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Abstract. This paper is concerned with the blow-up of solutions to the following hyperbolic-elliptic chemo-
taxis system:

ur=-V-(yuvv) + g(u), xeQ, t>0,
0=Av-v+u, xeQ, t>0,

under homogeneous Neumann boundary conditions in a bounded domain Q < R”,n = 1, with smooth
boundary and the function g is assumed to generalize the logistic source:

g(s)<as—bs’ fors>0

with 1 <y =< 2. For b < y and some suitable conditions on parameters of problem, we prove that the solutions
of this problem blow up in finite time. This result extend the obtained results for this problem.
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1. Introduction
The mathematical model which describes the movement of cells towards the gradient of sub-
stance produced by the cells themselves is in the following form:
ur=V-(pw)\Vu—wwVvo) + gu, xeQ, t>0,
Tv;=Av—v+u, xeQ, t>0,

where Q cR”, n = 1, is a bounded domain with smooth boundary and 7 € {0, 1}. Also, the function
g satisfies:
g0)=0, g(s)<as—bs’ for s>0 (D)
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with constants a = 0,b > 0 and y > 1. Here, u = u(x, t) is the cell density and v = v(x, ) denotes
the concentration of the chemical substance. While the functions ¢ and v are the diffusivity and
chemotactic sensitivity, respectively and g denotes the growth of cells [4, 6].

This problem has been studied by many authors. In the absence of logistic source, i.e. g =0,
if ¢ = 1,p(s) = xs with y > 0 and 7 = 1, it is known that: the blow-up can not occur in the
one dimensional case [10]. In the two dimensional case, under the condition [lug |l 1) < 47”, all
solutions are global and bounded [9]. The same result is true for radial solutions provided that
luolpr ) < 87 (9], While for || upllprqy > 87 there exist radial solutions that blow up in finite
time [3]. In the higher dimensional case, so)iutions are global and bounded when the initial data
are small enough [14], whereas, radial solutions become unbounded in finite time under some
suitable conditions on initial data [17]. Also, in the absence of logistic source, when the second
equation is replaced with 0 = Av — M + u, where M denotes the mean value of initial data 1, and
@(s) = c;s7P and Y (s) < cps7 for all s > 0 with ¢1,¢; > 0,p = 0 and ¢ € R, then all solutions are
global and bounded provided that p + g < % While, for p + g > %, there exist radial solutions
which become unbounded in finite time [19].

In the presence of logistic source, i.e. g #0, if ¢ = 1 and ¥ (s) = ys with y > 0, then solutions are
global and bounded with 7 =0 and b > ”7_2)( [12]. The same result holds with 7 > 0 if n =2 [11]
or n =3 and b > b*, where b* is sufficiently large [15]. If ¢(s) = ¢15P,p(s) = xs and 7 = 0, where
p € Rand y is some positive constant, then solutions are global and bonded with y = 2 under the
condition b > y(1 - ﬁ), or, equivalently, p > 1— ﬁ [2]. For ¥ = 2 and p = 0, under the
condition b > b* with b* = 0 for p 22— 2 and b* = (2(;;;3’—12
global and bounded [13]. Also, the same result is true for1 <y <2and p >2 - % [13]. Recently,
it is proved that in the case of y > 2, solutions are global and bounded without any restrictions
on p and b [7]. Other results about this problem are: under the conditions ¢(s) = (s+1)7? and
w(s) < s9 with p, g € R, all solutions are global and bounded provided that p + g < % andy>1or

p+q= %,b > (zz;rf)q';zx and y = g+ 1 with g = 1 [20]. Also, if ¢(s) = ¢;s” and ¢;57 < ¥ (s) < c357
with¢; >0,i=1,2,3,and 7 > 0, itis proved that if g < 1, then solutions are global and bounded [1].
Recent results have been shown that the blow-up phenomenon can occur in the presence of
logistic source. The known results are: when Q is a ball in R”, n =5, and ¢ = 1 and y/(s) = ys with
x > 0, if the second equation is replaced with 0 = Av + u — ﬁ Jo u(x, t) dx and g satisfies (1) with
a =0 and other additional conditions, then radially symmetric solutions become unbounded in
finite time provided that 1 <y < 3 + 51 [16]. Also, for n = 5, if ¢(s) < 577 and y(s) = s for
all s > 0 with p,q € R and g as before with a = 0, then radially symmetric solutions blow up in
finite time if % —l<p<land g>1with2p+3g<4,also,1<y< G-Pn=2 150]. The following

