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Abstract. In this short note we construct two families of examples of large stratifying systems in module
categories of algebras. The first examples consist on stratifying systems of infinite size in the module category
of an algebra A. In the second family of examples we show that the size of a finite stratifying system in the
module category of a finite dimensional algebra A can be arbitrarily large in comparison to the number
of isomorphism classes of simple A-modules. We note that both families of examples are built using well-
established results in higher homological algebra.
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1. Introduction

In this paper, A is a basic finite-dimensional algebra over an algebraically closed field K , mod A is
the category of finitely presented (right) A-modules and K0(A) denotes the Grothendieck group
of A.

The notion of exceptional sequences originated in algebraic geometry [1,8,9,22] and was later
introduced to representation theory in [5, 21], becoming an important subject of study in both
disciplines.

On the representation theory side, the definition of exceptional sequence can be stated in
the module category of any finite-dimensional algebra. Despite this, most of the articles on the
subject studied exceptional sequences in the module category of hereditary algebras. Outside the
hereditary case, the notion that have been mostly studied is the more general notion of stratifying
systems, firstly introduced in [7] (see also [17, 18]). If the algebra is hereditary, it has been proven
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in [3] that every stratifying system is an exceptional sequence. However, this is not true in general.
For instance, the stratifying systems that we build in this note are not exceptional sequences (see
Remarks 2 and 7). We now recall the definition of stratifying systems and exceptional sequences.

Definition. Let A be an algebra. A stratifying system of size t ∈ N∪ {∞} in the category mod A
of finitely generated A-modules is a pair (Θ,≤) where Θ := {θi : i ∈ [1, t ], i 6= ∞} is a family of
indecomposable objects in mod A and ≤ is a linear order on the set [1, t ] := {1, . . . , t } such that
HomA(θ j ,θi ) = 0 if i < j and Ext1

A(θ j ,θi ) = 0 if i ≤ j . Moreover, we say that a stratifying system
(Θ,≤) is an exceptional sequence if EndA(θi ) ∼= K for all i ∈ [1, t ] and Extn

A(θ j ,θi ) = 0 for all i ≤ j
and n ∈N.

There are numerous works studying the consequences of the existence of a stratifying system
in the module category of an algebra, see for instance [3, 4, 6, 7, 17, 18]. However, the existence
of stratifying systems in module categories is a problem that has received less attention. To
our knowledge, the only works addressing the existence of exceptional sequences or stratifying
systems outside the hereditary case are [15] for canonical algebras, [12] for the Auslander algebra
of K [x]/x t , [20] for quotients of type A zig-zag algebras and [2, 16] for arbitrary algebras using
techniques from τ-tilting theory.

The classical examples of stratifying systems are the so-called canonical stratifying systems.
These are stratifying systems which are constructed using all indecomposable projective modules
and, as a consequence, the size t of every canonical stratifying system coincides with rk(K0(A)).
Also, it was shown in [3] that the size of every stratifying system in the module category of a
hereditary algebra H is bounded by rk(K0(H)).

This is not true for stratifying systems in the module category of an arbitrary algebra since
there are examples of stratifying systems whose size is bigger than the rank of the Grothendieck
group of the algebra, see for instance [7, § 3.2] and [17, Remark 2.7]. However, it was conjectured
the existence of an upper-bound for the size of a stratifying system in the module category A
which was a function of rk(K0(A)).

In Section 2, we show that this conjecture is false by proving the existence of a family of
algebras having a stratifying system of infinite size. Later, in Section 3, we construct a family of
finite stratifying systems whose size cannot be linearly bounded by the rank of the Grothendieck
group of their ambient module category.

2. stratifying systems of infinite size

The notion of d-representation infinite algebras was introduced and first studied by Herschend,
Iyama and Oppermann in [10]. In this section we use a particular family of d-representation
infinite algebras, the so-called Bellinson algebras [10, Example 2.15], to construct examples of
a stratifying systems of infinite size. We note that the choice of this particular family is made to
give an explicit example. However the same construction of stratifying system of infinite size can
be performed in any d-representation infinite algebra.

