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Abstract. The generalized Frobenius number is the largest integer represented in at most p ways by a linear
combination of nonnegative integers of given positive integers aj, ay, ..., ap. When p = 0, it reduces to the
classical Frobenius number. In this paper, we give the generalized Frobenius number when a; = (b"Hi-lo1y/
(b—1) (b= 2) as a generalization of the result of p =0 in [16].
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1. Introduction

Let ay, ay, ..., ar be positive integers such that their greatest common divisor is one. Denote
the Frobenius number by g(ay, ay, ..., ax), which is the largest integer not representable as a
nonnegative integer combination of a;, a, ..., ak.

On the other hand, to find the number of representations d(n;a;, ay, ..., ai) to a;x; + ax, +
.-+ arxx = n for a given positive integer n is also one of the most important and interesting
topics. This number is equal to the coefficient of x” in 1/(1—x*)(1-x%)--- (1—x%). Sylvester [19]
and Cayley [8] showed that d(n;ay, ay, ..., ar) can be expressed as the sum of a polynomial in
n of degree k — 1 and a periodic function of period aja;---ak. In [3], the explicit formula for
the polynomial part is derived by using Bernoulli numbers. For two variables, a formula for
d(n; a1, a) is obtained in [20]. For three variables in the pairwise coprime case d(n;a;, az, as),
in [9], the periodic function part is expressed in terms of trigonometric functions. However, the
calculation becomes very complicated for larger a,, ay, as. In [6], three variables case can be easily
worked with in his formula using floor functions.
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In this paper, we are interested in one of the general types of Frobenius numbers, which fo-
cuses on the number of solutions. For a given nonnegative integer p, consider the largest integer
8play, ap, ..., ai) such that the number of expressions that can be represented by ay, a, ..., ai
is at most p ways. That is, all integers larger than gy, (a1, a, ..., ax) have at least the number of
representations of p + 1 or more ways. When p =0, g(ay, a, ..., ax) = go(ai, az, ..., ay) is the orig-
inal Frobenius number. One can consider a slightly modified number, that is, the largest inte-
ger g;,(al, ay, ..., ax) such that the number of expressions is exactly p ( [4]). However, for some
cases any positive integer does not have exactly p representations, in particular, when p becomes
larger. In addition, p; < p does not necessarily imply g,'[,1 (a1,a,...,ax) < ggz(al,ag, ooy AK)-
Therefore, it is better to treat with g,(a, az,..., ax). Of course, after knowing g, (ai, ay, ..., ax)
and gp-1(a1, a, ..., ai), we can also get g;,(al, a, ..., ag).

In the literature on the Frobenius problem, Sylvester number n(a, ay, ..., ai), which is the to-
tal number of nonrepresentable integers, also plays an important role as that of g(a;, ay, ..., ai).
This number is called genus of the set of representable integers. Similarly to the generalized
Frobenius number, we can consider the generalized Sylvester number ny(ay, a, ..., a) as the
cardinality of the set of integers which can be represented by a;, a, ..., a; at most p ways. When
p=0,n(ay,ay, ..., ar) = nglay, az, ..., ai) is the original Sylvester number. Recently, in [10] gen-
eralized Frobenius numbers (called p-Frobenius numbers) for sequences of triangular numbers
are obtained.

In this paper, we mainly focus on repunit numbers. Generalized Frobenius numbers and
Sylvester numbers for different numbers are treated in different papers by the author. In [16],
explicit formulas of Frobenius and Sylvester numbers for repunits are found when p = 0. More
general numbers satisfying a linear recurrence relation are treated in [2]. Approaches from
numerical semigroup are used in both papers.

2. Preliminaries

For two variables, it is very easy to see that
gplay, a)=(p+Dayaz — a1 — az, (1)

1
np(al,az)=5((2p+1)a1a2—a1—a2+1) @)

(see [4]). However, for three variables, no formula is known, not even for special triples. For
p =0, some explicit forms have been discovered in some particular cases, including arithmetic,
geometric-like, Fibonacci, Mersenne, and triangular (see [14, 15, 17] and references therein) and
so on. However, for p = 1, no explicit form has been found even in these particular cases. In due
course, by using our constructed framework, we can also find explicit forms of the total number
of nonnegative integers that can only be expressed in at most p ways.

For a positive integer p and a set of positive integers A = {a;, ay, ..., ai} with gcd(A) = 1, denote
by R, (A) the set of all nonnegative integers whose representations in terms of ay, ..., a; with
nonnegative integral coefficients have at least p ways. We introduce the p-Apéry set (see [1])
below in order to obtain the formulas for g, (A) and n,(A). Without loss of generality, we assume
that a; = min(A).

Definition 1. For a set of positive integers A = {ay, az, ..., ai} with gcd(A) = 1 and a; = min(A) we
denote by
App(A) :App(alv az, ..., aki) = {m(()p)) mip)) LX) m(a’?—l} )

the p-Apéry set of A, where m'P) is the least positive integer of Rp+1(A) satisfying mi.p =i (mod ai)
(0<i<a —-1). Note that mg) is defined to be 0.
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It follows that for each p,
App(A) ={0,1,...,a1 -1} (mod a;).