2 .
x for p <2 - =, then solutions are

2n-2
hyperbolic-elliptic chemotaxis system is studied by Winkler [18]:
ur=-V-(yuvv) + g(w, xeQ, t>0,
0=Av-v+u, xeQ, t>0,
ou_ov _ x€oQ, t>0 @
v ov ’ '
u(x,0) = ugp, v(x,0) = vy, xeQ,

where Q € R", n = 1, is abounded domain with smooth boundary and v denotes the unit outward
normal vector to Q. Here, g is a smooth function which satisfies (1) with ¥ > 1 and u(x) and
vo(x) are the initial value functions. For the one-dimensional case with y = 1 and y = 2, it is
proved that the solution of this problem is global in time with b =1, and for b < 1 and p > ﬁ,
there exist solutions which become unbounded in finite time with [l 1»q) sufficiently large. In
the the higher dimensional case, when Q is a ball, solutions are global in time with b = 1, whereas
b<landp> lflb, there exist radial symmetric solutions that blow up in finite time with || ug |l Lr ()
sufficiently large [8]. The authors in [5] studied this problem in bounded domains as well as whole
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space. In the case of 1 < y < 2, they obtained the similar results with one-dimensional case and
extend the results in [18] to the higher dimensional case. Moreover, in the case of y > 2, they
proved that solutions are global.

In the present paper, we will study problem (2) under the condition (1) with 1 < y < 2. For
b < x, we will prove that the solutions of this problem blow up in finite time under some suitable
conditions. Our main result is stated in the following theorem:

Theorem 1. Assume that the function g satisfies
gs)<as—bs" for s>0

with1 <y < 2. Define:

k k
Ck,ﬂ,y,s—A(X(k_l)_bk_” ek+1) )
1
202 (2% \¥ (k4 1)\ KED TR
—(1-0) GN i (L) ()((k—l))k+l (( + )
k+1\ p k 2kp
2C2, (268" (k4 1) k=D kil
" | g ) o) e

where k > ﬁ, O<pu< (()(—h)k—x)(%)k, A€[0,1) and %(m)% <eg=<1,0= 2flwik and

Cgn is the constant in the Gagliardo—Nirenberg inequality. If there exist some constants k, i, A and
€ such that the following conditions hold:

(1) 1 <Y<2_ b<?( and b= a, - lf Ck,/l,u,i;‘ 20’ (3)
' b<min{a,y} and M < —k(‘i_ci?ﬁ‘_e 2 if Crape <0,
.. b< X lf Ck,/l,ﬂ,e > 0’
(II)YZZI{ b< d M< kalgllfk . C 0 (4)
x an - _Ck,l,p,f ’ lf k,/l,/.t,s <

1
with M = (min{1, %})_rl max{|uoll 11 (q), Q. Then the solution of problem (2) blows up in finite
time.

In the next section, we will prove the Theorem (1).

2. Blow up in finite time

Here, we state the well-posedness and solvability result.

Lemma 2. Let Q < R*,n = 1, be a bounded convex domain with smooth boundary, also g
satisfies (1). Moreover, we assume that 0 < ug € wW29Q) n L1 (Q) forall1 < q < oco. Then for any
1 < p < oo, there exists a maximal time Tyax € (0,00] such that unique non-negative solutions
we LP([0, 1), WhP(Q) N L®([0, ) x Q) and v € LP ([0, 1), W>P (Q)) N L>®([0, t) x Q) exist for any time
t < Tax. In addition, if Tipax < +00, then

lim |u(.,1) ||L°°(Q) = 00.

T — Tmax
For details of the proof, we refer the reader to [5].
Although the proof of the following lemma is given in [8, 18], but for completeness, we
present it.
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Lemma3. Assume that the function g satisfies (1). Then for all t € (0, Timax), there exists a constant
M > 0 such that

lul, Ol =M (5)

__1
with M = (min{1, 2)"7T max{]|uoll ;1 ¢, 1.

Proof. We integrate from the first equation in (2) and use (1) to get

if udxzfg(u)dxsaf udx—bf u'dx.
dt Jo Q Q Q

Making use of Hélder’s inequality, we obtain

Y
fuydxz(f udx) Qt.
Q Q

Hence, y(1) = fQ u(x, t) dx satisfies
Y@ <ay®-blQI"y @), forr>0.
Set r(1) = (y(£))'77, thus we obtain
'O +aly -1r = by -DIQI"7,
which yields
r(t)=re YD+ §|Q|1‘Y (1—e @11,

Therefore,
1

-7

OE (y(o))l—ye—u()’—l)l + §|Q|1—Y (1 _ e—a(Y—l)t))

This inequality yields
max {|Ql, y(0)}

[min . )77

This inequality is desired result. 0

y() =

We will use the Gagliardo-Nirenberg inequality in the proof of Theorem (1), for readers’
convenience, we state this inequality in the following lemma [13].