Fix a positive integer d > 1. Then the Beilinson algebra Bd is the path algebra of the quiver

1
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modulo the ideal of relations generated by the elements of the form ak
i ak+1

j − ak
j ak+1

i . Also, we
recall that the d-Auslander–Reiten translations in modBd are defined as

τd (−) := H 0 (νd (−)) : modBd → modBd
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τ−d (−) := H 0 (
ν−d (−)

)
: modBd → modBd

where νd is the autoequivalence of Dd (modBd ) defined as the composition νd := ν◦ [−d ] of the
Nakayama functor ν : Dd (modBd ) → Dd (modBd ) with the inverse [−d ] of the d th suspension
functor [d ] : Dd (modBd ) → Dd (modBd ).

It is clear that as a module over itself, Bd
∼= ⊕d+1

i=1 P (i ), where every P (i ) is indecomposable
projective in modBd and every indecomposable projective P is isomorphic to P (i ) for some
1 ≤ i ≤ d + 1. Moreover, since Bd is basic, we have that P (i ) is not isomorphic to P ( j ) if i is
different from j . Likewise, every indecomposable injective is isomorphic to one of the modules
I (i ), where DBd

∼= ⊕d+1
i=1 I (i ). Following this notation we define Pd (i ) := {τ− j

d P (i ) : j ∈ N} and

Id (i ) := {τ j
d I (i ) : j ∈ N} for every 1 ≤ i ≤ d + 1. We note that the natural order ≤ in N induces a

natural order in Pd (i ) and Id (i ) for every 1 ≤ i ≤ d +1.

Theorem 1. Let d be a positive integer greater than two and let ≤ be the natural order in N. With
the notation above, (Pd (i ),≤) is a stratifying system in modBd of infinite size for all 1 ≤ i ≤ d +1.
Similarly, (Id (i ),≤op ) is a stratifying system modBd of infinite size for all 1 ≤ i ≤ d +1.

Proof. We only prove the case of (Pd (i ),≤) for a given 1 ≤ i ≤ d + 1, since the other cases are
similar. First, [10, Proposition 4.10(a)] states that τ− j

d P (i ) and τ−l
d P (i ) are not isomorphic if j 6= l .

Hence Pd (i ) has infinitely many objects.
It follows from [10, Propositions 2.3 and 2.9] that HomBd

(τ− j
d P (i ),τ−l

d P (i )) = 0 if l < j . Also,
[10, Proposition 4.10(f)] implies that

Ext1
Bd

(
τ
− j
d P (i ),τ−l

d P (i )
)
= 0

for all j , l ∈ N. In particular Ext1
Bd

(τ− j
d P (i ),τ−l

d P (i )) = 0 if l ≤ j . Then (Pd (i ),≤) is a stratifying
system of infinite size. �

Remark 2. We note that the stratifying system (Pd (i ),≤) is not an exceptional sequence, since
Extd

Bd
(τ−1

d M , M) 6= 0 for all M ∈ Pd (i ). Likewise, (Id (i ),≤op ) is not an exceptional sequence since

Extd
Bd

(M ,τd M) 6= 0 for all M ∈ Id .

3. Stratifying systems for higher Auslander algebras

In the previous section we show the existence of stratifying systems of infinite size. In this section
we show the existence of a family of algebras having finite stratifying systems whose size grows
quicker than the rank of the Grothendieck group of the algebras.

Theorem 3. For every positive integer m, there exists an algebra Am and a stratifying system
(Θm ,≤) of size sm in mod Am such that sm > m.rk(K0(Am)).

Before proving our theorem, we need to recall some notions and results of higher homological
algebra that will be used in our proof. A subcategory M of mod A is said to be d-cluster tilting if

M =
{

X ∈ mod A : Exti
A(X , M) = 0 for all M ∈M and 1 ≤ i ≤ d −1

}
=

{
Y ∈ mod A : Exti

A(M ,Y ) = 0 for all M ∈M and 1 ≤ i ≤ d −1
}

.

An A-module M is said to be d-cluster tilting if add M is a d-cluster tilting subcategory of mod A.
In general, given an algebra A it is very difficult to know if A has a d-cluster tilting subcategory

(see [23] and the references therein). However, we are interested in the so-called higher Auslander
algebras introduced in [13]. These algebras are defined inductively as follows.

Definition/Theorem 4 ([13]). Let n be a positive integer and d be a non-negative integer. The d-
Aulander algebra Ad

n is the path algebra of the linearly oriented quiver of type An if d = 0, or is the
endomorphism algebra End

Ad−1
n

(M) of the d-cluster tilting module M of Ad−1
n for all d > 0.
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In fact, there are several combinatorial descriptions of the quiver and relations of Ad
n [11, 13,

14, 19]. In this paper we follow the notation appearing in [19].

