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Abstract. We present a new and very short proof of the fact that, for positive C0-semigroups on spaces of
continuous functions, the spectral and the growth bound coincide. Our argument, inspired by an idea of
Vogt, makes the role of the underlying space completely transparent and also works if the space does not
contain the constant functions – a situation in which all earlier proofs become technically quite involved.

We also show how the argument can be adapted to yield the same result for semigroups that are only
eventually positive rather than positive.
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Positive semigroups

A classical question in the theory of positive C0-semigroups is whether, on a function space E ,
the spectral bound

s(A) := sup
{
Reλ : λ is a spectral value of A

} ∈ [−∞,∞)

of (e t A)t≥0 coincides with its growth bound

ω0(A) := inf
{
ω ∈R :

(
e t (A−ω))

t≥0 is bounded
} ∈ [−∞,∞).

Recall that the inequality s(A) ≤ ω0(A) is true for all C0-semigroups, and the question for which
semigroups equality holds is relevant in order to derive the long term behaviour of a semigroup
from spectral properties of their generator.

The answer to the above question is positive on spaces of continuous functions, but the proofs
that are known for this result (for instance, in [10, Theorem B-IV-1.4] or [2, Theorems 5.3.8]) tend
to be technical in case that the space does not contain the constant functions (a situation which
occurs most prominently for the space C0(L) of continuous functions that vanish at infinity, on a
locally compact Hausdorff space L). Specifically, the proofs rely on the structure of the dual space
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E ′ and the corresponding semigroup (e t A′
)t≥0 which, in general, is not C0. Because of this reason,

the proofs employ the so-called sun-dual semigroup.
The first purpose of our paper is to provide a short and transparent proof of this classical result.

Theorem 1. Let (e t A)t≥0 be a positive C0-semigroup on an AM-space E. Then s(A) =ω0(A).

We have used the following terminology in the theorem: an AM-space E is a Banach lattice
with the additional property ‖sup{ f , g }‖ = sup{‖ f ‖,‖g‖} for all 0 ≤ f , g ∈ E . Typical spaces of
continuous functions, such as C (K ) for a compact space K or C0(L) for a locally compact space
L, are AM-spaces. For the proof of Theorem 1, we only need that every non-empty relatively
compact subset of an AM-space E has a supremum in E [13, Proposition II.7.6].

Proof of Theorem 1. By a rescaling argument, it suffices to show that (e t A)t≥0 is bounded when-
ever s(A) < 0. Indeed, if this implication is true, then the rescaled semigroup (e t (A−s))t≥0 is
bounded for all s > s(A). Consequently, ω0(A) ≤ s for all s > s(A) which yields ω0(A) ≤ s(A).

So suppose that s(A) < 0 and let 0 ≤ f ∈ E be fixed. Since the positive cone spans E , we only
need to show that the orbit of f is bounded. Boundedness of the semigroup will then follow from
the uniform boundedness theorem.

By the property of AM-spaces mentioned before the proof, the compact set {e t A f : t ∈ [0,1]}
has a supremum g ≥ 0 in E .

Fix a time t ≥ 1 and let I = [t −1, t ]. Then e t A f = e s Ae(t−s)A f ≤ e s A g for all s ∈ I , thus

0 ≤ e t A f =
∫

I
e t A f ds ≤

∫
I

e s A g ds ≤
∫ ∞

0
e s A g ds =: g̃ ∈ E ;

here the last integral exists as an improper Riemann integral due to the positivity of the C0-
semigroup and the assumption s(A) < 0 (see, for instance, [2, Theorem 5.3.1 and Proposi-
tion 5.1.4]). The result now follows using ‖e t A f ‖ ≤ ‖g̃‖ for all t ≥ 1. �

The main idea that we used above is an adaptation of an argument of Vogt, who recently
presented an intriguingly easy proof of s(A) = ω0(A) on Lp -spaces [14] (while earlier proofs
due to Weis were much more involved [15, 16]). For more historical details on the question
whether s(A) =ω0(A) for positive semigroups, we refer for instance to [2, p. 389]. Recently, some
conditions were given in [11, Section 4] which ensure that the above equality holds for positive
semigroups on non-commutative Lp -spaces. For a deeper connection between this question and
geometric properties of Banach spaces, see [12, Section 5].

Remark 2. The proof of Theorem 1 cannot directly be generalized to a larger class of Banach lat-
tices since AM-spaces are the only Banach lattices in which every non-empty relatively compact
set has a supremum (see, for instance, [17, p. 275]).

However, the argument directly generalizes to ordered Banach spaces with closed, normal, and
generating cones, under the assumption that every relatively compact subset is order bounded;
conditions for this latter property can be found in [17, Theorem 1]. For this reason, our argument
also yields a new and simple proof of [4, Theorem 4]. In particular, Theorem 1 is true on every
ordered Banach space which contains an order unit and has normal cone.