Lemmad4. LetQ < R" n=1, beabounded domain with smooth boundary. For p(n—2) <2n,r €
0, p) andy € WL2(Q) n L7 (Q), there exists a constant Cgy > 0 depending on n and Q) such that

0 -0
l¥llr@ = CGN(HVW”LZ(Q) ”‘//”gf(ﬂ)) + ”w”L’(Q))
with
n_n
L
0=l

We now prove our main result.
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Proof of Theorem 1. We use of integrating by parts and the second equation in (2) to obtain
d _
a[gukdxzkf uk Yy, dx
—kf (V- (yuvv) + au—bu’) dx
=)(k(k—l)/ uk_1Vu-Vvdx+akf ukdx—bkf w1y
? ¢ o ©)
=)((k—l)f Vuk - Vvdx+ akf ukdx—bk/ w1 gy
Q Q Q
= —)((k—l)f uFAvdx+ akf ukdx—bk/ w1 dx
Q Q Q
=—x(k—1)f uFvdx+ akf ukdx+x(k—1)f uk”dx—bkf w1 gy
Q Q Q Q
Making use of Young ’s inequality to the first term on the right hand side of (6), we obtain

k k
f k+1dx+clf vkl dx, )
Q

elk+1)
) F<e<land [ is some positive constant, also:

k\k k(k=1)
;(2_) (m) (k- 1)

u

x(k— l)f u vdx<

where k+1(—(x BE=y
k+1\ u k

We need to obtain an upper bound to the second term on the right hand side of (7). In order to
do this, we apply the Gagliardo—Nirenberg inequality to get

1 k+1 [|2 k+1 1|20 k+1 112(1-6) k+l [|2
a1 dx=c ”v 2 _201CGN ”VU 2 ” 2 2 H 2 2
Q L2(Q) L2(Q) LT (Q) LT+ (Q)
with
nk+l) n
=5 nk
6= 2 2 _

1- 24 2ED T 24k

Because of 0 = < 1, then we can apply the Young inequality to obtain

2+nk
2k k+1 (|2 k+1 )2 kel 12
o aves B[ ol g el
Q k+1 L2(Q) LF+1(Q) LEH (Q)
(8)
2k ke1)2 k12
=—“Vv2 +c4”v2 2
k+1 12(Q) LE+T (Q)

with ¢, = (1-6)(2c,C N)l -0 ((k“)g) -0, c3 = 201CéN and ¢4 = ¢ + C3.
In the following, we obtain an upper bound to the first term on the right hand side of (8). In
order to do this, as in [16, Lemma 2.2], we multiply the second equation of (2) by vk to get

Ozf vavdx—f vk+1dx+f voudx
Q Q Q
=—k/ =1yl dx - ] k+1dx+f viudx
Q
= f‘ vk;1 ka+1dx+f vkudx.
(k+1)2 Q Q

Making use of Young ’s inequality, we obtain

1 ko\*
f| ' dx+f vl dx = fv udx<—( ) fuk+1dx+£f vl dx.
(k+1)2 Q Q k+1\ek+1) Q Q
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This inequality implies that

(k+n2f‘ v

Since € < 1, then we have

k+
k+1f‘ g

< ( K )k/ uldyx.
ek+1) Q
Combining this inequality with (8) gives
k

m k k+1
le v lax<E fuk+1dx+04(f vdx) ) 9)
Q 2\ek+1)) Ja Q

Integrating of the second equation in (2) and using (1), we get

fvdx:fudx.
Q Q

We now insert this equality in (9) to obtain
k k+1
f Hlax+cy (f udx) .
Q

le k+1d <IJ k
Q
r k k et k+1
k—lfu vdx < ( ) fu+ dx+c (f udx) )
x( )Q “g(k+1) , ays

e(k+1)
This inequality along with (7) yields
k k k+1
—x(k—l)Lukvdxz—p(E(k+l)) Luk”dx—a;(fgudx) .

Combining this inequality with (6), we can write

d k
E[gudx

= Mk—D—u(

k
ek+1)

k
f uFlax.
Q

d 1 k+1d <_
X+ ( 8)[ 1

Thus,

k+1
+ akf uFdx- bkf uF 1 gy
Q Q

k
f uk+1dx—64(f udx
Q o)

Weseto = y(k—1) _N(e(k_k-i—l))k' Thus, we have

d
—f ukdxzcrf uk+1dx—c4(f udx
dt Ja Q Q

In the rest of the proof, we consider the following two cases:

£(k+1))

k+1
+akf ukdx—lokf uk 1 gy, (10)
Q Q

Case 1. y = 2. The inequality (10) for y = 2 gives

d
d—f ukdxz(a—bk)f uk+1dx+akf uFdx-cy
Q

Because of y > b and k > b b, then we can take

k+1
f udx) . (11)
Q

k+1)\F
0<p<(()(—b)k—)()(%) .