Proposition 5 ([19, Theorem 3.6]). Let Ad
n be the d-Auslander algebra of An . Then there is a

bijection between the vertices of the quiver of Ad
n with the set

Vn,d = {
(x0, x1, . . . , xd ) : 1 ≤ x0 < x1 < ·· · < xd ≤ n +d

}
.

Moreover, given two elements x, y ∈ Vn,d there is an arrow x → y if there exists 0 ≤ k ≤ d such that
yk = xk +1 and yi = xi for all i 6= k.

Remark 6. Note that it follows from the previous proposition that the number of vertices of the
quiver of Ad

n is equal to the number of integer lattice points inside the canonical d-simplex in
Rd+1 generated by the interval [0,n].

Proof of Theorem 3. Let A1
n be the (1-)Auslander algebra of An . It follows from Theorem 4 that

A1
n has a 2-cluster tilting module M =⊕tn

i=1 Mi such that EndA1
n

M =A2
n . We claim that there exists

of an order ≤ in the set [1, tn] := {1, . . . , tn} such that (Θn ,≤) := ({Mi : i ∈ [1, tn]},≤) is a stratifying
system.

We first note that it follows from Proposition 5 that the quiver of A2
n is an acyclic quiver. As a

consequence, there exists a total order ≤ in [1, tn] such that HomA1
n

(Mi , M j ) = 0 if j < i . We also
have that Ext1

A1
n

(Mi , M j ) = 0 for all i , j ∈ [1, tn] because M is a 2-cluster tilting object. In particular,

Ext1
A1

n
(Mi , M j ) = 0 if i ≤ j . Then (Θn ,≤) is a stratifying system.

Now, it is easy to see that rk(K0(A1
n)) = n(n+1)

2 . Moreover the size tn of (Θn ,≤) is equal to the
tetrahedral number tn = n(n+1)(n+2)

6 , see Remark 6. Hence the ratio R(n) between the size of the
stratifying system (Θn ,≤) and rk(K0(An)) is

R(n) = n(n +1)(n +2)/6

n(n +1)/2
= n +2

3
.

In particular, for each m ∈ N, if we fix n = 3m − 1 we have that size t3m−1 of the stratifying
system (Θ3m−1,≤) inA1

3m−1 is greater than m.rk(K0(A1
3m−1)). Indeed,

t3m−1 = 3m −1+2

3
.rk

(
K0

(
A1

3m−1

))= (
m + 1

3

)
.rk

(
K0

(
A1

3m−1

))> m.rk
(
K0

(
A1

3m−1

))
.

The result follows by taking Am =A1
3m−1 and sm = t3m−1. �

Remark 7. We note that the stratifying system (Θm ,≤) constructed in the proof of Theorem 3 is
not an exceptional sequence since we can find objects Mi , M j ∈Θm such that Ext2

Am
(Mi , M j ) 6= 0

for all m ∈N.

Remark 8. In the previous proof we fixed d = 1 to construct our example, but it is easy to see that
a similar argument is valid for every d . Indeed, by Propositon 5 we have that the quiver of Ad

n is
acyclic for every d . Hence we can construct a stratifying system inAd

n for all n and d by means of
its (d +1)-cluster tilting module.

Moreover, the number of vertices of the quiver of Ad
n grows as nd as n goes to infinity. Since

there is a stratifying system in modAd
n of size K0(Ad+1

n ), we conclude that for every m ∈N there are
infinitely many algebras Am with a stratifying system (Θm ,≤) such that the size of Θm is greater
than m.rk(K0(Am)).

Remark 9. A stratifying system (Θ,≤) is said to be complete if there is no indecomposable
module N such that (Θ∪ {N },≤′) is a stratifying system such that i ≤′ j if i ≤ j . It follows from the
construction of (Θm ,≤) that there is no indecomposable Am-module M0 such that ({M0}∪Θm ,≤),
where ≤ is the natural order in [0, tm]. Likewise, there is no indecomposable Mtm+1 such that
(Θm ∪ {Mtm+1},≤) is a stratifying system where ≤ is the natural order in [1, tm +1]. However, is not
clear that (Θm ,≤) is a complete stratifying system in general.
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