It is hard to find any explicit form of g, (a1, a, ..., ax) when k = 3. Nevertheless, the following
convenient formulas are known (see [4, Lemma 2]). Though finding m;p ) is enough hard in
general, we can obtain it for some special sequences (ay, ay, ..., ai). For nplay, ag, ..., ai), see [4,
Lemma 3].

Lemma 2. Let k and p be integers with k = 2 and p = 0. Assume that gcd(ay, ay, ..., ax) = 1. We

have
_ (p)
gplay,az, ..., ar)= max m. —a, 3)
Osjsa;-1 J
a—1
m @-—1
np(alraZr---r ak):_ Z m]p - T - (4)
ar j=o 2

Remark 3. When p =0, (3) is the formula by Brauer and Shockley [7]:

g(oh,az,...,ak):( max mj)—al, (5)
l<j=a;-1

where m; = m;.O) (1< j<=<a—1) with my =0. When p =0, (4) is the formula by Selmer [18]:

a—1

1 (ll—l
n(ay, a, ..., ) = — Y mj—
a) j=0

>

(6)

More generalized formulas, including power sum and weighted sum, are given in [11].

3. Repunits

A repunit is a number consisting of copies of the single digit 1 ( [5, Ch.11]). In general, for some
integer b = 2, arepunit in base b is given by

b" -1

b-1
When b = 2, there are the Mersenne numbers ( [17]), which have been studied extensively for
hundreds of years.

For the set A ={ay, ay, ..., ai}, denote by (A) the set of all the representable elements in the

linear combination of a;, az, ..., a; with nonnegative coefficients, that is,

(n=1).

(Ay ={a1x1 + ap Xz + - + agxp| x1, X2, ..., X = 0}.

In [16, Corollary 6], the minimal system of generators of the numerical semigroup S(b, n) is given
as the set

p—1 bn+1_1 b2n—1_1
{ b-1" b-1 """ b-1 }

Therefore, when considering only whether or not there is a representation (solution), it is the
same for both finite and infinite elements. However, in our case, in order to consider the number
of representations (solutions) concretely, for example, in the case of p or less, and p+1 or
more, even though they are overlapping elements, their presences definitely affect the count of
numbers. In other words, the situation is different for an infinite number of elements and a finite
number of elements. Therefore, from now on, in this paper, we will limit our consideration to
finite elements

Ap:i=f{ay,ay, ..., an}. (7)
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by fixing

bl’l+j—1 -1
b-1

In [16], explicit formulas for the case p = 0 are found.

aj=aj(n) = (j=L.2,...,n). 8)

Lemma4. We have

b"(b" -1
go(An)=go(S(b,n))=%— ,
(Ap) = no(S(b ))—b—n(bn_b+ —1) (n=1)
nolAn) =No yl’l—2 b_1 n n=1).

When n = 2, by using (1), we can obtain the explicit formula:

&) = (bz_l)(bzgfl(b2+b+l)) .

In this paper, we shall prove the following explicit formulawhen n=3and0< p < b.

Theorem 5. Letb=2. When n =3, we have
prb -1 +p (b2 -1
gp(S(b,m)) = b_pl( ),

When n =3 and 0 < p < b, we also give the formula for generalized Sylvester number 7, (As).

3.1. Three variables
In this section, we consider the case for three variables as n = 3 in (7) with (8). When p = 0, the
Apéry set is given for any integer n = 2 ( [16, Theorem 12]).
Lemma6. We have
Apy(ay, ..., ap) = {xpa + -+ + Xnan| (X2, ..., xn) € R(b, n)},
where R(b, n) denotes the set of all (n — 1) -tuple satisfying the following conditions:

(1) foreveryi=2,...,n,x;€{0,1,..., b};
(2) ifi=3,...,nandx;=bthenx,=---=x;_1 =0.

Table 1. Complete residue system for repunit

70,0 1,0 e b0
To,1 a b
rob-1 ",b-1 " Thb-1

T0,b

In particular, for n = 3, the Apéry set for p = 0 is given as in Lemma 7. See Table 1. For
convenience, put
T'xyx3 = X2d2 + X343, 9
where x, and x3 are nonnegative integers.
When a; (j =1,2,3; n=3) astriplein (8), the Apéry set for p = 0 is given as follows (see also [16,
Corollary 14, Example 17]).

Lemma 7. Forany integer n =2, we have

Apg(ar, az, az) = {100, <, Th,0, 0,1, «++» Th,1r+» T0,b=1» -++» Th,b—1,T0,b} -
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When p = 1, it is not easy to give the Apéry set accurately for any n = 3. However, if n = 3, we
can determine the Apéry set. We focus on the numbers of representations, so we have to see how
they are distributed.

