to prove Theorem 19.
Proof of Theorem 19. Assume f € WALRM) for some B €(0,1) and fixn > 0. By Lemma 24, there

exists € > 0 such that
yfy+x f
a ———d dx
Nn,aj'\w f{|y|>£} yrrart y [R"f

Since for all « € (0, ) we can estimate

.[Rnfdx

yfly+x) f
<|la ——_dy|dx—now dx
Hn,a f[Re" Lyl>€} |y|”+“+1 y nHn,0 Rnf

+a.un,af f Mdydx
R" H|yl=e}

[y|n+a
(y+x) -
= a’#n,a‘[l;e ﬁ %dy dx —nwniino Rnfdx +aﬂn,a5ﬁ a[f]Wﬂvl([R”),

limsup
a—0*

dx — nwpno <. (98)

af IV fldx — nw,pino
[RVZ

Juyiser 1y
by (98) we have
limsup af IV® fldx — nwppino f fdx||<n
a—0t R7 R”
and the conclusion follows passing to the limit as 7 — 0*. d

Appendix A. C°(R") is dense in S (R")

In this section, we prove Theorem 25 below. This result completely answers a question left open
in [28, Section 3.9].

Theorem 25 (Approximation by C° functions in S*”). Leta € (0,1) and p € [1,+00). The set
C(R") is dense in S©P (R").

For the proof of Theorem 25, we need some preliminary results. We begin with the following
integration-by-parts formula.

Lemma26. Let p,q € (1,+00) be such that % + % =1.Iff € LP(R™) and ¢ € L9(R™;R"), then

[ fdivo(pdxz—f ¢-VOfdx. (99)
R" R"
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Proof. Integrating by parts and applying Fubini’s Theorem, formula (99) is easily proved for all
f e CX R and ¢ € C°(R";R™). Since the real-valued bilinear functionals

= [ Fanpds, (fp— [ povfa,

are both continuous on LP (R") x L9 (R"; R"™) by Holder’s inequality and the LP-continuity of Riesz
transform, the conclusion follows by a simple approximation argument. O

Remark 27. As an immediate consequence of Lemma 26 and the L”-continuity of the Riesz
transform, we can conclude that the space

SOP(R™) :={f e LPR"):V'f e L’ R";R™)}
actually coincides with L”(R") for all p € (1, +o00), with vo f =Rf.In addition, Theorem 6 easily
yields the identity BV?(R") = S®!(R") = H'(R"). Arguing in an analogous fashion, we can see
that, for all p € (1, +o0),

BVOP®R"):={fe L R"): D°f e ./ R";R™)}

coincides with the space

{felP®"):Rf e LPR";R™) N L' R";R™M)}.

Adopting the notation introduced in [70, Equation (1.9)], for a € (0,1) and f € #(R"), let

@“f(x)::fw LASAL b (S21p0

|y|n+a

for all x € R". Note that |(—A)%f(x)| < WVnal2%f(x) forall a € (0,1), f € #(R") and x € R". In the
following result, we prove that the operator 2% naturally extends to a continuous operator from
WLP(R™) to LP (R™).

Lemma 28. Leta € (0,1) and p € [1,+00]. The operator 2%: WP (R") — LP(R") is well defined

and satisfies

ann
”@ f” LP(IR”) ”f”Lp([Rn) "vf”Lp(Rn R7) (100)

forall f e WHP(R™).

Proof. Let f € W'P(R") and r > 0. We can estimate

If(y+x)—fx)l If(y+x)—f(x)l
7 (x)s(f -~ d +f —d)
! {lyl<r} [y|+a {lyl=r} [ylre Y

for a.e. x € R". By Minkowski’s integral inequality, on the one hand we have

H[ lf(y+- ):f( )|d s[ ||f(y+')—]:(')||LF’([R2") dy
{lyl<r} |ypr+e LP(R") lyl<r} |y|r+e

dy
< ||Vf||Ll’(R";[R")f —_—
{yl<ry ly|rra-l

1-a
nw,r
=g Wlremr

while, on the other hand, we have
f |f(y+-)—f(-)|d
lyl=r} |y|*e

( +-) p(rny + P (RN
5[ If(y+Ir@my + 1 fllrw )dy
LP (RM) lyl<r}

|y|l’l+ll

d
=20 flr@n f Y

{iyl=r} [y

2nw,r¢
= I fllzr @my.
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Hence
1-a e
H9af||Lp(Rn) <2nwy, IVfilzr @emny + —— 1 fllr @y
l-a a
for all r > 0. Thus (100) follows by choosing r = %% and the proof is complete. O

In the following result, we recall the self-adjointness property the fractional Laplacian.