Now
k

k+1

1
K )%
<eg=<l
(x—b)k-x

implies that

k
U—bk:x(k—l)—bk—,u(g(klil)) >0
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We apply the Holder inequality to the first and second terms on the right hand side of (11) as

follows:
% &
k-1 + k
fudxs(f ukdx) Q% , fudxs(f uk“dx) |Q| %,
Q Q Q Q
ot
fukdxlelﬁ(f uk+1dx) .
Q Q
These inequalities yield
k k+1
fukdleQll_k(f udx) , fuk“dleQl_k(f udx) ,
Q Q Q Q
. (12)

k
f uk“dszQI*% (f ukdx) .
Q Q

By inserting these inequalities in (11), we obtain

k+1

if ukdxz(l—/l)(a—bk)lQl_% (f ukdx) ‘
dt Jo Q
k+1 k
+()L(a—bk)|Q|_k—C4)(f udx) +ak|Q|1_k(f udx)
Q Q

. ’%1 k+1 k
=(1—/1)(0—bk)|Q|7(f ukdx) +ck,mg(f udx) +ak|Q|1‘k(f udx)
Q Q Q

with A € [0,1). If there exist some constants k, A, i, € such that Cy , we =0, then we can write:

k+1
k

d
—f ukdxz(l—m(a—bk)mr%(f ukdx) . (13)
dt Jo Q

We now set z(f) = [, u* dx, then we can write

21 = 1- (o -bRIQI E(z(1) F.

Then,
27T dz=(1-A)(0 - bk)|Q Fdr. 14)

Integrating (14) from 0 to ¢, we obtain
1
2R () =z E(0)- RIEVICE bRIQI E 1.

Since 0 — bk >0 and A < 1, thus this inequality can not hold for all ¢ > 0. Also, this inequality gives
an upper bound for the blow-up time, i.e.

(2(0) "
La-Me-bhIQ

Thmax=T=

Also, if for some constants k, A, 4, & Cg e < 0, then from Lemma (3) and condition (4), for
y(1) = [ udx, we obtain

Cenpe (y(®) "+ aklQl * (y(0)* = ()" (Cerpe y(0 + akial' )
> (y(0)* (Mck,mﬁ + ak|Q|1‘k) >0.

Thus, we get again the inequality (13). Hence blow-up occurs in finite time.
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Case 2. 1 <y < 2. In this case, we need to estimate a lower bound for the forth term on the right
hand side of (10). In order to obtain this, for each ¢ > 0, we divide Q into two sets,

Qe ={xeQ: ulx,n) <1}, Qpn={xeQ: ulxt)=1}.
Thus, we can write

—bk f uFrlax = —bk Wl ax - bk uFr-lax
Q Q< Q1

> bk uk dx - bk uF*dx.
Qi< Qe
Now, the last inequality along with (10) gives

d k+1
Efgukdx+c4(fgudx)

Zaf uk+1dx+akf uFdx - bk uFdx - bk uF 1 dx
Q Q Q< Q=

:crf W dx + ak uFdx - bk uFdx
Qicy Q<yy Q<yy

+O’f Wk dx + ak uFdx - bk uF 1 dx
Qizy Qzyy Qiy

= (o —bk) W dx+k(a-b) ukdx+o'f W dx + ak uFdx
Q1 Q<y Qi<yy Q=1

> (0 — bk) W ldx+k(a-b) uFdx
Q=1 Qeyy

+ (0 - bk) W dx+k(a-b) uFdx
Q<y Q=1

=(a—bk)f uk+1dx+k(a—b)f uFdx.
Q Q

Thus,

d k+1
—f ukdxz(a—bk)f uk“dx—a;(f udx) +k(a—b)/ udx.
dt Jo Q Q Q

Combining this inequality with (12), we obtain
k+1

d p 1 P s k k+1
—f udx=1-2)(o-bk)|Q| k(f u dx) + A(o — bk)|Q| (f udx)
dt Jo Q Q

k+1 k
—c4(f udx) +k(a—b)|Q|17k(f udx) .
Q Q

Similar to Case 1, if there exist some constants k, A, i, € such that Crape =0, 01 Cippe <0, we

can conclude that
k+1

d k -1 k k
ELu dx=(1-A) (0 —bk)|Q)| k(fQu dx) .

This inequality gives the desired result.
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