Lemma8. The sequence of the number of the representations {d(i; az, as)}i>o is given by

b ax—1 oo
m..mm—1..m-1...m..mm—-1...m—1 m...m
—_——— T — — ———

k a—k k a—k (b+1)ay
k=1 m=1
b b b
—N ———— — Y A —
=10...0...10...0110...0...110...0---1...10...1...10 1...1
N—— P —— N~ —— N~
a»—1 a»—1 a»—2 a»—2 a»—1 a—1 (b+1)ay
b b b
21...1...21...1221...1...221...1---2...21...2...21 2...2
—— ———  —— —_———  —— —_—— ——~
ar—1 ar—1 ap—2 a—2 ar—1 a—-1  (b+1)ay
b
—
—N
32...2...32...2---.
—— ~——
a—1 ar—1
Proof. We have
1 x ;
—:Zd(i;az,ag)x’.
(1-x%2)(1-x%)
Since gcd(ay, as) = 1, the length of the period is ayaz = ax(bay + 1). Il

From Lemma 8, it can be seen that the positions of 1 appear by ascending order (x;,x3) =
(0,0),...,(b-1,0), (b,0),(0,1),...,(2b-1,0),(b—-1,1), (2b,0), (b, 1),(0,2), ..., (3b—-1),(2b-1,1), (b—
1,2), ..., (B*-1),...,2b—1,b-2),(b-1,b-1), (b*,0),..., 2b,b—2),(b,b—1),(0,b). However,
since rp4j = rj—154+1 (mod a1) (j = 1,/ = 0), the least nonnegative value, whose number of
representations equals 2, is selected as each element of the Apéry set when the remainders with
respect to a; are equal. Hence, we have the Apéry set in Lemma 9.

When p =1, the Apéry set is given as in Lemma 9. See Table 2. The largest element of the set is
shown in a round circle.

Table 2. Two complete residue systems

To,0 1,0 b0

Tb+1,0 Tb+2,0 T2b+1,0
70,1 1,1 b1 Tb+1,1 Tb+2,1 T2b+1,1
To2 2 b2
: : Th+1,b-2  Th+2,b-2 ' T2b+1,b-2
Top-1  TLb-1  *** Thb-1 | Tb+1,b-1
b Tb,b
T0,b+1

Notice that some identities of a; = a;(n) in (8) hold for any n = 1 but some others hold only
for n = 3. Therefore, the main results hold only for n = 3.

Lemma9. Only for n =3, we have

AP, (a1,a2,a3) = {Tps1,0r - +» T2b+1,00 <+ or Th1,b=2r - +» T2b+1,b—2> Th+1,b—1>T1,br - » Thb» T0,b+1} -
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By the setting in (8) and (9), it is easy to find the following identities.

Sublemma 10. For n =3, we have

(b+1ag = (b*+1)a; + bay, (10)
a+baz=(b*+b+1)a, (11
(B*+b+1)ay + 0= Tee1p (12)
(b3 +1)ay+rpo =Top+1- (13)
Forn =1, we have
bay + Ty, xy = I'eyrb1,x03-1 (14)
bay + 1o p = Tpe1,p-1- (15)

Proof of Lemma 9. By (10) and (11), for n = 3 there is a different representation for the same
integer. By (14), for n = 1 we have
Txpxs = Trpabtls—1 (Mod ay)) (0=xp=<bl=sx3=<b-1).

And by (15), for n = 3 we have

rop =Tp+1,p-1 (mod aj).
This explains the situation where the leftmost block, except for the first row, is shifted to the
second block as it is to the upper right by adding ba;, as the part that is congruent modulo ;.
Only the first row (shown with a shadow in Table 2) is ordered from the end of the first block as
the remainder modulo a;, and the last one is at the bottom left. Namely, for x, =0,1,...,b—1,
by (12) for n = 3 we have

Txy0 =T'xp+1,p  (Mod ap).
And by (13) for n = 3 we have

Tpo =Top+1  (mod ay).

Therefore, all the elements in Ap, (a1, az, az) have exactly two different expressions each, and any
such an element minus a; does not have two different expressions. O

When p = 2, the Apéry set is given as in Lemma 11. See Table 3.
Lemmall. Forn =3 we have
Ap, (a1, az, a3) = {r2b+2,o, ces I3p42,00 -y 12b+2,b=35 - +» I'3b+2,b—3) 1'2b+2,b—25 - -
b+2,b—1>+++»2b+1,b-1>Tb+1,b> '1,b+1> - +» I'b,b+1» ro,b+2} .
In addition to the identities in Sublemma 10, it is convenient to see the following.