Lemma29. Letac (0,1) andp,q € [1,+oo] such that% +% =1.If fe W'P(R™) and g e WHIR™),
then

ff(—A)%gdxzf g(=A)? fdx. (101)
R R

Proof. Formula (101) is well known for f,g€.¥ (R:) and can be proved by exploiting Functional
Calculus or by directly using the definition of (—A) 2z for instance. Since the real-valued functional

(f,g)HfRnf(—A)%gdx

is bilinear and continuous on L” (R") x W9 (R"; R") by Holder’s inequality and Lemma 28 above,
the conclusion follows by a simple approximation argument or p,q € (1,+o00). The case p,q €
{1, 400} follows by Fubini’s theorem, thanks to the fact that the function

gx+y)—-gx)

|y|n+a

(x, ) — f(x)

belongs to L (R" x R") if (f, g) € L' (R™) x WI°(R™) or (f, g) € L2 (R") x W11 (R"). The details are
left to the reader. O

We are now ready to prove the main result of this section.

Proof of Theorem 25. The density of C([R") in S®1(R") was already proved in [28, Theo-
rem 3.23], so we can restrict our attention to the case p > 1 without loss of generality. We divide
the proofin two steps.

Step 1. Let f € S“P(R") and assume f € WwLP(R™) NLip, (R™). Given ¢ € C°(R";R"), we can write
div® ¢ = (-A) 2 div® ¢ with div° ¢ € Lip, (R") n W9 (R™), so that

f f(—A)%div‘)(pdx:f (-A)? £ div® pdx
R R

for all ¢ € C°(R™;R") by Lemma 29. Since (-A) %f € LP(R") thanks to Lemma 28, by Lemma 26
we have

f (-A)? fdiv’ pdx = —f -V (-A)? fdx
R R”
forall g € C2°(R";R"). We thus get that V® f = VO(—A) % f forall f € S¥P R")NWLP (R")NLip, (R"),
so that
all(=8)2 flizp@n < [flsar@n < 2l (=) fllp@n)

for all f e STP(R")N WbLP([R") N Lip,(R™), where c1,c, > 0 are two constants depending only
on p > 1. Thus, recalling the equivalent definition of the space L*? (R") given in (48), we conclude
that

S*P(R™) n WP (R™) N Lip,, (R™) < L¥P (R™)

with continuous embedding.
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Step 2. Now fix f € S*P(R") and let (9)e>0 < C°(R™) be a family of standard mollifiers (see [28,
Section 3.3] for a definition). Setting f; := f * p. for all € > 0, arguing as in the proof of [28,
Theorem 3.22] we have that f; — f in S*P(R") as ¢ — 0. By Young’s inequality, we have that
fe € S“P([R™) n WLP(R™) N Lip, (R™) for all € > 0. Thus S¥P [R") n W1P (R") N Lip,(R") is a dense
subset of S*” (R™). Hence, by Step 1, we get that also L*” (R") is a dense subset of S (R"). Since
LYP(R") = Sg'P (R") = CX(R") I lsep @) (see [66, Theorem 1.7]), the conclusion follows. O

Appendix B. Some properties of S*” (R")

In this section, we collect some additional properties of the space S*?(R"). We begin with the
following result, whose proof is very similar to the one of [28, Proposition 3.3] and is left to the
reader.

Proposition 30. Letra € (0,1) and p € [1,+00). If (fi)ken < STP(R™) is such that
limianIV“fklle(Rn;Rn) < 400
k—+o0
and fr — f in LP(R") as k — +oo, then f € S*P(R") with
IV fllLew;rey < Uminf [V fill Lp (s mn) (102)
k—+o00
for any open set U c R".

The following result provides an L”-estimate on translations of functions in S%P (R"). It can
be stated by saying that the inclusion S*?(R") = B} ,,(R") is continuous, where By ,(R") is the
Besov space, see [45, Chapter 14]. For a similar result in the W*” (R") space, we refer the reader
to [75].

Thanks to Corollary 1, this result can be derived from the analogous result already known for
functions in L*P (R™). However, the estimate in (103) provides an explicit constant (independent
of p) that may be of some interest. The proof of Proposition 31 below can be easily established
following the one of [28, Proposition 3.14](and exploiting Minkowski’s integral inequality and
Theorem 25) and we leave it to the reader.