Remarks 3. Our proof of Theorem 1 uses two ingredients:

(a) The fact that every relatively compact set in an AM-space has a supremum.
For concrete functions spaces such as C0(L), where L is locally compact, this is not

difficult to show by employing the Arzelà–Ascoli theorem (and for general AM-spaces,
the proof is essentially the same). For C (K ), where K is compact, the situation is even
simpler since every norm bounded set in C (K ) is order bounded, which (as mentioned in
Remark 2) suffices for the proof of Theorem 1.
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(b) The fact that, if s(A) < 0 and g ∈ E , then
∫ ∞

0 e s A g ds converges in E as an improper
Riemann integral.

This non-trivial result from the theory of positive semigroups is true on all Banach
lattices (and even on ordered Banach spaces with a normal generating cone); see the
above-quoted [2, Theorem 5.3.1 and Proposition 5.1.4]. Throughout the literature, proofs
that s(A) = ω0(A) holds for all positive semigroups on particular classes of function
spaces, require this result as an important ingredient. The same is true for our proof;
our main contribution is that we significantly simplify the rest of the argument, which is
the only place where the specific structure of the space is used.

Eventually positive semigroups

While the theory of positive semigroups can be considered a classical topic in analysis, many
evolution equations have been recently discovered to only exhibit eventually positive behaviour –
i.e., for positive initial values, the solution first changes sign but then becomes and stays positive.
This gives rise to the following notion:

A C0-semigroup (e t A)t≥0 on a Banach lattice E is said to be individually eventually positive if
for every positive initial datum f ∈ E , there exists t0 ≥ 0 such that e t A f is also positive for all t ≥ t0.
The semigroup is called uniformly eventually positive if t0 can be chosen to be independent of f .

Many examples of eventually positive semigroups occur in the study of concrete PDEs; see
for instance [9, Proposition 2 and Examples 6 and 7], [1, Section 3], [5, Proposition 5.5], and [8,
Section 7] for recently discovered examples. The prevalence of eventually positive semigroups
in concrete differential equations makes it a worthwhile goal to understand their behaviour at a
general and theoretical level, an endeavour which started with the papers [6, 7]; general results
about the spectrum and long-term behaviour of eventually positive semigroups have recently
been obtained in [3].

In the rest of this article, we specifically study whether s(A) =ω0(A) in the eventually positive
case. The property of positive C0-semigroups mentioned in Remark 3(b) surprisingly holds
even if the semigroup is only individually eventually positive; see [7, Proposition 7.1]. As a
consequence, it was shown in [7, Theorem 7.8] that on L1- and L2-spaces, as well as on C (K ),
the property s(A) = ω0(A) is true for individually eventually positive semigroups. On Lp for
other values of p, the aforementioned argument of Vogt carries over to uniformly eventually
positive semigroups [14]; the individually eventually positive case remains currently open on Lp

for p ∈ (1,∞)\{2}. In the following, we settle the question for all AM-spaces (while the proof given
for C (K ) in [7, Theorem 7.8] does not work on spaces not containing an order unit). The following
argument even works for individually eventually positive semigroups.

Theorem 4. Let (e t A)t≥0 be an individually eventually positive C0-semigroup on an AM-space E.
Then s(A) =ω0(A).

We point out that the argument given in [7, Theorem 7.8] for the special case E =C (K ) assumes
that the generator A is real, while we make no such assumption. Furthermore, as mentioned
before Theorem 1, the proofs known for positive semigroups on C0(L), for a locally compact
Hausdorff space L, employ the sun-dual semigroup on the dual space E ′. This works since the
closure of the domain dom A′ of the dual operator can be shown to be an ideal in E ′ when the
semigroup is positive. The proof does not carry over to eventually positive semigroups, and it is
unclear whether the same ideal property is still true for them.

On the other hand, the proof that we presented for Theorem 1 can be modified for the
eventually positive case, which is a major advantage of our approach. We are therefore able to
provide an affirmative answer to a question posed after [7, Theorem 7.8].
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Proof of Theorem 4. We adjust the proof of Theorem 1 to the present situation: Assume that
s(A) < 0 and fix a vector 0 ≤ f ∈ E ; again, it suffices to show that the orbit of f is bounded.

We can find a time t f ≥ 0 such that e t A f ≥ 0 for all t ≥ t f , owing to the individual positivity
assumption on the semigroup. As in the proof of the previous theorem, the supremum g :=
sup{e t A f : t ∈ [t f , t f +1]} exists, since E is an AM-space. In addition, the vector g is positive (being
a supremum of positive vectors), so there exists tg ≥ 0 such that e t A g ≥ 0 for all t ≥ tg .