Sublemma 12. For n =3, we have

(b* +2b+1) @1 + Iy = b1 + Flaxy b = Tha+xy b1 (16)
(b3 +b+1)ay+rpo=bay+ropr1 = Tps1,b 17)
(B +b+1)ay + 11 = Iye1p1> (18)
(b3 +1)ay+rp1 =Topr2- (19)
Forn=1, we have
2bay + Ty xg = DAL+ Ty 115y x5-1 = T2b+2420,05-2 (20)
bay+rop=Tps1,b-1- (21)
(B*+b+1)ay+ry,1=(b*+1) a1 +Tpi14x0, (22)

(b3+1) ay+rp1 = (bs—b+ 1) ay+rp+1,0- (23)
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Proof of Lemma 11. By (10), (11) and (20), forO< xp <band 2 < x3 < b—1 or (x2, x3) = (0, b), for
n =1 we have

Txpx3 = Thiltxp,xs—1 = I2bt24xp,05—2 (mMod ay).
By (16) for 0 < xp < b—1, for n =3 we have
Tx0,0 = T4xp,b = Thi2415,b-1 (mod ay).
And by (17), for n = 3 we have
Tbo = To,p+1 = T'p+1,p  (mod ay).
By (22) and (18) for 0 < x, < b— 1, only for n = 3 we have
Txpl = Thel4x,,0 = Tp41,b+1  (mod ay).

And by (23) and (19), only for n = 3 we have

Th1 =T2p+1,0 = Top+2 (mod ap).

Therefore, all the elements in Ap,(ay, az, az) have exactly three different expressions each, and
any such an element minus a; does not have three different expressions. g

Table 3. Three complete residue systems

0,0 1,0 b0 Tb+1,0 Tb+2,0 T2b+1,0 T2b+2,0 T2b+3,0 3b+2,0
0,1 1,1 b1 Tb+1,1 Tbh+2,1 T2b+1,1

To,2 rnz 0 Tp2 : : : T2b+2,b-3 T2b+3,b-3  ***  T3b+2,b-3
: : : Tb+1,b-2  Th+2,b-2  *°*  Tob+1,b-2 | T2b+2,b-2

70,b-1 "Lb-1 " Thb-1 | Th+1,b-1 | Th+2,b-1 " T2b+1,b-1

ettt Thp | Thelb

(rop+1) | rps1 0 Thpn

(ro.p+2)

‘ 1st block ‘ 2nd block ‘ 3rd block ‘

b+1 b+1 b+1

In Table 3, the one consisting of b+1 columns is regarded as one block, and the whole is divided
into three blocks.

In general, for any nonnegative integer p with p < b, the corresponding complete residue
system is given as follows. See Table 4.

Lemma 13. For p < b, we have

App(al’ az, az) = {rprrp,O» <o T(p+D)b+p,0s ++ > Tpb+p,b—p—1s -+ +» T(p+1)b+p,b—p-1>Tpb+p,b—p>
F(p-1)b+p,b—p+1s -++» T'pb+p-1,b-p+1 '(p-1)b+p-1,b—p+2>
F(p-2)b+p-1,b—p+3s -+ +» F(p—1)b+p-2,b—p+3> T (p-2)b+p-2,b—p+4>

Th+2,b+p-3» «++» 12b+1,b+p-3> Tb+1,b+p-2> T1,b+p-1s -+ +» Th,b+p-1» rO,b+p}‘
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Proof. From the first block, we get the elements rypip-1,..., Thpip-1 and rgpyp. From
the second block, we get the elements rpi3pip-3,.-.) F2p+1,b4p-3 and rpi1pip-2. Then,
from the (p — D™ block, we get the elements ry 2)pip-1,b-p+3:---» F(p-1)b+p—2,b-p+3 and
T(p-2)b+p-2,b-p+a- From the pth block, we get the elements r(,_1)p+p b-p+1s -+-» Tpb+p-1,b-p+1 and
T'(p—1)b+p—1,b-p+2- Finally, from the (p + 1™ block, we get the elements rpp1p,0, -+ T(p+1)btp,0s -+
Tpb+p,b—p—1s -+ F(p+1)b+p,b—p-1 and T'pb+p,b-p-

More precisely, each corresponding element modulo a; in Ap, (a1, az, a3), Ap,,_, (a1, az, as),
...,Apg(a1, az, a3) are given as follows.

Tpb+p+x0,x3 = T(p—1)b+(p—1)+x2,x3+1 = T(p=2)b+(p—2)+x0,x3+2

=Ty uep (0SX2=h0sx3<b-p-1 or (xz,x3)=(0,b—p)),

F(p-1)b+p+x2,b-p+1 = F(p-2)b+p-1+x2,b—p+2 = T'(p-3)b+p-2+x2,b—p+3
= Mtx,b = Txp0 O0<xx<b-1),

F(p-1)b+p-1,b-p+2 = T (p-2)b+p-2,b—-p+3 =" =T0,b+1 = Th,0,

r(p—2)b+p+x2,b—p+3 = r(p—3)b+p—2+x2,b—p+4 == MN4x,b+l

= Thrlex0=Tx1 (0=x2=b-1),

F(p-2)b+p-2,b—p+4 = T (p-3)b+p-3,b—p+5 = """ =T0,p+2 = 2b+1,0 = Th,1,»

Tb+2+x2,b+p-3 = T+x0,b+p-2 = T(p-2)b+p—2+x2,0 = I'(p-3)b+p—3+x2,1
== rX2,p—2)