Proposition31. Leta € (0,1) and p € [1,+00). If f € S¥P(R™), then
IfC+») = FOllr®n < Yna lYICIVE fllLr@ere (103)
forally e R", wherey,,q >0 is as in [28, Proposition 3.14].
A similar result holds for spaces BV*(R"), indeed from [28, Proposition 3.14], one immediately

deduces that the inclusion BV¥([R") < Bf _(R") holds continuously for all & € (0,1). The next
result shows that this inclusion is actually strict whenever n = 2.

Theorem 32 (B{foo([R”) \BVY(R™) # @forn=2). Letac(0,1) andn =2. Theinclusion BV*([R") c
B"‘ (R™) is strict.

Proof. By [28, Theorem 3.9], we just need to prove that B”‘ ([Ri”) \Lia (R™) # 2. Letn; € C°(R"™)
be as in (63) and (64), and let f(x) = n;(x)|x|*"" for all x € [R” On the one side, we clearly have
f € Ln-a (R™). On the other side, for all 7 € R" with | k| < 1, we can estimate

fRnlf(x+h)—f(x)|dxsf

{IxI>2|hl}

< C|h| lx|* " dx+C |x]% " dx
{lx|>2|hl} {lx|<3|hl}

[n1(x+ R x+h1*" =01 (0] X177 dx+2f n1(0)x|* " dx
{lxl<3hl}

+00 3|h|
=Clhl r"‘_zdr+Cf r®'dr=Clhl%
2[h| 0
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where C > 0 is a constant depending only on n and «a (that may vary from line to line). Thus
fe Bi"m(lR%") and the conclusion follows. O

We conclude with the following result which, again, can be derived from the theory of Bessel
potential spaces. We state it here since our distributional approach provides explicit constants
(independent of p) in the estimates that may be of some interest. The proofis very similar to the
one of [27, Proposition 3.12] and we leave it to the interested reader.

Proposition 33 (SPP[R") = STP(R") for 0 < B<a<l). LetO<f<a<landpe(l,+0).If
f € S*P(R™), then f € SPP[R") with

(104)

IV Fll e camm < IV £ p e + Cna —— I Il e
f LP(A;R™) n+f-a a-p pr(Ar,R") n,a fL (R™)

B

foranyr >0 and any open set A R", where A, := {x e R": dist(x, A) < r} and ¢y, > 0 is a constant
depending only on n and «. In particular, we have

Hn1+B-a
Bla-PB)(n+p—a)

where ¢, > 0 is a constant depending only on n and a. In addition, if p € (1, a—fﬁ) and q =
then

NOnfin,14p-a [ %P rp )

ivepble e (105)

”Vﬁf”LP(R”;R") = Cn,a LP(R";RM) LP(RM)

np
n—(a-pip’
VPf=1, sV°f ae inR" (106)
and VP f € L1R"™;R").

Appendix C. Continuity properties of the map a — V¢

Here we prove the following continuity properties of the fractional gradient operator.

Theorem 34 (Continuity properties of « — V%). Leta € (0,1] and p € [1,+00).
(i) Iff € BVX(R™), then the function
0,a)3 f— VA fe L' ®R";RY
is continuous. If f € BV*(R™) n H' (R"), then we also have the continuity at f = 0.
() Iff € S®P(R™), then the function
0,a]3 f— VP fe LPR™;R™Y
is continuous. If p > 1, then we also have the continuity at 3 = 0.

Proof. We prove the two statements separately.

(). Let f € BV¥(R") be fixed. By [28, Theorem 3.32], we know that f € wYrl(R") for all Y €
(0, @). Hence the claimed continuity follows by combining [27, Lemma 5.1 and Remark 5.2]. If
feBVY*RMYNH L(R™) the claimed conclusion follows from Remark 22.

(ii). The continuity at the boundary points a@ = 0 and « = 1 is already proved in Theorem 17 (ii)
and [27, Theorem 4.10] respectively, so we can assume « € (0,1). We can further assume p >
1 since, thanks to the continuous embedding S®1(R") ¢ BVY(R™) established in [28, Theo-
rem 3.25], the case p = 1 is already proved in (i). If f € Lip.(R"), then one can prove that
VP f — Ve fin LP(R";R") as B — a with the strategy adopted in [27, Section 5.1] up to some minor
modifications that we leave to the interested reader. For a general f € S®P (R"), the claimed con-
tinuity follows from Theorem 25 and Theorem 13 (i) arguing as in the proof of Theorem 13 (i). [
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