Note that the set P := {g − e t A f : t ∈ [t f , t f +1]} is a compact subset of the positive cone in E ,
and due to the individual eventual positivity of the semigroup, it is covered by its closed subsets

Pn := {
h ∈ P : e t Ah ≥ 0 for all t ≥ n

}
,

where n runs throughN. Hence, by the Baire category theorem, there exists N ∈N such that (PN )◦

is non-void; here, the interior is taken within the space P .
Let us now consider the mapΦ : [t f , t f +1] → P defined byΦ(t ) = g−e t A f for all t ∈ [t f , t f +1]. It

is both continuous and surjective, therefore the pre-image J :=Φ−1
(
(PN )◦

)
is non-void and open

in [t f , t f +1]. Consequently, there exist t0 ≥ 0 and 0 < ` ≤ 1 such that [t0, t0 +`] ⊆ J ⊆ [t f , t f +1].
Letting t1 = max{N , tg }, we conclude that the vectors e s A

(
g − e t A f

)
are positive for all s ≥ t1 and

all t ∈ [t0, t0 +`].
Finally, fix t ≥ t0 + t1 +` and let I := [t − t0 −`, t − t0] ⊆ [t1,∞). With this notation, we have

e t A f = e s Ae(t−s)A f ≤ e s A g for all s ∈ I , and so

0 ≤ e t A f = 1

`

∫
I

e t A f ds ≤ 1

`

∫
I

e s A g ds ≤ 1

`

∫ ∞

t1

e s A g ds =: g̃ ∈ E ;

here we used that the integral on the right exists as an improper Riemann integral since (e t A)t≥0 is
individually eventually positive and s(A) < 0 [7, Proposition 7.1]; moreover, for the first inequality
we used that t ≥ t0 ≥ t f , and for the last inequality we used t1 ≥ tg .

We conclude that ‖e t A f ‖ ≤ ‖g̃‖ for all t ≥ t0 + t1 + `, which proves that the orbit of f is
bounded. �

Acknowledgements

The authors are indebted to Hendrik Vogt for various fruitful discussions and for sharing an early
version of [14] with them. This paper was written during a pleasant visit of the first author to
Universität Passau.

References

[1] D. Addona, F. Gregorio, A. Rhandi, C. Tacelli, “Bi-Kolmogorov type operators and weighted Rellich’s inequalities”,
NoDEA, Nonlinear Differ. Equ. Appl. 29 (2022), article no. 13.

[2] W. Arendt, C. J. K. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace transforms and Cauchy problems, 2 ed.,
Monographs in Mathematics, vol. 96, Birkhäuser, 2011, xii + 539 pages.

[3] S. Arora, J. Glück, “Spectrum and convergence of eventually positive operator semigroups”, Semigroup Forum 103
(2021), no. 3, p. 791-811.

[4] C. J. K. Batty, E. B. Davies, “Positive semigroups and resolvents”, J. Oper. Theory 10 (1983), p. 357-363.
[5] S. Becker, F. Gregorio, D. Mugnolo, “Schrödinger and polyharmonic operators on infinite graphs: Parabolic well-

posedness and p-independence of spectra”, J. Math. Anal. Appl. 495 (2021), no. 2, p. 124748.
[6] D. Daners, J. Glück, J. B. Kennedy, “Eventually and asymptotically positive semigroups on Banach lattices”, J. Differ.

Equations 261 (2016), no. 5, p. 2607-2649.
[7] ——— , “Eventually positive semigroups of linear operators”, J. Math. Anal. Appl. 433 (2016), no. 2, p. 1561-1593.
[8] R. Denk, M. Kunze, D. Ploß, “The Bi-Laplacian with Wentzell Boundary Conditions on Lipschitz Domains”, Integral

Equations Oper. Theory 93 (2021), no. 2, p. 13.
[9] A. Hussein, D. Mugnolo, “Laplacians with Point Interactions—Expected and Unexpected Spectral Properties”, in

Semigroups of Operators – Theory and Applications, Springer Proceedings in Mathematics & Statistics, vol. 325,
Springer, 2020, p. 47-67.



Sahiba Arora and Jochen Glück 775

[10] R. Nagel (ed.), One-parameter semigroups of positive operators, Lecture Notes in Mathematics, vol. 1184, Springer,
1986.

[11] T. Prajapati, K. B. Sinha, S. Srivastava, “Lyapunov property of positive C0-semigroups on non-commutative Lp

spaces”, Oper. Matrices 13 (2019), no. 4, p. 907-919.
[12] J. Rozendaal, M. Veraar, “Stability theory for semigroups using (Lp ,Lq ) Fourier multipliers”, J. Funct. Anal. 275 (2018),

no. 10, p. 2845-2894.
[13] H. H. Schaefer, Banach lattices and positive operators, Grundlehren der Mathematischen Wissenschaften, vol. 215,

Springer, 1974.
[14] H. Vogt, “Stability of uniformly eventually positive C0-semigroups on Lp -spaces”, Proc. Am. Math. Soc. 150 (2022),

p. 3513-3515.
[15] L. Weis, “The Stability of Positive Semigroups on Lp Spaces”, Proc. Am. Math. Soc. 123 (1995), no. 10, p. 3089-3094.
[16] ——— , “A Short Proof for the Stability Theorem for Positive Semigroups on Lp (µ)”, Proc. Am. Math. Soc. 126 (1998),

no. 11, p. 3253-3256.
[17] A. W. Wickstead, “Compact subsets of partially ordered Banach spaces”, Math. Ann. 212 (1975), p. 271-284.


	Positive semigroups
	Eventually positive semigroups
	Acknowledgements
	References