Tb+1,b+p-2 =T0,b+p-1 = T'(p-1b+p-2,0 = I(p-2)b+p-3,1

R rb,p—z ,
Tl4x2,b+p-1 = T(p-1)b+p—1+x2,0 = T(p-2)b+p—2+x3,1
== er,p—ly
To,b+p = Tpb+p-1,0 = T(p-Db+p-21="""=Tphp-1 (mod ay).
Note that in each congruence sequence, the elements are strictly decreasing.
Each element in Ap plar, az, as) has p + 1 different expressions for (x1, x2, x3) as follows. Since
forn=1
b(ll + a3 = (b + l)ag, (24)
we get
Tpbtptxaxs = DAL+ Fp-1)btp-1txs,14x3 = 201 + T(p_2)b1p—2+45x5,24 %3
== pbai + Ty, pix; (0Sx2<b, 0sx3<b-p-1 or (x2,x3)=(0,b-p)).
By (10) and (11), we get

T(p=1)btptxs,b—p+1 = DAL+ T(p_2)bt p—14xs,b—p+2 = 2DAL + T(p_3)bs p—24x0,b—p+3

o= (p=Dbay + 1145, p= (P +pb+1)a; +1,00<x2<b-1),

T(p-Dbt+p-1,b-p+2 = DAy + rp_2)p1p-2,6-p+3 = 2ba1 + T (p-3)p+p-3,b—p+4

wo=(p=Dbay+rop = (B°+ (p-2)b+1) ar + o,
T(p-2)b+p-1+x2,b-p+3 = DAL+ T(p-3)b+ p-2+x5,b-p+4 = 2001 + T(p-4) b+ p-3+x,b-p+5
o= (p-2)bay +Ti4x, b1

(B +(p-2)b+1) a1 + Ths14x,0
=(B+(p-Db+1l)ar+ry1 O=x2<b-1),

F(p-2)btp-2,b-p+s = baA1 + T(p_3)bsp-3,b—p+5 = 2DaA1 + T(p_4)bs p-4,b—p+6
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== (p=2bay +ropr2 = (B> + (p=3)b+1) a1+ Taps1 0
=(bP*+(p-2b+1)ai+rp;.
By (24) again, we get
Thi24x,b4p-3 = DAL+ T4 3 bip-2= (B>~ (p-Db+1)a; + T(p=2)b+p—2+%,0
= (b’ - (p=-5b+1) a1 +T(p-3)hp-3+x,1 =
=(B*+2b+1)ar+ 7y, p20<x,<b-1)
Tb+1,p+p-2 = bay + 1o prp-1= (b3 —(p=3)b+1)ar+r(p-1)p+p-20
=(B*—(p-Db+1) a1+ r(p-2)bsp-31
= =(bP+b+1)ar+rpp2,
Maxnbep-1 = (B> = (p=2)b+1) a1 + F(p-1)b+p-1+x,,0
= (b’ = (p=3)b+1) a1+ F(p-2)psp-2+x:.1
= (B3 +b+1)a; + 1y p1 (0= x2<b-1)

Tob+p = (b*-(p-Db+1)a; + Tpb+p-1,0
= (b3 — (p—Z)b+ 1) a + r(p—l)b+p—2,l
==+ ay+rppo.

Table 4. Ap (a1, az, as)

Tpb+pb-p-1 " *** T(p+1)b+p,b—p-1
...... Tobipb-p
\ T(p=Db+pb-p+1 _""*  Tpb+p-1,b-p+1
T(p-1)b+p-1,b-p+2 \

T(p-1)b+p-2,b-p+3

‘rh+2,h+p—3 ©t T2b+1,b+p-3
Tb+1,b+p-2 ‘

‘rl,ber—l t Thbep-1
To,b+p

Theorem 14. Letb =2. Then for0 < p < b, we have
P (6P 1)+ p(b°-1)

gp(al»QZ’QS): b1 —1’
b (b®-b b+1
np(ay, az, as) = Y (ﬁ +2) + % (2b3 +2b% - (p— 1)b+2) .

Proof. The maximum element in Ap p(al, az, as) is 1o p1p- Thus, by Lemma 2 (3), we have
gplay, az,a3) = (b+ p)az — a
=bla; + pas—1

P -1)+p(h°-1)

-1.
b-1
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We consider the sum of the elements in Ap plar, az, az). For the coefficients of a,, we have

2 2
(pb+p-1(pb+p) ((p—l)b+p—1)((p—1)b+p))
2 2
)+(((p—l)b+p—1)((P—1)b+p) ((p—2)b+p-2)((p-2b+p-1)

(b_p)(((p+l)b+p) (p+Db+p+1) ~ (pb+p—1)(pb+p))

+(pb+p)+

+((p-Db+p-1

2 2
2b+1)(2b+2) B bb+1)
2

b(b+1)

+((p—2)b+p—2)+~-+( )+(b+1)+

1
=S b+ (@p+ Db -p(p-1b-p(p-1).

For the coefficients of ag, we have

(b-p-1(b-p)
2

(b+1) +b-p)+bb-p+D+b-p+2)+bb-p+3)

+:+bb+p-3)+b+p-2)+bb+p-1)+(b+p)

(b-p-1)(b-p)
2

=(b+1) +pb®+(p+1b

Z%(b3+(P2+P+1)b+(P2+P))-

Hence,

a 1 1
> m;.p) = §(b+1) ((2p+1)b2—p(p—1)b—p(p—1))a2+5(b3+(p2+p+1)b+(p2+p))a3
i1

10 -1
=550 (b°+@p+Db*+22p+1)b* - (p* -3p-1)b* - (p*-3p—1)b+2p).
Therefore, by Lemma 2 (4), we have
1 & o a-l
ny(ay, az, as) = o ];mj 5

1
=3 (B> +@2p+Db*+22p+1)b® - p(p-3)b* - p(p-3)b+2p)

3 13
LI
2\{b-1

20 +2b* - (p-1)b+2).

3.2. Thecasep>Db

When p > b, it is not easy to give a general formula. As the value of p increases, it becomes more
and more complicated to accurately determine the Apéry set. Nevertheless, as long as the value

of p is small, it is possible to determine Ap,,(A), Ap,,,,(A) and so on from Ap,,_;(4) (p—1= D).
Here, for simplicity, put A = A3 = {a;, a», as}.
AllAp ;(A) (j = 0) elements except the element in the top row shift up one row to the block on
theright and move as is. These are the elements of Ap ; ., (A) that are equal modulo a; respectively.
Only the element of Ap;(A) in the top row corresponds to the leftmost block in order from the
continuation. This procedure is repeated as Ap ., (A), Ap ;, 3(A) and so on.
For example, let b = 2. The position of Ap ; (A) is denoted by (D as shown in Table 6.
We have

Apo(A) = {ro,0, 71,0, 72,0, T0,1, 71,1, 72,1, To,2} »



Takao Komatsu 83

Table 5. Ap;(A) for p>b

Too Ti,0 T20 | 730 740 750 | 760 | 770 780 | 79,0 | 7100 T11,0
Too Ty T2 | 131 | Ta1 T51 | Tel | 771 T81 | I'91
To2 | T2 T22 | 132 | Ty2 Ts52 | T2 | 172
o3 | '1,3 723 | 133 | 743 | I'53
70,4 | T4 | 72,4 | 13,4
o5 | I'5

Table 6. The position of Ap i (A)

GG
©EE
@)

®EE

@EE ©

P ©
@

Apy(A) ={r1,2,72,2,703, 73,0, 74,0, 5,0, 73,1} »
Ap,(A) = {ra1, 751,732, 11,3, 72,3, 0,4, T6,0} »
Ap3(A) ={r7,0,78,0, 76,1, T4,2, 15,2, 733, 1,4} »
Ap,(A) = {24,705, 79,0, 77,1, 78,1, 76,2, T4,3} »

{
{
{
{
Ap5(A) = {rs3,73,4, 11,5, 10,0, T11,0, 9,1, 7,2} »
Apg(A) = {182,763, 4,4, 2,5, 70,6, 12,0, 10,1 »
Ap;(A) ={ri,1,792,77,3, 154,135, 71,6, 13,0} »
Apg(A) = {r14,0, 12,1, 710,2, 8,3, 6,4, 74,5, 12,6} »
Apy(A) ={ro,7,715,0,713,1, 71,2, 79,3, 7,4, 5,5} »
Ap1(A) ={r36,71,7, 16,0, 14,1, 12,2, T10,3, 8,4} -
All the above sets are congruent to {0,1,2,3,4,5,6} (mod a;) (a; = 23— 1 =7), with the elements
in order. Finding the maximum element, we obtain that
go(A)=rp2—a; =62-7=55,
g1(A)=ry3—a; =93-7=286,
SA) =rgs—ay=124-7=117,
8A)=rs—a;=139-7=132,
84(A) =rp5—a; =155—7 =148,
g(A)=r;5—a;=170-7=163,
gs(A) =19 —a; =186—-7=179,
g7(A)=res—a; =201-7=194,
gs(A) =126 —a; =209—7 =202,
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89(A)=r155—a; =230—-7=223,
g10(A)=rga—ay =244-7=237.

Note that gy, g1, g2 can be yielded from Theorem 14.
However, from the value when p = 11, the correspondence rules mentioned above begin to
collapse. Namely, according to the rule, it is expected that

Ap,1(A) = {165,746, 72,7, ¥17,0, T15,1,T13,2, T11,3} »
Ap15(A) = {194,775, 75,6,X0,8:T18,0, T16,1, 14,2} »

and so on. However, in fact,

Ap;,(A) ={r65, 746, 72,7, Y0,8, 15,1, 13,2, 11,3} »
Ap 5 (A) = {194,775, 15,6, ¥17,0,T1,8, 16,1, T14,2} »

and so on. That is, the elements in bold letters actually appear interchangeably.

4. Four variables

The situation becomes more complicated for four variables, because there are many overlapped
elements in Ap ;(A4) and in Ap ., (A4) and even more. That is, there exist i such that mﬁ.") = myll

In this section, we consider the case for four variables as n = 4 in (7) with (8).

Put ry, x;,x, = X202 + X343 + x4a4, where x,, x3 and x4 are nonnegative integers. We illustrate
the case where b = 3. In Table 7, denote ry, x,,x, Simply by (x2, x3, x4), and the integers are modulo
a) = 40.

As in Table 7, the elements in Ap,(A4) are divided into b + 1 parts (blocks). The first b parts
(blocks) have the (b +1)b + 1 elements and the last part (block) has only one element, so that
#Apo(Ag) =b((b+ Db+ 1) +1=(b*-1)/(b-1).

As seen in Table 7, the values that take x;, = 0 start from the first line, and continues to
x3=0,1,2,3,4, ... and the following lines. The values that take x4 = 1 start from the (b + D™ line,
and continues to x3 =0,1,2,3,4, ... and the following lines. The valued that take x4 = 2 start from
the 2b + 2)th line, and continues to x3 = 0,1,2,3,4, ... and the following lines. Finally, there is
the value that take x4 = b. Therefore, there are overlapped elements (shown as shaded cells) as
10,6+1,0 = Tb,0,1» -+ 70,20,0 = Tb,b-1,1, @0 70 p+1,1 = T'p,0,2s --+» 10,21 = T'p,p—1,2 and so on.

Then as seen in Table 8, from Ap,(A4) to Ap, (A4), the corresponding element with the same
modulo moves to the next right block to fill the gap. Only the elements in the first line go down
to the last lower left block. However, unlike the case of n = 3, the elements in the shaded cell do
not move. As mentioned above, they have the same value, but they have different expressions in
terms of ay, ..., ai.

The situation is similar for the case from Ap, (A4) to Ap,(A4). As in Table 9, the corresponding
element with the same modulo moves to the next right block to fill the gap. Only the elements in
the first line go down to the last lower left block. However, the elements in the shaded cell do not
move.

Such a situation continues as long as p < b. When p = b+ 1 and p becomes even larger, the
element of Ap,(A4) that keeps moving to the upper right disappears, so the regularity is gradually
lost and the situation becomes more difficult and complicated.

Therefore, the maximum element of Ap , (A4) is given by

p(bi-1) , b(b"-1)
b-1 b-1

Hence, by Lemma 2 (3), for b= 2 and 0 < p < b, we have

gp(A) =g pp—(b*—1)/(b-1)

To,p,b = =pb+1)-1((b"-1)/(b-1).
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Table 7. Complete residue system Ap,(A4) forn=4and b=3

0,0,0)
0,1,0)
0,2,0)
0,3,0)

(1,0,00 (2,0,0) (3,0,0)
1,1,00 (2,1,0) (3,1,0)
1,200 22,0 (3,20

0,0,1)

0,3,1)

(1,0,1)
01D 1LY
02,1 1,21)

(2,0,1)
21,1
2,2,1)

(3,0,1)
3,11

(3,2,1)

0,0,2) (1,0,2) (2,0,2)
0,1,2 (1,1,2) (2,1,2)
0,2,2) (1,2,2) (2,2,2)

(3,0,2)
(3,1,2)
(3,2,2)

0,3,2)

5
9

10

6

Table 8. Complete residue system Ap, (A4) forn=4and b=3

4
8
12

5
9

6
10

7
11

13

29
33
37

27

31
35

16
20
24
28
82
36

17
21

[

14
18
22

15
19
23

Table 9. Complete residue system Ap,(A4) forn=4and b=3

8 9 10 11

13

14

15

18
22
26

19
23
27

16
20
24

28

30 31 32
34 35 36

3839 |

(SN

& ]
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Table 10. Complete residue system Ap3(A4) for b=3

12
13 14 15
16 |

17 18 19
20 |21 22 23

26 27|28
29 | 30 31
32|33 |34 35

3637 |38[

N}

5. The cases n =5

When n = 5, the exact structure of App(An), where A, with a; (j = 1,2, ..., n) is given in (7)

with (8), becomes more complicated. Nevertheless, it is still possible to prove thatforO< p < b

b"(b"-1)+p(b"?-1)
b-1

When n =5, put 7y, x;,x,,xs = X202 + X3d3 + X4 a4 + X5ds, where X2, x3, x4 and x5 are nonnegative

integers. Or, denote 7y, x,, x,,xs SIMply by (X2, X3, X4, X5).

As in Table 7, the whole array is regarded as one group, the one with 0 added at the end,
(x2, X3, X4,0), is the first block, and the one with 1 added at the end, (x», x3, x4, 1), is the next
block, and the first column of block 0 and the last column of block 1 are overlapped. In addition,
place block 1 just below block 0. Similarly, block 2, ..., block (b —1) are placed one on top of the
other, assuming that the elements are (x», X3, x4,2), ..., (X2, X3, X4, b — 1), respectively, and the last
element (0,0,0, b) is placed at the bottom left of the end. So, #Apy(As) = bb((b+1)b+1)+1)+1 =
(B°-1)/(b-1).

In Table 11, we illustrate the case n = 5 and b = 2 by using the residues modulo a; = (25—
1)/(2—-1) = 31. The inside of the frame is when Zo =0, and the outside of the frame is when p = 1.
Shadowed cells represent duplicates, that is m jo) = m;l). The first group corresponding the case
n=4and b=2is

-1.

gp(An) =

{0,1,2,3,4,5,6},{7,8,9,10,11,12,13}, {14}},

where each value is expressed of the form (x», x3, x4,0). The second group corresponding the case
n=4and b=2is

{{15, 16,17,18,19,20,21},{22,23, 24,25, 26,27, 28}, {29}} ,

where each value is expressed of the form (x», x3, x4, 1). The last one is {30}, which value is of the
form (0,0,0,2). When p = 1, the corresponding residue moves to fill the gap in the block on the
right, but only the overlapping part does not move. Also, only the elements in the top row are
moved to fill the gap in the bottom left block. The corresponding residue moves according to the
same principle as p = 2 and p = 3, and the regularity continues until p = b. When p = b+1, all the
elements of the upper right block move completely, and the regularity begins to be broken.

In Table 12, only the last and lower left block is shown for general b when n = 5. Here, obviously
the bottom left element takes the maximum value. The numbers in the second diagram are the
corresponding residues modulo a; := (°-=1)/(b-1).

Similarly, when n = 6, for all the quadruple (xy, x3,x4,x5) when n = 5, the first group is
in the form of (xy, x3, x4, x5,0), the second group is of (x, x3, X4, x5,1), ..., the pth group is of
(x2,x3,x4,%5,b— 1) and the last one is of (0,0,0,0,b). In Table 13, only the last and lower left
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Table 11. Complete residue systems for n =5and b =2

22 23 24 |25 26
25 26 27 |28

28| 29
2] 30
EalR

2

Table 12. Complete residue systems for Ap , (As)

block is shown for general b and general n. Here, obviously the bottom left element takes the
maximum value. The numbers in the second diagram are the corresponding residues modulo

a:=b"-1)/(b-1).

| 0,0,b,b-1) | p=0

p=0 (0,0,0,b) (1,0,0,b) (1,0,0,6) | p=1

p=1 0,1,0,b) (1,1,0,b) (b,1,0,b) | p=2
p=2 0,2,0,b)

p=b-1[(©0,b-1,0,b) [ (1,b-1,0,b) (b,b-1,0,b) | p=b
p=b (0,,0,b)

| -2 p=0

p=0 -1 0 b-1 p=1

p=1 b b+1 2b p=2
p=2 2b+1

p=b-1[(b-1)(B+1)-1] (b-1)(b+1)

b(b+1)-2] p=b

p=b bb+1) -1

Table 13. Complete residue systems Ap,,(A,) for general n

,...,0,b,b-1)
(A
n-3
p=0 (0,...,0,b) 1,0,...,0,b) (b,0,...,0,b)
M —— ——
n—2 n-3 o3
p=1 0,1,0,...,0,b) (1,1,0,...,0,b) ,1,0,...,0,b)
— N
n—4 n—4 4
p=2 0,2,0,...,0,b)
<
n—4
p=b-1|(0,b-1,0,...,0,b) | 1,b-1,0,...,0,b) (b,b—1,0,...,0,b)
N——r —— <
n-4 n-4 ned
p=b ©,b,0,...,0,b)
S
n—4
-2 p=0
p=0 -1 0 b-1 p=1
p=1 b b+1 2b p=2
p=2 2b+1

p=b-1[(b-1)(B+1)-1] (b-1)(b+1)

b(b+1)-2] p=b

p=b bb+1)-1

p=>b
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Concerning the element (j,b—-1,0,...,0,b) (j =0,1, ..., b), we see that
——

n—4
j(bl’l+l _1) s (p_l) (bn+2_ 1) . b(bZﬂ—l _1)
b-1 b-1 b-1
p"-1, , 5 . _ _ b -1
=51 (b"+1+(p-1b +]b)+((p—1)(b+1)+]—1)E(p—l)(b+1)+]—1( p— )

Concerning the last element, we see that

bn+2_1 b b2n—1_1 n_ n_
Pl ), ol ) _b 1(b”+l+pb2)+(p(b+l)—1)Ep(b+1)—l(bb 1).

+
b-1 b-1 b-1 -1
By Lemma 2 (3), we obtain the result in Theorem 5.

6. Further problems

When p > b, in particular, when p is comparatively bigger than b, the situation seems to be very
complicated. Is it possible to give any simplified formula for g, (A,)?

From another point of view, what general formula holds for n,(A;)? Furthermore, there are
more generalized concepts. The generalized Sylvester sum sy(ay, ay, ..., ax) is the total sum
of all the elements which can be represented by ay, a, ..., ar at most p ways. When p = 0,
s(m,ay, ..., ax) = solay, az, ..., a) is the original Sylvester sum. Recently, the Sylvester weighted
sum [12, 13] is also introduced and studied.
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